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The conformal Fefferman-Graham ambient metric construction is
one of the most fundamental constructions in conformal geometry.
It provides an embedding of a manifold of dimension n with a con-
formal structure into a semi-Riemannian manifold of dimension
n + 2 whose Ricci tensor vanishes up to a certain order along the
original manifold. Despite the general existence result of such ambi-
ent metrics by Fefferman and Graham, not many explicit examples
of conformal structures with smooth Ricci-flat ambient metrics are
known. Motivated by previous examples, for which the Fefferman-
Graham equations for the ambient metric to be Ricci-flat reduce
to a system of linear PDEs, in the present article we develop a
method to find ambient metrics for conformal classes of metrics
with two-step nilpotent Schouten tensor. Using this method, for
metrics for which the image of the Schouten tensor is invariant
under parallel transport, i.e., certain types of Walker metrics, we
obtain explicit ambient metrics. This includes certain left-invariant
Walker metrics as well as pp-waves.
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1. Introduction and main results

This paper is a follow-up of our papers [3, 25, 26], where we presented
several examples of semi-Riemannian conformal structures, not conformally
Finstein, with explicit Ricci-flat Fefferman-Graham ambient metrics. The
Fefferman-Graham ambient metric is a fundamental construction in confor-
mal geometry that is defined as follows:

Given a conformal class represented by a metric g on a smooth n-dimen-
sional manifold M, a Fefferman-Graham ambient metric or just an ambient
metric is a metric

(1.1) g =2dtd(pt) + t*(g(z") + h(z", p)),

defined on M = (0,00) x M x (—e¢, ¢€), with coordinates z* on M, t € (0, 00)
and p € (—¢, €), such that h(z’, p) is smooth, h(z’, p)|,—¢ = 0, and

1. ic(g) = , with m = oo if n is odd and m = %5= if n is even.
(1.2) Ric(g) = O(p™), with if n is odd and ”22 if n i

Fefferman and Graham [15, 16] have shown that an ambient metric always
exists and is unique in a certain sense, which justifies it to call it the ambient
metric (for details see Section 2.1).

Moreover, when n is even, there is a conformally covariant, symmetric,
divergence and trace free (0, 2)-tensor O, the Fefferman-Graham obstruction
tensor, which vanishes whenever (1.2) holds also for m > 3.

We will refer to the equations (1.2) for a metric of the form (1.1) as the
Fefferman-Graham equations. Sometimes we will say that a solution of (1.2)
is given by h, by which we mean that h defines a metric g via the formula
(1.1) such that Ric(g) = O(p™). Moreover if equation (1.2) holds for all m
when n is even, we emphasise this by calling g a Ricci-flat ambient metric.

Finding explicit (Ricci-flat) ambient metrics amounts to solving a system
of second order PDEs for the unknown symmetric p-dependent (0, 2)-tensor
field h. In general, these PDE are nonlinear in /, however, for the examples
presented in [3, 25, 26], we were able to solve these PDEs explicitly, by the
following approach: we found an ansatz for h such that the operator Ric(g)
became linear in h, which allowed us to solve the equation Ric(g) = 0. This
raises the immediate question: Which features of the conformal class are
responsible for this phenomenon? In the present paper we will identify one
of these features as a property of the conformal holonomy. To formulate our
results we have to define the following linear differential operator A: if g is a
semi-Riemannian metric and h a symmetric p-dependent symmetric bilinear
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form, we define A(h) = A;j(h) as
(1.3) .Azj(h) = Qp}iij + (2 — ’I’L)hw + 2Rkijlhkl — Dhij,

where R;ji; is the curvature tensor, [ = V*V,, the tensor Laplacian of g
and the dot denotes the derivative with respect to p. The following theorem
provides a partial answer to the above question. It is a consequence of several
key results in this paper. In the remainder of the introduction we will explain
how to derive it from the other results.

Theorem 1.1. Let (M,[g]) be a conformal manifold such that the con-
formal holonomy admits an invariant subspace that is totally null and of
dimension greater than 1. Then, locally on an open dense subset of M, there
1s a metric g in the conformal class defining the linear differential opera-
tor A in equation (1.3), such that a solution of equation (1.2) is given via
(1.1) by a smooth, divergence free, symmetric bilinear form h that solves the
equation

(1.4) WLV ihij 4+ VihiVIRF; 4+ Agj(h) + 2Ry = O(p™),

with m = oo if n is odd and m = "7_2 if n 1s even, and where R;; is the Ricci
tensor of g.

Although the appearance of the quadratic terms in equation (1.4) is
somewhat unsatisfactory, in many cases there is an ansatz for h such that
the quadratic terms vanish and the resulting linear equation for h can be
solved explicitly. We will come back to this.

Recall that the conformal holonomy is defined as follows. To a conformal
class of signature (p, ¢) one can assign the normal conformal so(p + 1,q + 1)-
valued Cartan connection which induces a principal connection and in turn
a connection on the vector bundle of conformal standard tractors that is
compatible with a bundle metric of signature (p + 1,q + 1). The conformal
holonomy group is the holonomy group of this connection and its natural rep-
resentation on RPT14+1 is the conformal holonomy representation or simply
the conformal holonomy. In analogy to Riemannian geometry, the reduction
of the conformal holonomy to a proper subgroup of SO(p+ 1,¢+ 1) is re-
lated to the existence of special structure of the conformal manifold, such
as the existence of Einstein scales [6, 18], the structure of a Fefferman space
[17], twistor spinors [7, 29], or exceptional conformal structures [9, 31]. One
feature that is very different to Riemannian holonomy reductions is that the
same conformal holonomy reductions can induce different structures along
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different curved orbits [11]. There is however a close relationship between
the conformal holonomy and the holonomy of the Levi-Civita connection of
the Fefferman-Graham ambient metric [10] and in the present paper we will
analyse this relationship further for a specific class of conformal structure
that plays an important role for the classification of conformal holonomies.

