Advanced Quantum Mechanics of Many-Body Systems
Homework 1
(11 Oct 2024)

Problem 1

Consider a bosonic particle in one spatial dimension. The hamiltonian is given by H = hw (aTa +1/ 2) +
hwg (aJr + a), where [a, aT] =1, w,wp > 0. Find the eigenstates and eigenvalues of the system.

Hint: Introduce a = a + wp/w.

Problem 2

In the so-called Schwinger representation spin is represented by two bosonic operators a and b such that
ST =ab, S~ = (ST)1, 87 = 1 (aa — b'b). We put h = 1.

a) Show that this definition is consistent with the commutation relations for S+ and 5.

b) Show that |S,m) = \(/a;;i:;' \(/bg;i;;' Q) is consistent with the eigenstates of the total spin S? and its

z-component operators. Here |2) denotes the vacuum of Schwinger bosons.

Problem 3
Evaluate the following commutators for fermionic creation/annihilation operators:

(a) [a], 3, ala)]

(b) [a;, % Zaﬁ agagaﬂaa] .

Problem 4

Express the current density operator using any one-particle basis |v) and the associated creation/annihilation
operators a,, ai.

Hint: Start in the position basis.

Problem 5
Derive the action of the field operator ¥(x) on a general N-particle ket |y1,...ynx}. For this purpose first
show that

{x1,.. .XN_1|\if(XN)|y1, YN ={x1, - XNy, YN -

Subsequently write the r.h.s. of the above equation in a form of a determinant/permanent and perform the
Laplace expansion along row N to demonstrate that

N

Vx)|y1, -y} =D (OVFS(x = yi)lyt, - Yeo1, Yre1 - YN} -
k=1



