CLASSICAL FIELD THEORY IN THE TIME OF COVID-19
11. LECTURE BATCH

THE CRITTENDEN CONNECTION ON AN ASSOCIATED BUNDLE

Confronted with the task of constructing a connection on an associated bundle, we would do
well to return to the original question that has led us to consider connections on bundles in all
generality. Thus, our goal, motivated by a natural physical need, was to define a differentiation
of local sections of a fibre bundle E (with a typical fibre F') along vector fields on its base B
that would take values in the vertical subbundle VE ¢ TE and so would, through an appropriate
structural diffeomorphism VElg_ = TF over an arbitrary point x € B, enable us to functorially
(by means of the tangent functor T) transport an arbitrary relevant (e.g., physically) structure
from the space of sections I'(E) (induced from the typical fibre F') onto the space of directional
derivatives determined by this differentiation. In the setting of associated bundles Pg x) M, the
relevant structure is that of a manifold with an action A : Gx M — M of a Lie group G that
features in the roéle of the structure group of a principal bundle Pg over B and, simultaneously,
in the role of the typical fibre of the (associated) bundle of groups AdPq, with the group of global
sections I'(AdPg) realised I'(Pg x) M) in a manner locally modelled on A. Our search for a
differentiation on I'(Pg x) M) equivariant with respect to the action of T'(AdPg) is complicated
by the non-obvious nature of the realisation of that group on V(Pg x) M). Therefore, instead
of contemplating an abstract construction of a convenient model of the bundle V(Pg x) M)
(understood as a choice of a representative of its isomorphism class) that would support such a
natural action, we put to work our hitherto observations with regard to principal and associated
bundles with view to constructing a differentiation taking values directly in the manifold TM.
This has an obvious advantage, to wit, it gives us the possibility of postulating a natural smooth
action of the group G:

Tod : GXxTM —TM : (g,v) — T, ) Ag(V)

to be intertwined, in a local trivialisation, with A by the sought-after covariant derivative on
T(Pg x M). The ease with which we idetify the action on the model space for the codomain of
the derivative comes at a price: the nature of the unavoidable differential transition from sections
of the associated bundle Pg x), M to linear mappings between tangent bundles TB and TM
seems unclear at first. Instrumental in its understanding prove to be the observations made in
the context of our structural discussion of associated bundles, and more specifically Prop. 7.3 that
enables us to write down a pair of important bijections:

@y : TI(PgxyM)—>Homg(Pg, M),

®r,n ¢ T(Pg x7,0 TM) — Homg (Pg, TM).

These, in conjunction with the construction from Def. 10.2 of a (principal) connection on a principal
bundle, and in particular that of the horizontal lift

Hor. : TB» TPgq, Hor.(TB) = HP¢

of Prop. 9.2, equips us with the requisite tools to reformulate the original question of differentiation
of a section ¢ € I'(Pg x) M) of the associated bundle along a vector field X € I'(TB) on its base
in terms of differentiation of the corresponding G-equivariant map ®,[¢] € Homg(Pg, M) along
the vector field Hor.(X) e I'(TPg) on the total space of the principal bundle Pg. Such a formal
trick turns out to be quite convenient in that it affords us the chance to impose the condition of
I'(AdPg)-equivariance straightforwardly. Indeed, upon denoting the derivative to be found as

Dror.(x)@A[¢] + Pa — TM,
1
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we may demand that, for an arbitrary global section 7 € I'(AdPg), the following identity
Trtor 0y @A[L[TTFT] (9)]() = ToAaau1210) (Prtor. () (22[61)) ()
obtain, and if the mapping derived from such a requirement turns out to be G-equivariant,
Yo+ Dhon () (PA[9]) 0 79 = TaAg-1 © Dhior () (PA[6])
then we may define — with rerefence to Prop. 7.3 once more — the covariant derivative
Vad = P75 [Zhor (1) PA[6]] € T(Pg x1,0 TM),
with, by definition, the desired property

Va(TPFI(9) = 97 Zator )2 [T[TFI] (6]
= 1, [ToAa 21 (Zhor () (2A[8]))] = @A [[@aaT2 AL (Zhor (1) (®A[6]))]

