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PuDMBNTS of 6 MAUREC~CARTAN CALOLLUS :

Definition J&. Let M be a smooth manifold. A (smooth)[foliation|on M is an integrable subbundle .7 -
TM, i.e., a subbundle with the Frobenius property|

[[(F),T(F)]cT(F).

|Deﬁnition :B | Let X and M be smooth manifolds, .# a foliation on X, and my:V — M a rank-r real
vector bundle. An |#-foliated differential 1-form on X with values in V| is a vector-bundle morphism

g—1 v
ik b'¢ P Ty .
X M

Whenever V is endowed with a vector-bundle morphism wy:V — TM, we call the 1-form|ay-anchored if it
satisfies the identity

ayon =Th.
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Example F4. ((FS14]). Fix a Lie groupoid &4 with the tangent Lie algebroids gy, H € {L,R}. The [left-]
[invariant Maurer-Cartan form on ¥ is the ker Tt-foliated 1-form with values in gvy given in

0
ker Tt ——— gr|.

i S O = (5 © w19 (), Tregy () iinworerg () () /
M {.e_‘ 9&’3[0‘): (8(9‘;-%23" ('r)) ( vé (bf-n'a)ﬁ'

Similarly, the|right-invariant Maurer-Cartan form on ¥| is the ker Ts-foliated 1-form with values in gy
given in

T4
T ker Tt

4

0
ker Ts ——— gty
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Thus, 01.(g) € (kerTt); ®r (ker Tt)iqg, , and 6r(g) € (kerTs); ®r (ker Ts)yq, .

ker Ts
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AND ... Acnon v
-
Given a Lie groupoid Gr = (M,¥,s,t,1d,Inv,.), afight-Gr-module spacdis a triple (X, i, p)

composed of

o a smooth manifold X; 1/\’6 S’q'k{ T{'{AT G‘

o asmooth map pu: X — M, called the (of the action);
e a smooth map H_ Q_S x
ove

p: Xyx19 — X: (x,8) — p(¥,8) = pg(x) =x g,

termed the[action] (map) M& M

subject to the relations (in force whenever the expressions are well-defined):
(GrM1) u(x<g)=s(g);
(GrM2) x«Idy ) = x;
(GrM3) (x<g)«h=x<(g.h).
A [left-Gr-module space| is defined similarly (with the rdles of the source and target maps in the definition
interchanged).
Albi-Gr-module space|is a pair of Gr-module-space structures on a single smooth manifold: a left one and a
right one, which commute with one another in an obvious manner.
A (right) action p is termed]freeliff the following implication obtains:

Xeg=x — g:[d“(x),

so that, in particular, the[isotropy group| 4,, = s~ *({m}) nt~1({m}) of m € M acts freely (in the usual sense)
on the fibre u=1({m}).

The (right) action p is termed[transitive|iff for any two points x,x’ € X there exists an arrow g € 4 such
that x" =x«g.

Let Gra, A € {1,2} be a pair of Lie groupoids and let (X4, pa,p*) be the respective right-Gr 4-module
spaces. A [morphism|between the latter is a pair (®,®) consisting of a smooth manifold map ©: X; — o
together with a functor ®: Gry — Gry for which the following diagrams commute

X] (%)
I'l\ ll‘z ’
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|Examp1e +6 | The object manifold M of a Lie groupoid Gr = (M, ¥,s,t,1d,Inv,.) carries a natural structure
of a left-Gr-module space given by

(M,idm, Aim?),
where the action map reads

Aim? := topr;: ¥exig,, M — M: (g,s(g)) — 1(g) = Aimf(s(g)). ‘5?’



Example | w. may regard 4 as a left-Gr**-module space for thfproduct groupoid

5*2:=sxs

Gr? : Mor(Gr?) =92 M2 =0b(Gr?) ,

P 2txt

with the composition map defined as

(81,82) ® (h1,h2) = (g1.h1, 82.12) ,
the identity map

Id iy my) = (Idy, Idiny ),

and the inversion map

Inv(g1,82) = (Inv(g1),Inv(g2)) .
The left-Gr**-module space

(9, pe, )
is the triple composed of the smooth manifold &, the momentum
pe = (t,5): 9 — Ob(Gr?),
defining the set
Mor(Gr'?)goxy & = { ((hy,h2),8) €9 | s*(hy,ha) = pe(g) },
and the action
c: Mor(erz)sxzx}lcff — 9 ((hl,hz),g) — hl.g.hil ,

to be referred to as the in what follows.

Note also that the above left-Gr**-module structure on & is, in fact, a combination of two ‘chiral’ Gr-module
structures on the same manifold: the left-Gr-module structure

(9,t,1=.),
with the
(45) I(h,g)=lu(g) =hg,
and the right-Gr-module structure
(46) (9,s,r=.),
(47) r(g h)=rm(g) =gh.

The two make ¥ into a prototypical bi-Gr-module.
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