If the conformal holonomy representation is irreducible, several classifi-
cation results are known [1, 2, 14]. In the case when the holonomy repre-
sentation is not irreducible, three essentially different situations have to be
distinguished: the invariant subspace is a) of dimension one, b) of dimen-
sion greater than one and non-degenerate, or c) of dimension greater than
one and degenerate with respect to the tractor metric. For case a) it is well
known that, locally on an open and dense set in M, there is an Einstein
metric in the conformal class. The open dense set is in fact the complement
of the zero set of a smooth function ¢ with the property that ¢ and do have
no common zeros. This restriction is a feature of all the other cases that
follow. Hence, in case (a) there is an explicit Ricci-flat ambient metric, see
Remark 2.1 below. Case b) is similar, here there is a metric in the conformal
class that is a product of Einstein metrics (with related Einstein constants),
[4, 5, 28]. Again, such conformal structures admit Ricci-flat ambient metrics
[19]. The last case c¢), when the invariant subspace is degenerate, can be
reduced to the situation in Theorem 1.1: intersecting the invariant subspace
with its orthogonal space gives a holonomy invariant totally null space. It
was shown in a series of papers [22, 27, 30] that the assumption in The-
orem 1.1 — that the conformal holonomy admits an invariant totally null
subspace of dimension k + 1 > 1 — is equivalent to the existence, locally and
outside a singular set with dense complement, of a totally null distribution
N of rank k and a metric ¢ in the conformal class, such that:

(A) The image of the Schouten tensor P of g, considered as an endomor-
phism field P#, ITm(P*) = {P*(X) | X € TM}, is contained in A (which
implies (P%)% = 0),

(B) N is parallel (with respect to the Levi-Civita connection of g).

In the present paper we will deal with the problem of finding ambient metrics
for such conformal classes.

Metrics with a parallel totally null distribution N are called Walker
metrics [36]. Metrics with properties (A) and (B) are special Walker metrics,
for which the image of the Schouten tensor is contained in the parallel null
distribution A. This implies that these metrics are scalar flat and hence
the Schouten tensor is a constant multiple of the Ricci-tensor. In particular,
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their Ricci and Schouten tensors are divergence free. In the following we
will call metrics that have both properties (A) and (B) null Ricci Walker
metrics, referring to the property that image of the Ricci tensor is totally
null. The case kK =1 was considered in [27], where the metrics were called
pure radiation metrics with parallel rays. There are many known examples
of null Ricci Walker metrics. This includes Lorentzian pp-waves but also
the examples of metrics we gave in [3], which are of signature (3,3) and
lie in Bryant’s conformal classes [9]. Recently, in [21] the ambient metric for
Patterson—Walker metrics was computed. Patterson—Walker metrics are null
Ricci Walker metrics in neutral signature (n,n) that arise from projective
structures in dimension n. In Section 5 we will give more examples of null
Ricci Walker metrics including left-invariant metrics.

With the above characterisation of the assumption, Theorem 1.1 is a
consequence of several results we will prove in this paper. To explain these
results, we recall that property (A) is satisfied by all all the examples in [3],
the generalised pp-waves (see more in Sections 5.3 and 5.4), the conformal
structures given by generic distributions in dimension five and six (neither
of which are directly the subject of the current paper). This observation
combined with the fact that 0,h|,—0 = 2P, suggested our ansatz for h as a
tensor satisfying Im(h*) C N If not only (A) but also (B) is satisfied, which
is the case for most but not all of the examples in [3], then we can show that
the condition Im(h#) C N is necessary.

Theorem 1.2. Let (M,g) be a semi-Riemannian null Ricci Walker met-
ric with parallel null distribution N'. Then for every ambient metric g =
2dtd(pt) + t?(g(2%) + h(2', p)), i.e., a solution to the equations (1.2) with
smooth h, it holds

(1.5) div?(h) = O(p™), Im(h*) C N mod O(p™)

with m = oo when n is odd and m = 5 when n is even. Moreover, when n is
even, the obstruction tensor satisfies Tm(O%) C N and there is an ambient

metric for which h satisfies equations (1.5) for m = occ.

We will prove this theorem in Section 4.2. Note that the statement about
the obstruction tensor can also be obtained from results in [24]. Theorem 1.2
leads us to study the equation (1.2) for g as in (1.1) defined by a Walker met-
ric g with parallel null distribution A/ and with a tensor h with Im(h#) C N.
From the results and computations in Section 3 and Section 4 we obtain the
following statement, which together with Theorem 1.2 implies Theorem 1.1:
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Theorem 1.3. Let (M, g) be a null Ricci Walker metric with parallel null
distribution N' and assume that h is a divergence-free symmetric (0,2)-
tensor field such that Im(h*) C N'. Then the metric g defined by h via equa-
tion (1.1) satisfies (1.2) if and only if h satisfies equation (1.4).

In the case when the parallel null distribution N has rank one or satisfies
an additional condition on the curvature, we can strengthen this result in
the sense that the quadratic terms in equation (1.4) will vanish:

Corollary 1.1. Let (M,[g]) be a conformal manifold given by a null Ricci
Walker metric g with parallel null distribution N that has rank one or sat-
isfies N1 R =0, for R the curvature tensor of g. Then there is an ambient
metric, i.e., a solution of (1.2), that is given via (1.1) by a divergence free
symmetric bilinear form h that solves the linear PDE system

(1.6) Aij(h) +2R;; = O(p™),

with m = oo if n is odd and m = ”772 if n is even, and where R;; is the Ricci
tensor of g. When n is even, the obstruction tensor satisfies Im(O%) C N
and N_JVO =0 and is given by

0ij = cn U™ Ryj,

where ¢, is a nonzero constant and I is the m-th power of the temsor
Laplacian.

This corollary follows from the previous results by the following con-
siderations: if the rank of AN is one, then h being divergence free implies
that

(1.7) Lxh=0, forall XeN,

where £ x denotes the Lie derivative in direction X, and hence that Vxh =0
for all X in A/, which in turn yields to the vanishing of the quadratic terms
n (1.4). Similarly if the rank of A is larger than one, one can show that the
curvature condition N R = 0 implies condition

(1.8) LxP=0, foral X eN,

and consequently that VxP =0 for all X € N. This can then be used to
show that h has to satisfy the condition (1.7) and which again implies the
vanishing of the quadratic terms.



