CLASSICAL FIELD THEORY II IN THE TIME OF COVID-19
6. LECTURE BATCH

PRINCIPAL BUNDLES WITH A STRUCTURE GROUP

Our hitherto tour d’horizon in the realm of Lie groups and algebras has equipped us with
intuitions and formal tools indispensable for an efficient and constructive navigation in the envi-
ronment of geometric structures central to the modelling of local symmetries (or, more accurately,
those rendered local, or gauged) in classical mechanics and field theory. We now return to a
detailed discussion thereof.

Definition 1. Let G be a Lie group. A principal bundle with a structure group G is a fibre
bundle

(Pg, B, G,?TPG)
composed of

e a total space Pg with a free right action r. of the structure group G that is transitive in
the fibre over a point (arbitrary) of the base, as described by the commutative diagram

PG x G — PG
pry TPg :
Pa B

e local trivialisations
7 i (0f) > Oix G, iel

associated with an open cover & = {O;};c; of the base B and G-equivariant with respect
to the right actions: r on the domain and the regular one g on the second cartesian
factor of the codomain,

B =ido, xp : (0;xG)xG—0ixG : ((x,9),h) — (z,9-h),
i.e., satisfying the conditions
TioTg =Ry 0T, iel.
A principal subbundle with a structure group H of a principal bundle (Pg, B,G,7p,)
is a subbundle (Pg, B,H, mp, Ip,,) tof that bundle with a structure group given by a Lie subgroup
HcG.

A morphism of principal bundles (Pc,, Ba,Ga,7pg,_ ), a € {1,2} with the defining actions
of the respective structure groups r® is a triple (®, f,¢) composed of a morphism of fibre bundles

(q)vf) : (PGUBlle»TrPGl) - (PG2a327G277TPG2)

and of a Lie-group homomorphism related as in the commutative diagram

1 P,
Pa, x Gy —~ Pg, —> B,
(1) Dxp L) f
PG, x G2 —; Pa, B

T PG,
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Examples 1.
(1) The trivial principal bundle over B with a structure group G, i.e.,

(BxG,B,G,pr;).
(2) The frame bundle of a vector bundle V modelled on K*", i.e.,
(FarV, B,GL(n;K), T, v) ,
and in particular —the frame bundle over a manifold M of dimension n, i.e.,
(FGLTM, M,GL(TM) = GL(n;R), Tr, T ) -
(3) The Hopf fibration
(SU(2) =S°,8%, U(1), msu(2)/u() ) -
Definition 2. Adopt the notation of Def.1 and let
Pc xp Pg:={ (p1,p2) €Pa xPa | mpg(p1) = mpg(p2) }

be the fibred square of the total space of a principal bundle. The quotient map on the principal
bundle (Pg,B,G,mp,) is the mapping

¢pe * PaxpPo— G
determined by the condition
v(?l;FZ)EPGXBPG © p2=p1 < dpg (p1,p2) -

Remark 1. The postulated smoothness of the quotient map is most readily checked with the help
of local trivialisations. Indeed, let p1,pa € (Pg)s, € O;, i€ I, with p, = 77 (7, 94), o€ {1,2}
for some elements g, € G, and then, in virtue of the identity

pr=7;"(w,92) =7 (2,91 (97" -92)) =77 (w,91) < (91" ~92) =p1 < (97" - 92),
we recover a local presentation of the quotient map:
pe (p1,p2) = 91" - g2 = m(Inv o pry o 7 (p1), pry 0 7i(p2))
given as a superposition of smooth maps (m is the binary operation in G), and hence smooth.
Basic structural properties of the quotient map, to be employed presently, are described in

Proposition 1. Adopt the notation of Def. 2. The quotient map satisfies conditions expressed by
the following commutative diagrams

(DM1) skew symmetry

™G PG
Pg xp Pq ——— Pa xp Pg

Prg Pre

G G

Inv

where 7pipe : PaxpPc O : (p1,p2) —> (p2,p1) is the canonical transposition
(restricted to the fibred square), i.e.,
v(pl,pz)GPGXBPG : (ZSPG (p27p1) = ¢PG (p17p2)_1§
(DM2) the 1-cocycle condition