= T2 [ Zitor () A []]) = TN (Vo)

following from Prop.7.5. After these preliminary explanations, we may now turn directly to the
construction of the differentiation Zgo; (x)-

The point of departure for determining a correction to the ordinary directional derivative,
2.—d, enforced by the adopted constraints of equivariance of the operator ., is an analysis of the
transformation properties of that derivative under a gauge transformation v € T'(AdPg) applied
to the section ¢ € I'(Pg x) M) being differentiated, in which we invoke Prop. 7.5, the derivation
of Eqn. (9.14) and Prop. 5.1,

40, [ FIR)] = d(@radanyi) (8216) = (idrepe © Ty 1P athono) @4 (0]

~(Inv o ®a[1]) 05 ® Ki, (Paadanafs10) (PA[8]()).

where t4, A€1,dimG is a basis of the Lie algebra g of the Lie group G. Taking into account
the transformation rules for the potential A = AA @ty e Q(Pg)®g g of a principal connection
on Pg3p (introduced in w Def. 10.3),

TA(p) = dy®(pa®aav](p) ) ® Ay(p < Paalvl(p) ")
= (Tpresyrim-1)% > (da”(p) + (Inv o @aq[v]) 04 (p) KV, () ® A (p < Paa[y](p) ™)
= A(p <9 ®aa[V](0) ") 0 Tyrapafyim-r + (Inv o @aa[y]) 05 (p) ® K7, > A, (p < @aaly](0) ™)

= TeAdg 1)) © AP) + (Invo ®aa[v]) 0L(p),

derived directly from its definition (¢p Eqn. (10.5)) and Prop. 5.1 (in conjunction with Prop. 4.9) in
a notation that uses local coordinates: Pg: {y*} ,gqmps on a neighbourhood of p < ®aa[v](p)
and {z*} on a neighbourhood of p, we conclude that

deA[T[I[7]15(¢)] = (idrpe ® T, (610) Paareuf1()) © dPA[4]

(A~ (idrpg ® TeAdayh)0) 0 A)” © Kiy (®aads 10 (@A[210))),
that is, for

pel,dimPg

"¢ :=T[T[F]]5(4),

we obtain, upon invoking Props. 5.1 i 7.5, the structural identity

d@,["¢] + A @ Ki, (Ba[70]) = (idTepe ® T, [41()Paddasu[410)) © (dPA[0] + A @ i, (22[6]))

(idT*pG ® T2)‘¢’Ad[’¥](')) o (d@x[(ﬁ] +AA ® ]CtA(q))\[(b])) .
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Given that for any element g € G we have the identity
doA[8](p < g9) + A (pag) @ K, (2r[8](p < 9))

d(g™" > BA[B])(P) + A” (p) © (TeAdyn) o Koy (@A[01(p 4 9))

(idrepg ® Tadg1) o (dDa[6] + A% @ Ky, (22[¢])) (),
we abstract from the above

Definition 1. Adopt the hitherto notation and let G be a Lie group with the Lie algebra g
in which we choose a basis {ta} ,qmq, and let M be a manifold with a smooth action .
Gx M — M of G, inducing the action

ToA : GxTM —TM : (g,v) — T,,TTM(U)/\Q(U).
Finally, let (Pq, B, G,7p,) be a principal bundle over the base B, with the principal connection
potential A= A1 @14 € Q'(Pg)®g g. For an arbitrary (global) section ¢ € T(Pg x M), we define
its I'(AdPg)-covariant derivative

VA¢ = (idrepg ® 7)) 0 (d@r[0] + A” @R Ki, (€2[0])).
We have the all-important (from the physical vantage point)
Proposition 1. Adopt the hitherto notation, let (¢,v) e I'(Pg x) M) xI'(AdPg), and denote
TA() = TeAda, 510y © (A = ®aal7]00) ()
and
"6:= T[T[F]13(0).
The following idetity holds true:

VWA’YQZS = (idT*pG ® @}i)\) o (idT*pG ® Tg)\cpAd[A/](.)) o (idT*pG ® (I>T2)\) o VA(b.