Conformal Walker metrics and linear Fefferman-Graham equations 699

Let us point out that Corollary 1.1 is sharp in the sense that there are
null Ricci Walker metrics with N1 R # 0 for which the Fefferman-Graham
equations remain quadratic in h. We make this explicit in Example 4.1. It
turns out that for the linearisation of the Fefferman-Graham equations the
conditions (1.7) and (1.8) are crucial. In fact, when (1.8) is satisfied, the
ansatz (1.7) enables us to reduce the Fefferman-Graham equations to linear
equations in a much larger class than the one that satisfies the assumptions
of Corollary 1.1. In Section 3 we show that for g as in (1.1) the Ricci tensor
Ric(g) becomes at most in h if we assume that

(1) the image of P is contained in a totally null distribution N,

(2) and that Nt is involutive (but not necessarily parallel).

The form of the Fefferman-Graham equations in this more general situation,
although being at most quadratic in h, is however more complicated than
equations (1.6). Nevertheless, we find this more general class noteworthy: the
examples of Ga-conformal metrics in [3, 26], for which the linear Fefferman-
Graham equation were reduced to linear PDEs, are not null Ricci Walker
metrics but rather from this more general class. The reduction was possible
because these metrics satisfy the additional property (1.8), which suggested
the ansatz (1.7).

Based on Corollary 1.1, we are able to construct explicit ambient met-
rics for several examples of null Ricci Walker metrics, including left-invariant
metrics on Lie groups and generalised pp-waves. Our main results in Sec-
tion 5 are the following:

Theorem 1.4. Let £ be a two-step nilpotent Lie algebra, H be a Lie group
with Lie algebra b, and ¢ : h — der(€) a Lie algebra homomorphism to the
derivations of €. Let G be the Lie group corresponding to the Lie algebra g
that is given as the semi-direct sum

g= h X E.
Moreover, let g be a semi-Riemannian left-invariant metric on G such that

37 =t and g = b @ 3, where 3 is the centre of €. Then the conformal class
of g on G admits a Ricci-flat ambient metric

L Ric(g)).

(1.9) g =2d(pt)dt + 2 (g +

where n is the dimension of G and Ric(g) is the Ricci tensor of g.
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We should point out that the ambient metric in (1.9) is not unique
(when n even or when non-analytic ambient metrics are allowed). In fact,
in Theorem 5.1 we find the most general form for Ricci-flat ambient metrics
for the left-invariant metrics in Theorem 1.4 and show that the ambiguity is
parametrised by k(kTH) functions of n — k variables, where k is the dimension
of h and n the dimension of G.

Finally, amongst other results, in Section 5 we extend our results in [25]
and [3]. The first paper [25] dealt with Lorentzian pp-waves, that is, metrics

on R" of the form

n—2
(1.10) g =2dudv+ Hdu?+ ) (da)?, H e C™(R") with 32 =0.
=1

In general, these metrics are not conformally Einstein. In [25] a formula for a
Ricci-flat ambient metric is given when n is odd or in the case when n is even
and A2 H = 0, where A is the flat Laplacian in the coordinates z!, ..., 2" 2.
In the odd case, this is the unique analytic ambient metric, in the even case
however, we were not able to rigorously prove that the obstruction tensor is
given by A% (H)du?. This result was generalised in [3] in two ways: it was
generalised to analogues of Lorentzian pp-waves to other signatures and,
more importantly, in even dimensions we provided the general solution to
the Fefferman Graham solutions including log-terms and the explicit form of
the ambiguity. Here, in the current paper, we improve this result by deriving
a formula for the ambient metric in the more general setting in which we
allow for a non-flat Riemannian metric G;; in the x', ... 2" 2 coordinates.
Moreover, for Lorentzian pp-waves we can use Corollary 1.1 to show that the
obstruction tensor is in fact given by Az Hdu?. We summarise our results
of Sections 5.3 and 5.4 in the case of Lorentzian manifolds:

Theorem 1.5. Let

n—2
g=2dudv+ Hdu? + Y Gyda'da!, with Y = % = %u — ¢,
i,j=1

be a Lorentzian generalised pp-wave metric. For Aq the Laplacian for the

Riemannian metric G;jdz*da’ on R™2 with coordinates x',... " 2 and

f=ft,....2" 2 u) a smooth function of the x'’s and u, consider the
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metric

(1.11) g = 2d(pt)dt + t>g+

m k > k
e <Z AGUD) i, 5~ 8b() pw) G

parllid [T5(2i —n) o k! 15, (2i +n)

where m = oo when n s odd and m = ”7_2 when n 1s even. Then, when n
is odd, the metric in (1.11) with f =0 gives the unique Ricci-flat ambient

metric that is analytic in p. When n is even, we have the following:

(1) If Aé(H) = 0, then the metrics in (1.11) are Ricci-flat ambient met-
rics that are analytic in p. Otherwise the metrics are solutions to (1.2),
that is Ric(g) = O(p2).

(2) If Gij = b;j is the Euclidean metric, then the obstruction tensor O is
given by

O =c, A%(H) du?,

for some non-zero constant c. If O vanishes, the metrics in (1.11)
are Ricci-flat.

In addition to this, we obtain non-analytic Ricci-flat ambient metrics
with A | 0 if p — 0 from formulas (5.9) and (5.11) in Theorems 5.2 and 5.3,
in particular in the case when n is even and the obstruction tensor does not
vanish.

We believe that the formulas we provide in this paper turn out to be
useful for obtaining explicit solutions to the Fefferman-Graham equations
for new examples beyond the ones given in Theorems 1.4 and 1.5.

2. The Fefferman-Graham ambient construction
2.1. The Fefferman-Graham ambient metric construction

A conformal structure (M,[g]) on an n = p+ ¢ dimensional manifold M
is an equivalence [g] class of (p, ¢)-signature metrics on M, such that two
metrics g and ¢ are in the same class [g] if and only if there exists a function
¢ on M, such that § = e??g.

Let us focus on a given conformal structure (M, [g]). In the following
definition of an ambient metric we will refer to a manifold M that is a
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product
]T/[/:(O,oo) X M x (—ece), € >0,

with respective coordinates (¢, 2, p).

