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LECTURE II



GROUPOID'sANATOMY :

ON LE GROUPS ,
LOCAL E GLOBAL DIFFERENTIAL STRUCTURE is

ENCODED by THE Left Resp. RIGHT REqUrAr ACTION I . KEsp . P.

ON LE GROUPOIDS ,
ThNgS GET SUBTLER As TREY

ACT On

THEMSELVES ONLY FIBREMSE...

DEF. 31 .
FOR ANT LIE GROUPOLD (M , g , S,t, Id, Inv,

m),

Ge FOR ANY ges" (SX3)nt"(lyb) ,
The LEFT-TRANSLATION

by g is The SMOOTH MAP

eg :(x3) < +"(y)) : th 1 g . h.

THE RIGHT-TRANSLATION by g is the Smooth Mar

pg
: sKys)-> s(xb) : h n h . g.

⑮



IN PHYSICAL APPLICATIONS
,
EXISTENCE of A FIBREWISE ACTION is

Good ENOugH ,
St So WE Look for GENERALISATIONS of JAY ,

e...

E(xb) +(x3) t(x3) + (xq3) REPLACE : g-g(.)
LG

ege) egca) &
g(x)

tig) = M
J - ↓

X
, X2XzXy LM G

with S(g(x)) = t(t *(xy)) = X
THE REQUIREMENT THATCUCH AN ACTION BE A DIFFEOMORPHISM

IMPLES ThAT ITS RESTRICTION TO M HAS THIS PROPERTY,

i
.
e
., to g'e Diff(M) .

This LEADS to ... ⑯
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·

g =

GEOMETRIC
PICTURE

L

= M ⑰



E
.9 . 1

EX.34 .
For GrEY

,
We FIND Bisec (E) =G.

Ex. 35 . For Er=Pair (M) ,
We Find Bisec(Pain(M))=Diff (M).

Ex. 36 . For Gre Pain, (M) ,
we FIND

Bisec(Poiz(M)=AutBur) (Mlid) =: Autan() (M)vent.
#. 37 . FOR GEGAJM ,

WE FIND

Bisac (GAM) = [f : M =>G / (mmdf(m) (m)) = Dif(M)]

Ex . 38 . For Gr = M ,

We Find Bisec(m) = Lidm] * 1.
-

⑱



Bon
ON ITSELF

·

on M
·

·

on G
⑲



IT IS NOT HARD TO SEE THAT GENERICALLY THERE EXIST ARROWS WITH

No gat RISECTIONS through TEM (SEE : Rem
.
45

.) .

HENCE,

·

·
·

HOWEVER ,

↳ ·

·
·

THE SITUATION CHANGES DRAMATICALLY
,
AND CONSEQUENTIALLY , TOO ,

WHEN WE PASS from GLOBAL to LOCAL BISECTIONS...

⑳



PROP. 46. . FOR ANY LE GROUPOID Gr = (Mig ,sit , Id , Inv ,m) En ANY

ARROW geG ,
TERE EXISTS A LOCAL BISECTION BEBirc(f)

OnA NEIGHBORHOOD of s(g) S
.

l
. g

= B(s(g)).

Proof : WE CONSIDER THE TANGENTS of S Get at g .
Boil MAPS

-

ARE SUBMERTIVE ,
E SO WE CAN USE THE FOLLOWING

EMMA47. LET V
, W ,WzEVecT with WiWe ,

G LET

XAEHom(V,Wa) , AE312) BE
EPI

.

THERE EXISTS A SUBSPACE

ACV with PROPERTY Xala : A Es Wa ,
At /112] .

PROOF of LEMMA : WITHOUT ANY Loss of GENERALITY ,
WE MAY

-

Assume Wi =WeW (IT SUFFICES to CONSIDERY: = coX< instead of Xc)⑪



D)Enote D = dimW . PICK ANY [GbieD S. f .

W =<X (v) / :EIDYik
IF THE X2(5) ARE LINEARLY INDEPENDENT

,
THEN I := [VilieDY

IS THE Sought-after SUBSPACE ,
i
.
C
.,
A= I

.

IF NOT
,
ASSUME -without Loss of GENERALITH-thAT

↑(l) = (Xa(j)/jc1 (in (POSSIBLY K= 0) .

WE HAVE V = [PKerX, 1
E So THERE EXIST VECTORS

Backer,aD S.C . <Xal5j) , Xa(3a)/jennaKDW.