Proof: Cp: Equ. (1). O

The price to be paid for the naturalness of the postulates on which we base our derivation
of the above differentiation of sections of an associated bundle is the structural complexity and
non-obviousness of the result. Approaching the problem in hand from the ‘other’ side, we may
postulate a natural form of such a differentiation instead, which we do in

Definition 2. Adopt the notation of Def.1. The Crittenden derivative on the associated
bundle Pg x) M over B is the mapping

Ve : T(PgxaM)xI(TB) — I'(Pg x1,0 TM)

(¢, X) — @7 [T(@A[¢]) o Hor.(X)].

A statement of a simple relation between the two constructs, and, at the same time, an a posteriori
proof of well-definedness of the latter one is given in

Proposition 2. Adopt the notation of Def. 2. For an arbitrary (global) section ¢ € I'(Pg x) M)
and an arbitrary vector field X € T'(TB), the following identity obtains:
A
vSf‘d) = vﬁor.(z\f)(b'
Proof: Equality of the two expressions, in which there appears the vector field X on the base of
the principal bundle Pg (and of the associated bundle Pg xy M), follows straightforwardly from

the definition HPg = Ker A as the latter implies a reduction of the expression for the I'(AdPg)-
covariant derivative of the form

Vﬁor,(x)‘ﬁ = 7\ [Hor(X) 1 (d@a[¢] + A% @ Ki, (22[0]))]
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= 7, [Hor.(X) 21d®,[¢] + Hor.(X) 3 A b Ky, (@2[6])]
= ¢l [Hor.(X) 1d®,[4] +K:Hor.(X)JAA>tA(¢)/\[¢])]

[
[

&7\ [Hor.(X) 2d®[¢] + Kpryoaqror (x)) (PA[0]) ]
[

-1

= o7\ [Hor.(X) 2d@,[6]] = vio.

The constructions and conclusions from our hitherto considerations concerning differentiation of
sections of associated bundles generalise without any significant alterations to the class of product
associated bundles PéE described in Def. 8.3. Thus, we have

Definition 3. Adopt the hitherto notation and let G be a Lie group with the Lie algebra g in
which a basis {ta} s gmmg has been chosen, and let & = (E, B, F,mg) be a fibre bundle over
the base B of dimension n € N*, with local charts x; : O; — U; ¢ R*™, i € I associated
with the cover {O;}ie; over which £ trivialises, with the corresponding local trivialisations 7; :

15 (0;) =5 O0;xF.Let also A. : GxE — E be a smooth action of the group G described in
Def. 8.3 and inducing an action

ToA : GXxTE —TE : (9,v) = T (nAg(v),

giving rise to the family {(T2A4,idp)}g¢eq of automorphisms of the bundle (TE, B,R**xTF,ngo
mrE) with local trivialisations (x;!xidgxnx1r)o(Tk;xidTr)oT7;. Let, furthermore, (Pq, B, G, mp,,)
be a principal bundle over the base B, with a principal connection potential A = A @pty €
Q'(Pg) ®g g. For an arbitrary (global) section ¢ € T(PAE), we define its T'(AdPg)-covariant
derivative

VA6 = (idreps ® DF,0) o (d@X[6] + A ®cn(pe ) Kia (P1[0])) -
The Crittenden derivative on the product associated bundle PéE over B is the mapping

V¢ T(PAE)xD(TB) — (P TE)

(¢, X) — @5 A[T(2r[¢]) o Hor.(X)],
in whose definition
PRATE = (Parp Xrgorrs TE)/G

is the product associated bundle obtained — in the procedure determined in Def. 8.3 — from the
fibred product Pg xg TE = PGWPGXWEWTETE-

Remark 1. The proof of G-equivariance of the expression d®}[¢]+ At e Ky, (@r[¢]) develops
identically as in the case of the I'(AdPg)-equivariant derivative on the associated bundle, cp
the discussion preceding Def. 1, and ensures that the derivative VXA¢ is well-defined. A similar
equivariance of the expression T(@R[(ﬁ]) oHor.(X) is granted by zcompatibility of the connection
on Pg with the action of the structure group together with the G-equivariant character of the
map PX[¢]. Indeed, for any g € G, we obtain

