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&Rop 51 . LET Gr = (M ,G , sit ,Id , mr , m) BE A LE GROUPOlD
,
E LET

meM BE ARBITRART
.

THE ISOTROPY GROUP Gm of m ACTS

SMOOTHLY
,
FREELY Ge PROPERLY fOM THE RIGHT

On THE S = FIBRE S (m3).

PROOF : THE ACTION of INTEREST IS
-

1 : 5(m3) xgm -> S(my) : (g ,
h)+> m (g . h)·

HS MAKES SENSE as t(h) = m = s (g) .

Smoothnessof
IS INMERITED from m .

ITS FREENESS IS IMPLIED by

In (g) = g () h= g g = [ds(g) = Idm -

FINALLY
,
CONSIDER A CONVERGENT SEQUENCE g .: NN->

S"(mb),



nic G = limGues(m) , E a Sequenceh.
S .%. The Product Sequence M .:

IN-> 5 (m3) : n Pn .191)

converges lo felim Mn . Taking into Account continuit

n-D

of un E Inv (IMPLED by Stottness of THESE MAPS),
WE ESTABLISH The IDENTITY

limhmElim((gr . gr) . hn)=ligun)=ing
n-a n-0

- 1 m
= g . M ,

which DOCUMENTS Convergence of
h
..

A

⑲



COR
.
52

.
THE SPACE of ORBITS S"(m3)/gm CARRIES

-

THE STRUCTURE of A SHOOT MANIFOLD S .%.
The ORBIT

Projection # : s(m3) -> >"(m3)/gm : gr> g . Go
is a CURJECTIVE CUBMERSION

.

PROOF : FOLLOWS DIRECTLY from THM
.
21

.

A
-

DEF
.
53
.
LET Gr = (M ,G ,

S
,
t
,
Id

,
mr

, m) BE A LE GROUPOlD
,
Ge LET

-

meM BE ARBITRARY
.

THE ORBIT of M Is the Subset

gam := t(s" km3))(GxM/Jges"(m3)
-t(x3(3) <M.

⑳



&P . 54 . THE RELATION on M :

m
.Tgmc Iges" (ms) ct" (mas)

IS AN EQUIVALENCE RELATION.

PROOF : TRIVIAL .

I

Prop
.
55

.
THE ORBIT of AN ARBITRARY POINTM- M in THE OBJECT
-

MANFOLD M of A LE GROUPOID IS AN IMMERSED SUBMANEOLD ofM.

Proof : Fix meM Ge CONSIDER A MAP
-

2 : skmb)/gm+ M : g . gm> +(g).
IT IS MANIFESTY WELL-DEFINED As t(g . h) = t(g)

.

MOREOVER,
⑮



IT CLOSES THE COMMUTATIVE DIAGRAM

t
> M
-

s (4mb)
T

> 5(m3)/Gm
in WHICH IT IS A SurfECTIVE CUBMErtiON Set Is SMOOTH.

THEREFORE
,
1 IS SMOOTH In VIRTUE of THE THEOREM

on QUAS-UNIVERSALITY Of CURTECTIVE SUBMERSIONS.

LET gaE5'(mb) , A - (1. 23 BE s. T
. t(g1) = t(g2) . THEN,

g.. g2 IS WELL-DEFINED
,
be s(gi'92)=S(g2) =m= s(g1) = t(g))=+(gga)

which impres giga Gm ·

Mus
, ge = ge . (g .92) e ge ·Gag



E so g. .Gm = ge.G .

We conclude that e is Injective.

NEXT ,
NOTE THAT tYs"(m))

=

lott
,
mence que lo

Submersivity of It ,
We Find rkz = rets+cms) = court,

i . e
.,
I Is A SMOOTH INJECTION of CONSTANT RANce

. ITS Image

-(s(m))/(m) = +(s(m()) = gam
is AN IMMERSED SUBMANIFOLD Of M IN VIRTUE of THE GLOBAL-RANK
THEOREM [Lee 2012 ,Tha5.12] · I

⑮



P56. THE SPACE

M//g := 4 gam/meM)
of ORBITS of A LE GROUPolD Gr = (M , g , Sit ,Id , mr , m) ,

ENDONED

with Quotient Topology IS CALLED The ORBiSPACE of Er.

