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IN WHAT FOLLOWs
,
We Consider the Restriction of Kerit

to the IDENTITY BISECTION [d(M) <G ,
E Obtain

PRP. 64 . For ANY LE GROUPOID Gr = (M , g , Sit ,Id , mr , m) , THERE
EXISTS A VECTOR SPACE ISOMORPHISM

e : N(Ed *Kerit) => It,(g).

PROOF : For ANY LED (G) a geG 1 We compute

L (g) = L(lg)Ids())) = Tad,g(L(Idsces)) .
Thms

,
L Is UNIQUELY DETERMINED by ITS VALUES on [d(M)

(RECALL THAT S Is A SURJECTION).
⑮



HERE,

(([dsigi) = (KerTt)idsig
= ([d*KerTt) slyl

WHERE WE WORK In THE STANDARD MODEL

Pr
Id
*KerTt = MinYigY Kerit > KerTt

Tid*KerTe=Pr 8 +g) .

V V

M
Id

- G
WE ARRIVE at L
2 : e(g) < T(Id*Kerit) : (1 < (idm

,
L(Ed . )).



CONVERSELY
, for ANY [ = (idn , E) EM (Id*KerTt) ,

WE DEFINE

L : ↑ ([** KerTt) -> P(ig) : [mTide .
(E(s(1)

E CONVINCE Ourselves THAT The IMAGE of L .
LES (KerFt)Idsc

in F(g) .
WECompute

↳(g) = Taigilg(En(s(g))) = Tadigilg (L (Idsc)
= L(g)

& (m) = (m , lldm)) = (m , Tadscem) zom((s(Idm()
= (m , z(m) = [ (m) ,

wich snows that L
:

=2"WE SET l = L ..



THE INDUCTION Of LIE BRACKET on P(Id*Kerit) BASES on

↑p . 65. [0(g) ,3(g)] ↑(g) <2 G(G)
PROOF : First ,

NOTE THAT ANY TWO LI VECTOR FELDS ARE SECTIONS

of THE TANGENT BUNDLE KerTt = T(Ut"(ms)
of THE SUBMANIFOLD Wt"(m)) <G ,

wraCH IMPLES
mEM

[02(g),(g) ] +c+g)
< P(KerTt) .

In PARTICULAR
,

VLiLzEDE(g) meM Fhet" (hm)) :

[L
..42]p(q)(h) = [i] NCTE (mis) (h) .

NOW
,
The Restrictions Lat"(sIg() G LATE"KtIg(Y) ARE-RELATED G



As A RESULT of LEFT-INVARIANCE of THE LA . HENCE
,
THEIR Le

BRACKETS ARE ALSO Ig-RELATED,

Theg([Unitz]p(g) (h)) = Thg([heta](TE(s(y(s)) (h)
= [L2]P(TE(h+(g(b)) (eg(h)) = [Lesta]rg) (9 . h) .

I

This LEADS To

DEF. 66 . THE LE BRACKET On T (Id *KerTt) is

[1 ·J
/Ed*Kerit)
:(Id*Kerit)xT(Id

*Kerit)-> F(Id*Kerit)

: (I.[2)1se([en() ,en([2)]uig)



WE IDENTIFY THE CANDIDATE FOR THE ANCHOR In

Prop. 67 . THE MAP (idm ,
L(Id .)) Ted .SoL(Ed)

2 : P([d*Kerit)-> P(TM) : [r>TsoLz(id.)Id
.

IS A LE-ALGEBRA HOMOMORPHISM. (THUS ,
ESSENTIALLY

,

PROOF : CONSIDER VECTOR FIELDS <=Ts)
-

LEX(g) < (2)
WE FIND

, for ANY ge G
Tgs(((g)) = TgsoTedsiglg (L(Idsigi)) =Tadig(solg) (L (I call

=TedsgS (L(Idsig) = G([)(s(g),
⑤



WHICH MEANSTHAT THE FIELDS ARE S-RELATED
,
WHENCE

- for ANT LLEJE(g) -

Tgs ([Le + Labrig (g) = [a(22) , d([ra)]ocims (s(g)

IT s([hiraJoig) (Idsigil)
↑ [ds(g)

As
trore = Tad([hzi Labrig)(Edsgil)
byDet.66

=TzgS (LIn , In2]pCEd*Kerit) (Edsgil
= C([[n ,[2])(s(g) ,

i . e.,

⑮



(2) , <(InalJocins = <([In , [2]) by surjectITY
of s. I

ALTOGETHER ,
THEN

,
WE ARRIVE at gen &

#60. (I*erit , Tinnittosiginteu), MCTs)02)
-

=
:2 = Lie,(Gr)

IS A LE ALGEBROD.

IT Is CALLEDThe (LEFT) TANGENT LIE ALGEBROID of Gr .