(¢pg oPTy 2:PP; OPTs 3)

Pc xp Pg xB Pg GxG

¢PG OpT; 3

)
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where pr;; : Pg xpPg xp Pg — Pg xpPa : (p1,p2,p3) — (pi,pj), (i,7) €
{(1,2),(2,3),(1,3)} is the canonical projection (restricted to the fibred cube), i.e.,

YV (p1.p2.ps)ePexsPaxsPe dpe (P2,P3) © Ppg (plap3)_1 o ¢pg (p1,p2) = €;
(DM3) G-equivariance

(ropry 3,pry) idp,, xr
Pg xg Pa Le e (PG X B P(;)XG ‘e Pa xg Pa
Prg Ppg xida ope
G - GxG G
Lo(Invxidg)oTa,q ©

i.e.,
Y (pr.p2)ePaxnPa, g1.gacG © OPe (D1 991,p2 < g2) = g1 - dpg (P1,p2) - g2

Proof: Obvious. O

Sometimes, we do not have the full ‘package’ of objects enumerated in the definition of a
principal bundle, or the information is encoded differently. Therefore, it seems apposite to ponder
which of its elements are of a constitutive nature in that they determine existence of the structure
of a principal bundle on a manifold. An answer to a question thus posed is given in

Proposition 2. Let P, B be manifolds and let G be a Lie group. Assume, moreover, that there
exists a surjective submersion 7 : P — B and a smooth right action r. : PxG — P of G on
P. If r. is free, its orbits coincide with level sets of m, and the map ¢p : PxpP — G determined
(uniquely) by the condition
V(171,172)EP><BP " pP2= T¢P(P1,P2)(p1)
is smooth, then the quadruple
(P’ B? G? Tr)

is a principal bundle.

Proof: In virtue of the proposition of lecture I (p.11) on existence of local sections of a surjective
submersion, we infer existece of an open cover & = {O;};c; of the manifold B over whose elements
there are smooth local sections o; : O; — P of the submersion 7, and so we may define the
manifestly smooth mappings

7t Oy x G — a1 HO) : (x,9) — rg(ai(x)).
Using ¢p, we readily find their (smooth) inverses
7 m0) — 0; xG : pr— (m(p), ¢p(0i o m(p).p))-

These are well-defined as

w(0s07(p)) = (w0 0:) 0 1(p) = ido, o (p) = w(p).

and so — indeed — satisfy the postulated identities

Ti_l o Tz(p) = Ti_l(ﬂ-(p)v ¢P(Ui © 7T(p)ap)) = Td)p(aiow(p),p)(o'i o 7T(p)) =p,

Ti OTi_l(xag) Ti(Tg(O—i(m))) = (7'('07“9 001£(l'),¢p(0i OToTy OO',L‘(.%'),TQ OO',L-(.T)))

(mooi(x),pp(0iomooi(x), g0 0i(x)))
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= (SC, d)P(Ui(x)ng ° O—l(x))) = (:C,g) s
of which the second follows from the fact, that the action of G maps level sets of 7 into themselves,
and

v(pl,pg,g)ePXQXG : (Z)P(pl)’rg(p?)):¢P(p17p2)'g'

The local trivialisations constructed above satisfy, at points z € O;;, 14, € I, the conditions

Ti(’l"g o O’j(l’)) = (7rorg o Jj(x),qﬁp(oi omorgoo;(x),r, oaj(x)))

(x7¢P(0i(x)7rg o 0'3(37))) = ({177(]5P(0'i(.’1/'),0'j($)) g)u
from which we read off the form of the transition maps
gij + Oy — G ¢ x'—>¢P(0’i($)an($))~

This concludes our identification of the postulated structure of a principal bundle with the struc-
ture group G. (]

T; © Tjil(xv g)

An example of a principal bundle of prime relevance to the modelling of an effective field the-
ory in the vicinity of a vacuum of a field theory with a continuous symmetry (global or local), and
S0, in particular, in the description of the Higgs effect, is given in

Corollary 1. Let G be a Lie group, and H ¢ G — its arbitrary closed subgroup. The quadruple
(Ga G/Hv H, WG/H)

is a principal bundle over the smooth homogeneous space G/H.