T(®A[¢]) o Hor.(X) o7y = T(®X[¢]) © Try o Hor.(X) = T(®3[¢] o ry) o Hor.(X)

= T(Ag10®@3[¢]) o Hor.(X) = TAy1 o T(®X[¢]) o Hor.(X).
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In the light of commutativity of the diagrams

T(® A
TP (®AleD) TE P P[] E
71'TPGl LWTE s WPGl TE
Po—— = F B=———8
@ [9] idp

the thus determined map between total spaces of the bundles Pq and TFE over the common base
B preserves the fibres,

(71'E07TTE)0T(<I>R[¢])OHor.(X) = wgo®y[p] omrpy o Hor.(X)

= Tp, © TP © Hor (X)) = 7p, ,

the last equality following from the fact that Hor.(X') is a section of the horizontal subbundle
HPq c TPg. The map is, therefore, a G-equivariant fibre-bundle morphism. Finally, T'(AdPg)-
covariance of the former of the derivatives defined above is verified analogously as in the former
setting.

As previously, we establish

Proposition 3. Adopt the notation of Def.3. For an arbitrary (global) section ¢ € I(PAE) and
an arbitrary vector field X € I'(TB), the following idetity holds true:

x x A
VXC¢ = vHcTr.(X)‘;s'

Proof: Analogous to the one for Prop. 2. O

Thus equipped, we may, now, pass to the discussion of physical applications of the connection
induced on an associated bundle.

CECHOWANIE SYMETRII GLOBALNYCH — ASPEKT DYNAMICZNY W SCHEMACIE MINIMALNYM

As was argued amply and in detail in Lecture 8, an associated bundle provides us with a natural
model of the geometry of a covariant configuration bundle (a field bundle) of a field theory with a
global-symmetry group G gauged. This raises an obvious question as to the possibilty of employing
the Crittenden connection on that associated bundle, induced from the principal connection on
the underlying principal bundle Pg, in a transcription of the original action functional into a form
manifestly invariant under gauge transformations from I'(Ad Pg). Thus posed, the question turns
out too general to be answered in a universal manner — an effective scheme of gauging of a global
symmetry in the dynamical sector depends on the structure of the theory, a fact convincingly
demonstrated by the results obtained by the Author et al. in Refs. [GSW10, Susl2, GSW13].
Below, we examine in considerable detail a situation in which that answer is both simple and
natural, and the gauging procedure admits algorithmisation.

The situation alluded to above is one in which the field bundle is trivial, F = X x F’ REEIN X,
and the action functional is expressed in terms of covariant tensors on its fibre,

(2) 7+ D(TFor=) — C=(FR),
evaluated on tangents of the theory’s fields, i.e.,
(3) Ly : T(F)=C(Z,F) 29— Fo)(To() @ Tp(-) @ @ Te()),

and subsequently integrated over the spacetime 3 with a suitable measure, e.g.,
e the standard ,kinetic” term of the Klein—Gordon type:

C=(F,R) 5 p—> fz Gy (9()) (T ® (x @ idv) Tep) + 207 € R/2nZ

in which T¢ jis naturally interpreted as a vector from the space T*Y ® Tp(X), ¢ is a
metric structure on TF, and * is the Hodge operator on Q°(%),
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e a current term
C®(F,R) 5 p > fz Ay (())(To() AT() A A Tip(-)) + 207 € R/277Z,

in which & € Q4(F), d =dimY¥. is a (global) potential of an external charge field coupling

to the charge current defined by the evolution of a field configuration ¢ in the fibre F
(in all the above cases, the index (2) indicates that the corresponding tensor field on F' is to
be evaluated on the second tensor factor of its arguments), in which we assume that tensors 7
appearing in the definition of the action functional are invariant under the (natural) action

N : GxF—F

of some distinguished subgroup G c Aut F' of the group of automorphisms Aut F' = Diff (F, F') of
the fibre F, i.e.,