Proof : At This STAGE ,
IT REMAINS To PROVE THE LElBNI PROPERTY

To TS END
,
CONSIDER [ = Cid ,E) EN(Ed*Kerit) S

fe((MiR) ,

G fDZ · ⑤



WE HAVE

en (f +2)() = Tag9. (f(s())xE(s()) = s
*f()pe(z)(),

se so

[In , fo[c]ge==(tec(E) , In (fx2)] p(+g)
= ei([2(2) , s

*

fie (2)]r(+y)
= ei(s*fen)e]([e(z) , in(2)]n(+g)() + 2 (2)(s*f) (2)
= ei (en(fde([e(z) , in(2)]n(+g)() + e (2) s*dfie(z)
= f d[[, [a]gn + ey(s

*(Tsoe< (2)<df)be(2)
= f x[2,, [a]gi + Copy(2) (f)22 · I

⑤



In COMPLETE ANLOGY , We PROVE/DEFINE

gen 9

↳69 . (erts,tigEm=m) , NSTt)on)
-

=
:E = Liep(Gr) with ep (idnE) = Tide,P. (ECt()IS A LE ALGEBROD.

IT Is CALLEDThE (RIGHT) TANGENT LIE ALGEBROID of Gr.

E
.9 : 1Ex.70 . Lie,(Paiz (M)= (TM ,

M
,
IR
*dimM

,
Him ,

idm
,
[-,nims)

Ex. 71 . Liep(GM) = (Mxg , M ,R
YdimG

,m ,
-K
., [i] ysm)

ste if EGA,M HE ACTION LE ALGEBROID with fitz :M-
[f*sta ,+ztB]gajm

= (fzFe(*) -fit(fz*) -fitz fiscal ta
· ⑮



RUMENTSOfE MAURER-CARTAN CALCULUS :

u

·

A PRIME EXAMPLE of THE OBJECT DEFINED ABOVE IS
... 55



T

i
. e,u(g)(v) = (s(g) ,Tg(g+ (v) , we (KerTt)g

i . e
., Fr(g) (w) = (t(g) ,Tg(g-1 (w)) , we (KerTs)g

--

⑤



-

...
AND

... Acti
WE SAY THATGr

ACTS on X
* &

along M

·

⑳ ⑰



In ANY G-MODULE SPACE (X ,M , e) , There Arise OrbITS
,
wraCh

ARE CLASSES of POINTS YXEX wat
. EquIVALENCE RELATION :

↑X Fgeg : Xe = X Resp . X=g

given A POINT XEX ,
We SPEAC of ITS ISOTROPY group

f(g)x = (g)G(xg =xy
RESP .

grx = X

E
.G.
·

⑳



t

·dodo
=>

⑮



Prop. 78 . A LEFT Action J : GsYaX-X of A LE GROUPOD

G= M on A MANFOLD X CANONICALLY INDUCES A LEFT

ACTION 1 : /BXX-> X of the Group of BISECTIONS

B of G on X .

An Antlogons STATEMENT IS TRUE for RIGHT ACTIONS.

Proof : We PRESENT A Proof for A LEFT Action
-

3 : GsTX ->X I

LEAVING the TECHNICALLY someWHAT More COMPLEX

Proof of The STATEMENT for A RIGHT ACTION

As AN EXERCISE for AN INTERESTED READER.
⑳



DEFINE A MAP

1 : B xX- gsxmX + X

: (p , x)m(B(u(x)) , +)+- B(u(x)eX
THE DEFINITION MAKES SENSE AS EBDX

s(b(m(x))) = (sof)(u(x)) = idy(r()) =M(x) .

IT Now Suffices to Check The AXIOMS of AN ACTION
.

FIRST ,
WE COMPUTE

Byb(p++x)=Bc(f(m(x)x)=Bz(m(B- (m(x))ax))(Bn(m(x))
*x)

= Ba(m(b(p(x)))nx)) -Be(r(x))X ⑯



HERE
, u(B(u(k) + x) = t(b(u(x)) by TE AXIONs

of a Left G-module ,

El so

P2P (p +x) = (Ba-Bi)(m(x) x = (B2B1)bX ,
As Desired.

MOREOVER ,

[dBX = Id() DX = X 1

AlsoIn Conformity with The AxiomatCs of A LEFT

B-SPACE .

I

⑳



EXAMPLE 79 .
-

THE ACTION Of B INDUCED from TheE LEFT CANONICAL

Acton AimS : GsXidM-> M of G on M

: (g , s(y) + +(g)
in the ABOVE FASITION CONCIDEs will

t : BBxM- M .

: ( , m)m Aims (m) (m)
#(B(m) =tB(m)-



In PARTICULAR ,

Example80 . For G=M = Poiz (M) , We
Obtain

Aimh() ev
((fidn) , m) m> f(m)

((a ,my , me) rema
2

(f ,m)=> f(m) .

⑭