Proof: Tt suffices to note that the projection mg/n is — in conformity with Thm. 3 of lecture V

(p-43) — a surjective submersion with level sets that coincide with orbits of the natural right
(regular) action H, and that, furthermore, there exists a manifestly smooth mapping

¢c ¢ GxguG—H : (g1,92) — g1 2.

In the previous lecture, we distinguished proper actions as the ones which enable us to descend
the structure of a manifold to the space of orbits of the group action. The first example of such
an action arises in

Proposition 3. The defining action of the structure group on the total space of a principal bundle
is proper.

Proof: Consider sequences p. : N— Pg and g : N— G with properties

lim Pn =D, Ji_glo(pnqgn):ﬁ-

n—oo

In consequence of continuity of the canonical projection on the base and of the character of the
action of the structure group (on the fibre), we obtain the identity

TPg (15) = TPg (JI_IEO (pn < gn)) = T}l_{ilo TPg (pn < gn) = T}I_I)EO TPg (Pn)

= 7 (lim pn) = 7ee(p),
which enables us — in virtue of Def. 2 — to write

P=p<¢ps(p,D).

Let mps(p) € O;, where O; is an element of the trivialising cover for Pg. There exists an index
N €N such that

VpeN ¢ Dn,Pn < gn € ﬂ'l;(l;(ov)a
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and so we may consider subsequences py;. and py.. < gy.. in the image of the trivialisation
7i ¢ Tpe (07) — O; x G, in which

7i(pn) = (Tn, 1) 7i(p) = (%,7),
whence
Jim (0,7 = (,7).
and so also
Ti(Pn 99n) = Ti(Pn) A gn = (Tn; ) 4 gn = (Tn, Yo Gn) »
as well as

7i(P) = 7i(p < dpe (9, D)) = Ti(p) < dpe (9, D) = (2,7) < P (p,D) = (2,7 ¢pe (0,D)) ,
whence
Jim (yn <.gn) =7 dpc (0, D) -
Due to continuity of group operations, we conclude
lim g, = lim (7" (3 gn)) =77 - (v dpe (1. D)) = dpc. (1,D)
and so we establish the veracity of the claim of the proposition in virtue of Prop. 3 of lecture V
(p.16). O
Following these lines towards physical applications, we formulate

Corollary 2. Adopt the notation of Def. 1 and let (Pg, B, G,7p,) be a principal bundle and M
— a manifold with a left action A : G x M — M of its structure group G. Consider the product
manifold Pg x M. The action of G on it given by the formula

( ) X : GX(PGXM)%PGXM : (g,(p,x))»—)(r(p,g_l),/\(g,m))
2

is free and proper.
Proof: Obvious. O

We also have

Proposition 4. Adopt the notation of Def. 1 and let G be a Lie group and H ¢ G - its arbitrary
closed subgroup. The action of the subgroup H on the total space Pg of a principal bundle
(Pg, B, G,7mp,) given as the restriction (to H) of the defining action r. is free and proper, and
as such, it determines on Pg the structure of a principal bundle

(Pa,mpg/m, Pa/H,H).
Proof: The free character of the action of H on Pg is a consequence of the same character of

the action of the structure group G on P, and so it remains to verify its propreness. Suppose
sequences p. € Pl(\; and h. € HY satisfy conditions

lim p,, =p, lim (py, <hy) =P

n n—o0o

N

Then, owing to properness of the action of G > H 5 h,,, there exists a subsequenceh,, € H" such

that
lim h,, =heG.

k—oo
However, H is closed, and so necessarily h € H, which implies properness of the action of H in the
light of Prop. 3 of lecture V (p. 16). This, in turn, implies that the set Pg/H of orbits carries — in
virtue of the Quotient Manifold Thm. 2 of lecture V (p. 20) — the structure of a smooth manifold
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for which the canonical projection mp,/p is a surjective submersion, and since level sets of this
map are orbits of the action of H and we have a well-defined mapping

aPG : PG ><PG/H PG_>H : (p17p2)'_)¢PG(p1ap2)7

that is manifestly smooth, we conclude, on the basis of Prop. 2, the veracity of the second part of
the thesis. O

We shall now state a convenient criterion of triviality of a principal bundle, to be compared
with the analogous criterion for line bundles, established before.