Vgea © To(TaAg®@Todg @@ Ta)g) =T,
where
Tod : GXTF —TF : (g,v) = T (n)Ag(v)
is a tangent action induced according to the familiar scheme. It is perfectly clear that in the
curcumstances described, in which computing the action integral requires that each copy of the
tangent mapping T¢ be evaluated on an element of a local basis {8ﬂ}ﬂem of the space of

sections I'oe(TX), a ‘minimal’ reformulation of the original model should boil down to replacing
ordinary directional derivatives Ty(d,,) of fields ¢ € C*°(%, F') with covariant derivatives Vg‘tqﬁ
of global sections ¢ € I'(Pg xx F') of a bundle associated with some gauge bundle Pg through
the action A.. The only problem that remains at this stage is...the codomain of the Crittenden
derivative — the result of the derivation Vg‘fb is a section of the associated bundle Pg x1,) TF,
not that of the bundle TF, as we should certainly prefer. Luckily, that, too, can be resolved as the
map ®r,, turns the said section into a G-equivariant map Pg — TF, which we may eventually
precompose with an arbitrary reference section o, (along the lines of Def. 8.5) to obtain the deisred
result. Global smoothness of the map ¥ — TF thus constructed requires, of course, existence of
a global reference section o, € I'(Pg), which — in the light of Prop. 6.5 — is tantamount to triviality
of the gauge bundle Pg, which we shall assume henceforth in our physical considerations.
The point of departure is

Definition 4. Adopt the hitherto notation and let (Pg, 3, G,pr;) be a principal bundle over the
base ¥, inducing the Crittenden connection VC on the bundle Pg xy F associated with it through
an action A. : G x FF — F on its typical fibre F. A local presentation of the covariant
derivative of a field ¢ e T'(Pg x) F') in the gauge o, : O — Pg, O c X is the map

D7 ¢ = D1, [VEle, : T(TS) — CF(O,TF) = X v d1,0[Vig] o0,
The physical meaning of the object introduced above is summarised in

Proposition 4. Adopt the notation of Def.4, under the extra assumption of triviality of the
bundle P¢, which ensures existence of a global section o, and let 7 be a (TeA-invariant) tensor
as in Eqn. (2). The mapping

LYY T(Pe xa F) 2 ¢ — o) (D7 ¢() 8 D ¢() @ ® D™ ¢())
obtained from that defined in Eqn. (3) in terms of 7 through the substitution
(4) Tor— D79,
is invariant under gauge transformations in the sense expressed by the identity
L5 (0) = L5"(4).
Proof: Obvious. O

We have succeeded — in the aforementioned special circumstances — in attaining the primary
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physical goal which was to reformulate the original field theory in such a manner that the ensuing
description of dynamics of a field of the same type is not only covariant with rspect to the action of
the gauge group but also structurally identical with the original one, ¢.e., that it is determined by
the same To\-invariant tensors on the space F' of internal degrees of freedom of the field, albeit
in terms of adapted derivations. This does not exhaust the physical meaning of the substitution
(4), though, which we are about to discover below.

To this end, we shall now reverse the reasoning presented in the proof of Prop. 2 that has taken us
from the T'(AdPg)-covariant derivative of a section of the associated bundle along (the horizontal
lift of) a vector field on the base of that bundle to the Crittenden derivative of that section. Thus,
consider a vector field X € I'(TPg) with the horizontal component Hor.(X) determined by some
field X eT'(TX) on the base and with the vertical component V € T'(VPg),

X :=Hor.(X) +V e T'(HPg ®p, g VPc) =T(TPq).
Note also that in the light of Prop. 10.1, we have the decomposition
v=yis ke,
and so we calculate — with reference to Def. 2, Def. 5.2 and the remark on p. 6 of Lecture 4, as well
as the defining property of the map ®,[¢] (which ensures that the image of a fundamental field

along the tangent of ®,[¢] is the fundamental field associated with the same element of the Lie
algebra g, the replacement of a right action with a left action resulting in a sign flip) —

oA [VEo] = T(@A[4]) o Hor.(X) = T(@r[¢]) o (X - V) = T(@x[¢]) 0 X + VA b K (@1[0])