THE DECOMPOSITION Of M into CONNECTED COMPONENTS

of (PARWISE DISJOINT) ORBITS
IS CALLED THE CHARACTERISTIC

FOLATION of Gr .

--

⑭
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THE TANGET

R

⑮



E
.9 .1

E. 58. A Le ALgEBROID over M = <*] IS A LE ALgEBRA.

u

Ex. So . Given McMan E wER(M) ,

There Exists a Canonical

Structure of A LE ALGEBRAD on

E = TM x 11 = TM xm (MX1R)
Fru I with <g = Mr.

M [( , f) , (Y ,g)] = ([X,TJrcims , X (g)-Y(f) + w(X,Y)

IFF dw =0 .

X
,
YeP(TM) ; fig = C

* (MilR)
⑯



EGTHELEALGEBROD of THE LE groupIn The

POP. 62 . IN EVERY HE ALGEBROID ,
THE ANCHOR INDUCES

A LE-ALGEBRA KOMOMORPHISM On SECTIONS.

PROOF : CONSIDER ARBITRARY XYZEP(E) Se feCO(MR) .

-

WE CALCULATE
,
with ThE HELP of THE JACOBI E LEIBN1g

IDENTITIES
,

[EX,]sifDZ]fo[EXY]a ,E] + Ca([X,Y]a)(f)z
(I11

[IX ,fiZ]g ,Y]g - [EY ,fiZ]aiX]
↓ [fn[X,z]s + da(X)(f)dZ ,Y]g- [fp[YZ]g +Ga(Y)(f)bZ ,X]a7



= fr ([X ,z]aiY]s - [[Yiz]giX]s) -<g(Y)(f)x[X,z]s +da(x)(f)p[E,Y]s
- xa(Y)odg(x)(f)pz + 23()(f)a[YE]s -da(Y)(f)p[E ,X]s
+ (g(X)o((Y)(f)DZ ,

WHENCE

(g([X , i]s) - [Gg(x) ,da(T)]rims) (f)dE = 0.

In VIEW of ARBITRARINESS of E Sef ,

WE TAS OBTAIN

THE DESIRED IDENTITY

da([X , i]z) - [tg(X) ,da(Y)]rim = O
FXYEP(E) . I

⑳



WE ARE NOW READY to APPROACH The Question of A DIFFERENTAL

CALcurus on G COMPATIBLE with
,

SAY
, LEFT-TRANSLATIONS

of DEF. 31 . RECALL

eg : t(s(g)3) < +" Cht(y)))

toCoNCLUDE That The ONLY WAY to MAKE SENSE

ofTHE NOTION of LEFT-INVARIANCE of A VECTOR FELD on S
Is to TARE IT from

the DISTRIBUTION TANGENT lo

--FIBRES .

ACTUALLY
,
in VIRTUE of SUBMERSIVITT of t (IMPLYING

rktE dimM = const) ,
THE DISTRIBUTION is REGULAR (by

THE CONSTANT-RANK THEOREM FOR VECTOR BUNDLES) ,
i
. e
.,
IT is

A VECTOR CUBBUNDLE KerTt c TG. ⑲



WE Have Theg : Keritin =< KeritIgn
t(n)= s(g)

D ·
(PATH of ARROWS

through h) (PATH of ARROWS

through g . h)

DEF. 63 LET Gr = (M ,G , sit ,Id , mr , m) BE A LE GROUPOlD .

-

A LEFT-INVARIANT VECTOR FIELD On G IS a SECTION

LET(Kerit) < M(TG)
with the Property YgegVhet"(1913) : The ((h))=L(g . h).⑳