Definition 2.1. An ambient metric g for (M, [g]) (that is in normal form
with respect to g) is a metric on M given by

(2.1) g =2dtd(pt) + t*g(a’, p),

with a 1-parameter family of symmetric, non-degenerate smooth bilinear
forms g(z', p) on M, parametrized by p, such that

g(xi7p)\p:0 = g(xl)u
for some metric g = g(x%) from the conformal structure [g] and such that
e Ric(g) = O(p™) if n is odd, and

e Ric(§) = O(p>~1) and tr, (pl_gRic(Zj)wM@TM) =0along p=0,ifn
is even.

Here, using the usual convention, for a smooth tensor field tensor S on M
we write S = O(pF) if S = pFT for a smooth tensor field T. The existence
and uniqueness result for ambient metrics in [15, 16] states that for each
choice of g = g(z%) there is an ambient metric w.r.t. g. In all dimensions
n >3, g(z%, p) has an expansion of the form

gla',p) = g¥(ah)p*

k>0

starting with

g(a',p) = g(z") + 2pP(z") + O(p*),

Scal
2(n—1)

dimensions the Ricci-flatness condition determines ¢(¥) uniquelgr for all k,

g) is the Schouten tensor of g = g(x%). In odd

where P = L5 (Ric —

whereas in even dimensions only the g(k<§) and the trace of g(g are deter-
mined uniquely. The ambient metric construction is conformally invariant
in the sense that ambient metrics for different metrics in the conformal class
are diffeomorphic to each other (modulo O(p>) when n is even).

For n even a conformally invariant symmetric (0, 2)-tensor on M, the

ambient obstruction tensor O, obstructs the existence of smooth solutions



Conformal Walker metrics and linear Fefferman-Graham equations 703

to Ric(§) = O(p?). For § in normal form w.r.t. g as in Definition 2.1 it is
given by

1-2 .~
where ¢, is some known nonzero constant [16]. From this one can deduce
that O is trace- and divergence free.

Remark 2.1. If [g] contains the flat metric gg, then the corresponding
ambient metric is

g = 2dtd(pt) + t2go.

Similarly, if [g] contains an Einstein metric ga, Ric(ga) = Aga, then

- Ap 2
_ 2
g=2dtd(pt) +t (1+ 3n — 1)> gA

is an ambient metric for [gx] that is Ricci-flat.

2.2. Poincaré-Einstein metrics

As noticed by Fefferman and Graham in [15, 16], their ambient metric con-
struction associating a (p + 1, ¢ + 1)-signature Ricci-flat metric g to a (p, q)-
signature conformal structure [g], is very closely related to another construc-
tion, called the Poincaré-Einstein construction, which associates a certain
(p+1,q)- or (p,q + 1)-signature Finstein metric gpg to the conformal class
[g]. This construction goes back to Penrose [33] and is widely used by math-
ematical physicists! in such fields as AdS/CFT correspondence [13, 34] and
General Relativity, where it describes the geometry near horizons of black
holes [12] or the evolution of conformal data from hypersurfaces formed by
the starting points of all null geodesics of a spacetime, which is of importance
in Penrose’s conformal cyclic cosmology, [32, 35].

As the ambient metric construction is a generalisation of the relation be-
tween the Minkowski spacetime (R"*1-! n) and the flat conformal structure
on the Euclidean sphere S”, which is its light cone cut, the Poincaré-Einstein

!There is a confusion of terminology: mathematical physicists refer to the
Poincaré-Einstein construction as ‘Fefferman-Graham construction’, whereas in
mathematics, since the first Fefferman-Graham paper [15], this term has been re-
served for the ‘ambient metric construction’.
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construction is the generalisation of the relation between the usual hyper-
bolic metric on the interior of a ball B"*! and the conformally flat structure
on the Euclidean sphere S™ which is the boundary of this ball. In the lowest
dimension this simple ball-sphere relation is just the relation describing the
classical Poincaré disk model of the 2-dimensional geometry. To be more
explicit, the passage from an ambient metric g in M to the corresponding
Poincaré-Einstein metric gpg in one dimension lower is as follows.

Let [g] be a conformal class of signature (p,q), with p denoting the
number of spacelike vectors in an orthonormal basis, and let (M, g) be its
ambient space, expressed in the ambient coordinates (¢,2", p) as in (2.1).
Then consider a hypersurface in M defined in the following steps:

e Let Mpgp be an open set in R™! parametrized by the coordinates
(r>0,2").

e Imbed Mpg into M, via the map ¢ : Mpp — ]\7, given by

Choose the parameter € to be either 1 or —1.

e For the choice of the parameter ¢, pull the ambient metric g back by
¢* from M to Mpg obtaining:

gpe == 1%(9) = T%(eer + g(z*, —%7’2)).
e The metric gpp on Mpg has signature (p+ 1,q) if e = 1 and (p,q + 1)

if e=—1.

e More importantly, the metric gpp on Mpg is Einstein,

Ric(gpr) = —engrE,

since the ambient metric g is Ricci-flat.

For each chosen value of the parameter ¢, the pseudo-Riemannian manifold
(Mpg, gpp) is the Poincaré-Einstein manifold associated with the conformal
structure [g] on M. The metric gpg is called the Poincaré-Einstein metric
for [¢g]. Note that the metric § = r2gpE, conformally related to gpg, defines a
regular conformal class of metrics on the boundary OMpg of Mpg, given by
OMpg = {(r,2") | r = 0}. The conformal manifold (OMpg,[g]) is (locally)
conformally equivalent to the original conformal structure (M, [g]).
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We remark, that via the procedure described above, all explicit ambient
metrics appearing in this paper have their Poincaré-Einstein counterparts
and we will not comment any further on this relation in what follows.