[4])
= T(®A[8]) 0 X+ VA > T, s Mt4, 01, 1y F)
= T((I)A ) +VADT(e,%[M))‘(’CgiG)—'AvOTmmF)
= T(®A[8]) 0 X+ T(ea oMV S A, 01, (1F)
= T(@Al¢]) o X + T o MX 14,07, )

= T (d03[6]+ (idrep © Teoaniop) o (4.0)).
Restricting our discussion, once more, to the case of a trivial gauge bundle Pg = ¥ x G of prime
interest to us (resp. to some open subset O ¢ B over which the gauge bundle trivialises), we may
choose & given by the pushforward of a field & along an arbitrary (local) section o4 € I'(15)(Pq)
(over O) - indeed, the horizontal component of the field
X=To, (X)

is given by Hor.(X'), which follows by uniqueness of the decomposition of vector fields on Pg into
their horizontal and vertical components and from the identity

T7p, (X) = T(7p, 004 ) (&) = Tids (&) = idrs(X) = X.

Upon evaluating the former expression on this vector field, and subsequently computing the end
result for the section o, we arrive at

D¢ = 1, [Vi¢loo. = Tou(X) 2(d0x[¢] + (idrepe ® T(emy (s ) © (A.0)) 00

X (0_: ® idTF)(d‘I),\[(b] + (idT*PG ® T(e’q>>\[¢])/\) o (A,O))

X (d(@3[0)00) + (07 © T norer V) * (4.0))

X (dqﬁo* + (U: ® T(e,¢¢,*))\) ° (A?O)) )
that is ultimately the local presentation of the covariant derivative in the gauge o, takes the form

D¢ =ddo, + (05 ® Te4,.)A) 0 (4,0).
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Denote

A=A @14
and

A, = A,

O %
to cast the above formula in the form
Ou F
D¢ =dg,, +Af, @ Kiy) (40
in which it appears customarily (if at all!) in the physics literature. Our hitherto considerations
legitimise

Definition 5. Adopt the notation of Prop.4 and let o, be a (local) section of the principal
bundle (Pg,%, G, mp,) with the principal connection potential A. The 1-form with values in the
Lie algebra g of the structure group G given by the formula

Ay, =0l A

is called the (local) gauge field in the gauge o.. Under the substitution of Eqn. (4) that realises
the gauging of a global symmetry modelled on the Lie group G in the dynamical sector of the
field theory of type F, the gauge field couples to matter fields ¢ € I'(Pg xx F') (i.a., through the

dependence of IC,S:) on ¢,,) in the local presentation of the covariant derivative
D7 ¢ =doy, + AL @ K (6,.),
a fact customarily reflected in the term minimal coupling used to refer to the transcription
(P(E X F)aTSD) — (F(PG XX F)vDU*(b) .

The appearance of a new physical field — the (local) gauge field — in a field theory with a
global symmetry gauged (in the role of a nondynamical background!) prompts us to enquire as
to the possible dynamics of that field. As usual, answers are provided by the study of invariants
of the natural action of the gauge group I'(AdPg) 2 AutgrpBung(B)(Pc|B) (Prop.7.6) on the
connection form and objects derived from it. The one most frequently encountered in physical
modelling is given in

Definition 6. Adopt the notation of Def. 10.5 and let (Pg, X, G, 7p,) be a principal bundle with
a principal connection with the connection form A € Q! (Pg) ®g g, and with the trivialising cover
{O; }ier- Denote as

HFHQ2(E),g€Qd(E), d=dim¥
the d-form with local presentations
HFHQQ(E),g foi = (idﬂd(Z) ® tI'g) (Fz A *ZFi) , 1el,

written in terms of the Hodge isomorphism *x on 2°(X). The Yang—Mills functional is the
functional

Ai'_)_ifzHFHQQ(Z),QESYM[Ai]'
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1Practically speaking, the nondynamical nature of the gauge field is reflected by the purely algebraic (i.e.,
non-differential) character of its appearances in the action functional.