WE MAY THEN TAKE O= [We
for -T To Obtain

+ Be for Sek,D
A = <GeleeTdYk · El ⑫



In VIRTUE of LEMMA 47., THERE ENSTS AcTgg s .t.

ApkerTgt =TgG = A@KerTgS .

CONSIDER NEIGHBORHOODS of gEY G S(g)EM will RESPECTIVE

COORDS S .C
.
THE CORRESPONDING COORDINATE PRESENTATION Of S is

Pr :
IRlimMoppdimg-dimm = plimm -> IRdimM

j

with THE COORDINATE DERVATIONS COINCIDING with THE BASis

of A E KerTJS (i . e .,
CORDS ADAPTED lo The SPLITTING DEKerTys)

TAKE A LOCAL SECTION G Of S with THE CANONICAL PRESENTATION

in the CHOSEN COORDS
. By CONSTRUCTION Tg(tor) is Iso,

E So - by THE INVERSE-FUNCTION THEOREM-tor is DiFFEO

on Some Neighbourhood 1 of S(g) .
We Then Take Bern .A



POP. 48 . FOR ANY LE GROUPOID Gr = (M ,G , s ,t, Id , knv ,m)
EC ANY MEM ,

The RESTRICTION tis"(mi) of
t to The Source

FIBRE HAS CONSTANT RANI .

Proof : CONSIDER ANY TWO POINTS g , GEs" (hmb).

At(g)=s(g)= m = s(h) ,

the Arrow h .g" is Well-defined
,

E so there Exists a Local BISECTION BEBisec (fr)e
with The Propert B(t(g) = B(s(h .g))) = h .g where

-

IMPLIES t B(+(g)) = + (h . g+ ) = t(h) for (SEE : DEF. 39. )

Ex : Bisec (Erleo -> Diff (M)So
&

:B top
DENOTE U := Dom(B)<M E V:= EB(U) < M,



So THAT WE OBTAIN The DiffeOMORPHISM (SEE : DEF. 40. )

[p : E(H)
=

< E"(V) : k> B(tCh1) . k .

NOTE MAT [p(g) = B(t(g)) . g = h . g+g = h
As so[=s ,

we see that If restricts to a differ
on EACH S-FIBRE within " (U) . (The STATEMENT MAKES Sense

In VIRTUE of THE CONSTANT-RANk LEVEL-SET THEOREM (Lee
2012

,
Thi5

.12]

As the S-FIBRES ARE PREIMAGES of POINTS in M along

TE SUBMERTON S . ) Moreover,
to to = to bot = ExBot,

AND So WE HAVE A COMMUTATIVE DIAGRAM ⑤



t(U) ns"(smb) Fotsicmi)
> E(V) -5(mb)

tis"(m3) ↑ tts+(m3) ·

v

U s
ExB

THE MORIZONTAL ARROWS In IT REPRESENT DIFFEOS
, of WHICH

THE UPPER ONE TAKES g To h
.

HENCE,

rkt(g) = rkt (h) .

A

THE LAST RESULT HAS IMPORTANT CONSEQUENCES ...

⑯



B49 . LET Gr = (M ,G , Sit ,Id , mr , m) BE A LE GROUPOlD
,
E LET

meM BE ARBITRARY
.

THE ISOTROPY GROUP of m Is The CBSET

gm := s (mb)nt" (mb) < G
with the MULTIPLICATION EL INVERSE MAPS of G RESTrctED to IT,

G with or-> Idm As THE GROUP UNIT.

PROB50. THE ISOTROPY GROUP Of ANY POINT In THE OBJECT

MANIFOLD of A HE GROUPOD is A LE group.

&roof : Fix me M .

Th ISOTROPY Group Gm IS the PREIMAGE

of [mY alongThe RESTRICTION of t To THE S-FIBREs (m3).

But by Prop. 48., EIS"kmi) HAS CONSTANT RANK
,
E 20 -E



in VIRTUE of The CONSTANT-RANk LEVEL-SET THEOREM [Lee 2012 ,The5.12]-

Gm Is A SUBMANFOLD in St(mb) ,
i
.

e
.,
It is

,
in PARTICULAR

A MANIFOLD .

Now
,
the restructions of m G Inv to

Im Are Smooth
,
Er So the Quadruple

(Gm , Migmigu / Invig , on Id
Is A group object in Man

,
i . e
.,

A HE group.
I

⑳