2.3. The Fefferman-Graham equations

0
Given a conformal structure and having its representative g, the search for
a corresponding Fefferman-Graham ambient metric

g =2d(pt)dt + t*g(z, p),

consists in finding a 1-parameter family g(z, p) of metrics on M with g|,—o =

g and such that the Ricci tensor of the metric g satisfies equations (1.2). In
Ref. [16, Eq. 3.17] the components of Ric(g) for (2.1) were written explicitly
for the unknown tensor g = g(z*, p). Writing g as g = gijdxidxj, with g;; =
gij(z*, p) (or in abstract index notation), equation (1.2) then reads as:

(2.3) piij — pg"™ Girgj + 309" dridi; — “F29ij — 29" drgi; + Rij = O(p™),
9" (Vigi — Vigr) = O(p™),
gklgk:l + %gklgpqukgql = O(pm)v
for m = oo when n is odd and m = ”T_z when n is even. Here for each p, V
is the Levi-Civita connection of the metric g(z*, p) = g;;(z*, p)dzida?, Ry
is the Ricci tensor of g(z, p), and the dot denotes partial derivative of g;;
with respect to p. The left-hand sides of these equations are the components
of the Ricci-tensor Ric(g) of g.

The first of the Fefferman-Graham equations above is a system of nonlin-
ear 2nd order PDEs for the coefficients g;;. It is also obvious that finding the
general solution for this system with a given initial condition ij|p=0 = éij
is rather hopeless. One can search for Fefferman-Graham metrics assuming
that the metric g(x, p) admits a power series expansion with integer powers
in p. Fefferman and Graham [16] gave expressions for the first few terms in
the power series expansion in p of g(z,p) so that g is Ricci-flat up to the
order 3. Up to this order, their expansion reads:

g=9+2Pp+pup*+ ...,
with P being the Schouten tensor for 5, and

(4= n)pij = Byj + (4 = n)P;*Py;.
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Here B is the Bach tensor of the metric § defined by
0
Bij = V* Ak — P Wi,
with
0 0
Aijk = VjPri — ViPj;

the Cotton tensor. The symbol % denotes the Levi-Civita connection for 5

. 0
and lekl is the Weyl tensor for g.

2.4. Our approach

Our approach in this paper will be the following: We will write the unknown
family of semi-Riemannian metrics g(z°, p) in the Fefferman-Graham metric
as

. 0 . .

g(x', p) = 9(z') + h(z', p),
where § = 5(x1) is a suitable metric from the conformal class (independent
of p) and h = h(z', p) is symmetric, p-dependent symmetric bilinear form
on M. For our approach we will express the Levi-Civita connection and
the Ricci tensor of g(z?, p), which is needed in equations (2.3, 2.4, 2.5), in

0
terms of the Levi-Civita connection and the Ricci tensor of ¢. For this, recall
the formulas relating the Levi-Civita connections and the curvatures of two
0
given metrics g;; and g;;. The difference of both Levi-Civita connections is
given by a tensor field Ckij,
0
(26) szJ — VZX] = Ckink,
where X}, is a one-form. For vector fields we have
. 0 . ] &
VX! - v X! = -7, X",

k

Since both connections are torsion-free, it is C’kz-j =C%,

with V;g;r = 0, implies

which, together

ck . — 1.k (¢ 0 <
(2.7) ij = 29 (Vlgij — Vigj1 — ngil)
For the curvature tensors, defined by Rij klvl = 2V|;Vjju we obtain

0

Rijkl = Rijkl +2v [iclj]k + 2Cpk[z'clj]p’
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and hence for the Ricci tensor
(28) Ry = Ry" = Ry + ViCh; — ViCh; + OO, — O, CF,.

We will use these formulas later on.

Unless we use indices, for a symmetric (0,2)-tensor h we denote by hf
the corresponding endomorphism defined by the metric g via h(X,Y) =
g(h*X,Y). In the following it will be clear from the context which metric
will be used to perform this dualisation. We will say that A is two-step nilpo-
tent if (hf)? = 0. When making statements about the image of a symmetric
(0, 2)-tensor, we refer to the image of h* as an endomorphism of TM. Tt is
immediate that a symmetric (0, 2)-tensor is 2-step nilpotent if and only if its
image is trivial or totally null. In particular, we have that Im(hf) C Ker(ht).
We summarise the situation in case of the Schouten tensor:

Lemma 2.1. Let (M, E]) be a semi-Riemannian manifold with Ricci tensor
Ric and Schouten tensor P. Then the following are equivalent:

b =

1) (P
(chﬁ)
Im
Im

2
3
4

(1)
(2)
(3) (P) is totally null or trivial,
(4)

(Rict) is totally null or trivial.

If any of these conditions is satisfied, then (M, 5) has vanishing scalar cur-
vature.

Hence, since we aim to find ambient metrics for metrics with two-step
nilpotent Schouten tensor P, it is reasonable to assume that there is a to-
tally null vector distribution A/ that contains the image of the Schouten
tensor (which will be the case for the null Ricci Walker manifolds of the
Introduction and Section 4). On the other hand from [16] we know that
h| p=0 = 2P, which leads to our ansatz for the ambient metric to assume
that Im(h(p)) C N for all p. It will turn out that further conditions on N
and on h will be needed to ensure that the Fefferman-Graham equations
become linear in h.
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3. Towards linear Fefferman-Graham equations
In this section we will compute the Ricci tensor for metrics of the form
g = 2d(pt)dt + t*(g + h),

where h = h(p) is a p-dependent family of symmetric bilinear forms with
h|,—o = 0 and moreover with the property that

Im(h*) C WV,

for a totally null distribution N'. We will then successively impose further
conditions on A/ and on h so that the Fefferman-Graham equations become
at most quadratic and eventually linear in h.

3.1. Conventions

In this and in the following sections we work with specific (co)-frames. Hence
we will distinguish between tensors (written in boldface letters) é, h and
later g, and their components -&z’ja hij and g;; in a specific (co)-frame that
is adapted to N and later on satisfies additional properties. Some of the
statements in the next sections will only hold for the components h;; of h
in such a basis.