Proposition 5. There exists a one-to-one correspondence between local sections of class C* of a
principal bundle and its local trivialisations In particular, a principal bundle is globally trivialisable
iff it has a global section.

Proof: To a local section ¢ : O — 7'(';:‘;(0) c Pg, O € J(B), we associate a (local) trivialisation

7ot Tpi(0) — Ox G : pr— (7 (p), dpe (0 0 T (p), D))

with the desired properties, that is invertible,

L OxG—mpi(0) = (3,9) —o(x) <y,

g

and G-equivariant,

7(p<g) (TP (P <9), dps (00 mps (P 19),p<g)) = (TP (), dps (0 © TP (P). P < 9))

(7P (P), ¢ (0 0 TP (P),p) - 9) = (TP (D), dpe (0 0 TP (). p)) < g =T (p) 4 9.

And conversely, to an arbitrary local trivialisation 7 : WEé (0) = OxG, we associate a (local)
section

or + O— FEé(O) Cx— 1 (z,e).

The above assignments are mutually inverse. Indeed, on the one hand,

Yoco © 00, (@) =75 (w€) = 0(2) 2 e = o(a),
and on the other,

pensl (0) * o (D) = (76 (P), dpc (07 0 TG (P), 1)) = (TP (P), dpe (77 (7P (P), €),P))

but since

p=7""(mpg(p).€) < dp (77 (mpg (p).€).p),
so that

T(p) = T(T_l(WPG(p)ae) < ¢PG(T_1(7TPG(P),€)»P)) =T OT_l(WPG(p)ye) < (ch;(T_l(WPg(p)ae)»p)

(7P (p).€) < o (77 (7P (D). €),p) = (7P (P), dpe (7" (e (), €), D)) s

we obtain

7o, (p) =7(P) -

Remark 2. It deserves to be emphasised that the last part of the statement of the above propo-
sition does not apply to fibre bundles in general. In order to convince onself of that, it suffices to
note that every vector bundle V has a global section, to wit, the zero section Oy, but not all of
them are trivial.
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Next, we establish a convenient local description of those morphisms between principal bundles
which cover the identity diffeomorphism on the base (it is among these that we subsequently
recognise the so-called "gauge transformations”).

Theorem 1. Adopt the notation of Def.1. Any morphism (®, idg,idg) between principal
bundles (P&, B,G,7ps), a € {1,2} with the respective local trivialisations 77" : ’ﬂ'Eé (0;) —
0; x G (associated with the common trivialising cover & = {O;};c;) and transition maps g5
0;; — @), described by the commutative diagram

1 @ 2
Pa > P&

Sy
Sy

idp
determines a family {h;};c; of locally smooth mappings
h;y : O— G, i€l
such that
(3) Yacoy t 95(@) = hi(@) - gl (2) - hy(x)™".
Conversely, every such family defines a unique morphism of the type described.

Proof: We leave it as an exercise for the Reader. O

Proposition 6. Adopt the notation of Def. 1. The subcategory

GrpBung (B|idg)
of the category GrpBung(B) of principal bundles with the base B and the structure group G
with the same object class as GrpBung (B) but with morphisms with the identity component

on the base, f =1idp (and on the structure group, ¢ =idg) is a groupoid, i.c., a category with
all morphisms invertible (that is, isomorphisms).

Proof: We leave it as an exercise for the Reader. O
Principal bundles play a fundamentaln role in the description of (local) symmetries of physical

theories. We shall have more to say about this soon. Besides, they give a natural point of departure
for novel physically relevant mathematical constructions, which we review next.