Let 8 be a semi-Riemannian metric and A/ be a vector distribution that
is totally null and of rank p > 1. We fix a local frame

(3.1)

€e1,...,€en,
such that span{ey,...e,} = A" and span{ey,...,e,_,} = K := N1,

Note that p < n — p. We will use the following index conventions:

g k... e {1,...,n}
C

a,bye,... € {1,...,p}
3.2
(3.2) A, B, C,...e{p+1,....,n—p}
a,bec...e {n—p+1,...,n}.
We use the indices i, j, k, ... as abstract indices (or with respect to an ar-

bitrary frame), whereas indices a, B, ¢ will refer to components in a frame
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€4, €epR, ec, such that

é(ea, e) = é(eb, e;) = 561, = 51,@ constant and non degenerate,

(3.3) é(eA, ep) = é(eB,eA) = 5,4]3 = 53,4 constant and non degenerate,

é(ei,ej) = 0 otherwise.

In other words, if ©!,..., 0" denote the algebraic duals to the e;’s, i.e.

@i(eﬁ = 5ij

then the metric is
S p i p ape | 5 AQB
(3.4) g =9;;0'0’ =29,,0°0°+ 9,507 0",

: g s : nab oba "AB
Note that the inverse 9" of the matrix 9;; is given by 9%° = ¢°* and ¢
satisfying

Q% — 5at‘:é(e& ‘), Q% — ‘aﬁcé(ec’ ')’ @A — 5AB§(€B’ )

Now we consider a symmetric bilinear form h (depending on a parameter p)
that satisfies

Im(h*) C V.

This is equivalent for h to be of the form

(3.5) h := hz: 0°0° = h;;0'07,

i.e., hjj = O unless 4, j = a, ¢, for smooth functions hae = hae(p, x) with hge =
hza, The corresponding (1, 1) tensor h? has components

04—
h—b _ hz‘zé be

a

and all others zero, i.e.
h* = 1,O% ® e
and satisfies
(h*)2 =0, ie. hht =0.
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It holds that
K =N*t C ker(hf).
Finally, we obtain the (2, 0)-tensor defined by h"/ = éikéﬂhkl, i.e., with
pbd — 5ba5dah_
- ac

and all other components zero. From now on the components of all the tensor
are given in the frame (3.1) with the index conventions as in (3.3).

Lemma 3.1. For h as in (3.5) denote by h(") = (hl(;)) the tensor whose
components are giwen by the r-th 0,-derivative of the components of h;j,
i.e., h™) := 07 (hij)©" 0 ©7. Then

(3.6) fzijhg.) =0 and hl(]:)h(s)kj =0 for all 0 <r,s.

0
Moreover, if V is the Levi-Civita connection of é, then

(3.7) %khg) =0, wunlessi=a orj=a,
as well as

(3.8) g = o,

and

(3.9) W) = R

forallr,s =0,1,....

Proof. Equations (3.6) follow from the fact that hij squares to zero and is
trace free. Indeed, since h;; = 0 unless ¢, j = @, ¢, we also have for the deriva-
tives that hg) =0 unless i,j = a,¢, for all » > 0. Therefore hgz)h(s)kj =0
unless ¢, 7 = a, ¢ and in this case we have

hé?h(S)ké _ hg%)h(S)bE _ h("') él;ci h(:? =0,

because 94 = 0. Equation (3.7) follows from

0 0

%Xh(eiyej) = X (h(e;,e;)) —h(Vxe;,e;) —h(e;, Vxe;) =0

unless e; or e; is equal to e;.
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The last equation (3.9) follows from (3.6),
0=V, (A R)) = 2 hG) + BV,
by the Leibniz rule. O

3.2. The Ricci tensor of a 2-step nilpotent pertubation

In the following, for a semi-Riemannian metric é we will consider pertur-
bations by a 2-step nilpotent, symmetric bilinear form h depending on a
parameter p. By the results in the previous section we can write this per-
turbation as

(3.10) g =g +h, where h = h;;0% 0 ©° and & = ¢,;0°0" + g,50405,

where we use the conventions in Section 3.1 and with smooth functions
hae = hae(p, x) with hae = heg. The metric coefficients of g are g;(p, x) :=
5@’ (x) + hij(p, z). The perturbed metric g has the property that the inverse
of g is linear in the perturbation h, i.e., if ¢”/ are the coefficients of the
inverse of g;;, then

(3.11) gl = gi — pid.
In the following we will raise the indices with ,(UJU First we observe:

Proposition 3.1. Leté be a semi-Riemannan metric and h a p-dependent,
2-step nilpotent symmetric bilinear form. Then for the metric

(3.12) g = 2d(pt)dt + t2(8 + h)

the possibly non-vanishing components of the Ricci tensor are given by
0p1 0+ . n .
(3.13) 9% Vihi and phij — 5 —1 hij + Rij.

Here the dots denote the p derivatives of the hi;’s and R;; are the components
of the Ricci tensor of g = g+h.

Proof. The components of the Ricci tensor of g are given by the left-hand
sides of the Fefferman-Graham equations (2.3, 2.4, 2.5). Lemma 3.1 shows
that the term in the third Fefferman-Graham equation (2.5) is zero.
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In order to analyse the term in the second Fefferman-Graham equa-
0
tion (2.4), we use formula (2.6) for expressing V in terms of V and the

k _ ok
tensor C7% = C7;,

ie.,
(3.14)
9" (Viga — Vigi) = (9% = B¥)(Vihi — Vibw + CPyhip — CPyhy)

= QM (Vihi + CP by — CF i) — W gha — BFCP iy,

because h is trace free and because of Lemma 3.1. For C*... the formula

i
(2.7) reduces to

10 0 : v
_(gkl — hkl)(vlhij — Vihj — vjhil)’

k

again by Lemma 3.1. Hence
7 74 1 . 1 0 0 0
hipC™ly = §hk (Vihij — Vihj — Vjhi).
Therefore the last term in (3.14) becomes

20 by, CP, = hklhip(%phkl — %khpl — %lhpk’)
= _hkl(hkl%phip - hpl%khip - h‘pk%lhip) =0,

because of (3.9) in Lemma 3.1. Similarly, the remaining term in (3.14) is
0 . . 0 . . 0 0 . . 0
GNP hip — CFyhui) — B¥khay = =1y — WMk + $hig vk = 0.

This verifies the formula for the terms in the second Fefferman-Graham
equation. The term in the first Fefferman-Graham equation (2.3) is seen to
be equal to the second term in (3.13) by using Lemma 3.1. O

This proposition shows that, apart from the Ricci tensor of g, the
Fefferman-Graham equations contain only terms that are linear in h. Thus,
we now determine the Ricci tensor of a metric g = é—i— h in terms of the
Ricci tensor of é and of h using formula (2.8) and apply this to a metric
g = 2d(pt)dt + t* (é + h). For this we note that for a metric as in (3.10) with
inverse (3.11) the formula (2.8) for the Ricci tensor of g contains terms up
to fourth order in h. Hence we observe:
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Proposition 3.2. Let é be a semi-Riemannian metric and h be a 2-step
0

nilpotent symmetric bilinear form. The Ricci tensor R;j of g = & + h is given

by

(3.16) Rij = Rij + V*Vih — 19 Vihi + Q2 (h) + QP (h) + Q1 (),

in which we raise the indices with 51‘3‘ and where the QZ(.;)(h) are symmetric
tensors that are of order r = 2,3,4 in hi;, and which are given explicitly
in (3.20), (3.19) and (3.18) below.

Now we are going to compute the ng)(h)’s by using equation (2.8) for

the Ricci tensor of g = g + h. First we note that the formula (3.15) for C'kij
and Lemma 3.1 implies

O = =2 — Wiy = 0.
Hence (2.8) simplifies to
0 0 k k
(3.17) Rij = Rij — ViC"j — ijkC' ip*
We start with the terms of fourth order in h: by (3.9) in Lemma 3.1 we get
(3.18)
QE?)(h) = — PP (Ve — Vihig — Vihiq) (Vihip — Vil — Vpha)
= — PR (Vhjt = Vihiq) (Vihip = Vpha)
= %hathd(VChjb - Vbhjc)(thia - Vahid)

= Allhathd(h(ej, [ec, eb]))(h(ei7 [ed7 ea]))7

where, for the last equality, we have written the summation in terms of the
frame field e; and used that h;, = 0. Note that QZ(;.L) (h) =0 if [eq, €] € K.
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Now we compute the third order terms and because of (3.7) in
Lemma 3.1 we obtain

(3.19)
QZ(,?)(h) = —%hklgpq <%ihkp%jhlq - (%phik‘ - %khip)(%thl - %lhjq))
— —1pobged (%ihag%j hid — (Vehia — Vahic)(Vah;y — %bhjd)>
— Lpabgep (%ihac%jhb[) — (Vohia — Vahic)(Vphyy — %bth)>
= %h“bééd(%ghw — %af%’é)(%dhjb — %bhjd)
+ 1pabgeD ((%Chm — Vahic)(Vhjs - %bth))
= Theb (f}éd(%ghw ~ Vahic)h(ej, [eq, eb]))
+ 1pe (§CD((%chm — Vahic)(h(e;, [en, eD])) :
Clearly, this vanishes if [e,, €] € K and [e,, eg] € K, and in particular if K

is involutive.
Finally, we turn to the second order terms. They are given as

(3.20)
QEJQ.)(h) = % h <l%lhij v ) + K (%%k%lhij - %k%(ﬂﬁz)
vlhklvjhkl ( it — v'h k) <%lhjk - %khjl> .

First we rewrite the last term as
0

1 (thil - Vlhik> (Vlhjk - thjl) = ViphyiV'hi' = Vighy;VFh

Next, we analyse the term hkl%k%(ihj)l using the divergence of h,
Lemma 3.1, the curvature, and the fact that h is 2-step nilpotent:

W Vihii
= _hlek%ihkl — %khljvfihkl — Veh*v;hy)
- _h. 2 & 1kl pl k kph 1) o Qokl S kS
- gl Vszh +h R]mp‘i‘h Rkip thl]th Vk:h VZh]l

= - jl%i%khkl - hjlhkpékilp - %khlj%ihkl - %khkl%ihﬂ.
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Hence, we obtain

QE?) (h) = IVih*v kg + hl(iVj)Vk;hkl + 1AM E Wik — REPRE (i Ro)kip
+ %khl(i%j)hkl - %%ihkl%jhkl - %[khl]i%kh]‘l~

Therefore, if h is divergence free, i.e. Vih* =0, we get formula (3.21) for

QY (h).

Proposition 3.3. Let é be a semi-Riemannian metric and h be a 2-step
nilpotent symmetric bilinear form such that there is a totally null distribution

N with Im(h?) ¢ N and K = N* involutive. Then the Ricci tensor R;; of
g = g+h is at most quadratic in h, i.e., the terms QE?) (h) and Qg;l)(h)
in (3.16) vanish. If we assume in addition that h is divergence free, then

(3.21) Qﬁ?(h) = $hE N Vihi; — B*PR Ry + ViV j)
— IVilhMN by — Vg VER

We can apply these results to the metric g = 2d(pt)dt + t?g as defined
in (3.12): Under the assumption that K is involutive and that h is divergence
free we can apply Proposition 3.1. Since h is divergence free if h is divergence
free, it implies that g is Ricci-flat if and only if

. . 0,0 lo,o0 0
(3.22) phij — (g - 1) hij + VNV hir = 5V Vihi + Rij + QY (h) =0,

where QEJQ-)(h) is given as in (3.21). Moreover, that h is divergence free also

allows us to simplify the term %k%(ihj)k. In fact, if %khik =0 we get
(3.23)  V*Vihjk = RY; i + Ry hjy + ViVFhje = RN iy + R hji.
This shows that we can eliminate all %Z derivatives from this term to obtain

Corollary 3.1. Leté be a semi- Riemannian metric and h be a 2-step nilpo-
tent symmetric bilinear form such that there is an involutive distribution KC
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such that Im(h*) C N'= K+ C K. Then the metric
g = 2d(pt)dt + t2(& + h)
is Ricci-flat if the perturbation h is divergence free and
(3.24) phij — 2520 — %ﬁhzj + B i+ REghyy + Rig + QL) () =0,
where ij)(h) is given in (3.21) and ﬁhij = %k%khij.

Now we are looking for geometric conditions such that Qg) (h) simplifies
further and perhaps vanishes. In fact we show:

Theorem 3.1. Leté be a semi-Riemannian metric and h be a divergence
free, 2-step nilpotent symmetric bilinear form. If there is an involutive dis-
tribution K with Tm(h*) c N = K+ Cc K and

(3.25) VY €KY, forallY,Z e K*

(3.26) VxY €K,  forall X € TM,Y € K+,
then,

(3.27) QY (h) = ShMVEVihi; — Vighy VERS.

Moreover, if in addition
(3.28) Lyh =0, for allY € K,

then Q,Ejz-) is zero, i.e., the Ricci tensor of g = é—i— h is linear in the pertur-
bation h,

0 0, 0 lo,o0
(3.29) Rij = Rij + ka(ihj)k - §Vkahij-

Proof. We work in a basis (e,,e4,€e;) and use the conventions as in Sec-
tion 3.1. First note that assumption (3.26) implies that terms of the form

%khal or %kh Ap are zero (where we use our index convention). This implies

0 0 0 0
that in formula (3.21) for Q{7 (h) the terms Vihy;V;h* and Vih*V hy
vanish.
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Next we look at the curvature term in formula (3.21) for QEJQ.)(h). Again
by assumption (3.26) we have

0

0o o0 0 0 0 0
R(ei, €4, €, ec) = _g(Ve,,, €p, Ve, ec) + g(Veieb; Veaec)y

which vanishes because of (3.25) and (3.26). This proves the first statement.
To prove the second point, assumption (3.26) gives

(3.30)
%[khl]i%kh]‘l = —%éabéédthm'Vbhaj + %5ABEJCD(h([eA, ecl,e)Vehp;.

Note that the last term in this formula is zero since K is involutive. On the
other hand, we observe that for Y € K+

Vyh = Lyh,

because of (3.26). This also shows that in our situation Lyh is tensorial in
Y € K1, If we now assume that Lyh =0 for all Y € KL, then Vyh = 0 for
all Y € K+ and thus the remaining term in (3.30) vanishes, as well as the

term hkl%k%lhzj. Consequently, QEJQ.)(h) is zero. O

Theorem 3.1 gives another corollary.

Corollary 3.2. Leté be a semi-Riemannian metric and h be a 2-step nilpo-
tent symmetric bilinear form. If there is a totally null distribution N such
that Im(h*) C N, K = Nt is involutive and conditions (3.25) and (3.26)
of Theorem 3.1 are satisfied, then the metric g = 2d(pt)dt+t2(é+h) is
Ricci-flat if the following system of linear PDEs on h = (hyj) is satisified:

(3.31) div(h) =0,
(3.32) Lyh=0, VY e K,
(3.33) phij — “52h;; — %éhij + fozkz‘jlhk’l + ;?k(ihj)k + Io%ij =0.

The examples of conformal structures in [3, 26] satisfy the assumptions
of Theorem 3.1 and the corollary, which enabled us to use the ansatz to find
Ricci-flat ambient metrics. ,

Note that the assumptions of Theorem 3.1 imply that Vxe, € K but
not that I or K+ = span(ey, ..., ep) are parallel distributions. Indeed, the
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terms

0o 0 0 0

28(Vieq,eq) = 5([%, eq),en) +9(lea,ed,e) + 9(lea, e, eq)

might be non-zero for i = B or i = ¢.
4. Ambient metrics for null Ricci Walker metrics

In this section we apply the results of the previous section to conformal
classes given by a null Ricci Walker metric g as defined in the introduction.
First we review some results about Walker metrics, then focus on the Ricci
tensor, and derive a condition for being null Ricci Walker. Recall that we
defined a null Ricci Walker manifold as a semi-Riemannian manifold that
admits a vector distribution N° C TM of rank p > 0 such that N is totally
null, invariant under parallel transport with respect to the Levi-Civita con-
nection, and contains the image of the Schouten tensor P, or equivalently of
the Ricci tensor, when considered as endomorphisms. In regards to the ambi-
ent metric, given that of h| p=0 = 2P, our ansatz for h in the previous section
was to assume that the image of h is also contained in A/. We will show here
that for null Ricci Walker metrics this ansatz is in fact necessary, at least
up to the critical order when n is even and hence proving Theorem 1.2 from
the introduction. Finally we will draw the conclusions from the previous
sections about the ambient metric of null Ricci Walkeor—manifolds.

Note that in Section 4.1 we drop the suffix 0 on g for brevity, and use
it again in Section 4.2 when we need to distinguish between é and the p-
dependent family g. Moreover, in this section we will use the same index
conventions as in (3.2).

4.1. Walker manifolds

A semi-Riemannian manifold (M, g) is a Walker manifold if there is a vec-
tor distribution N/ C T'M of rank p > 0 that is a totally null with respect
to g and invariant under parallel transport with respect to the Levi-Civita
connection of g. The most comprehensive study of Walker manifolds can be
found in [8]. In the following we will derive a description that is useful for
our purpose and allows us to construct examples.

Proposition 4.1. Let (M,g) be a semi-Riemannian manifold of dimen-
sion n. Then the following conditions are equivalent

(1) (M,g) is a Walker manifold with parallel null distribution N .
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(2) There exists local coordinates (x',... 2"), so-called Walker coordi-

nates, such that
(4.1) g = 2dz%(0zpda’ + Fypda® + H,jda®) + Gapda?tda®,

where the F;p and G o4p independent of the x®’s. Here we use the same
index conventions as in (3.2) as well as dgp =1 if a=n—p+0b and

zero otherwise. In these coordinates, the parallel null distribution N is
a >

given by the span of the 0, = 725 s.
(3) There is a frame (e, ..., e,) with dual frame (©1,..., O") such that
(4.2) g = 20,:0% 0 0° 4 g4p0~ 0 OF,

with constants gqz and gap and such that

IC = span(ey, ... e,—p) is involutive,
(43) [eaveb] = [ea’eB] = 0,
[eq,ec] € KL, [ep,ed] € K, and [ea,ec] € Kt

In this frame N' = K+ = span(ey, ... ,€p).

Proof. The equivalence of items (4.1) and (4.1) is due to Walker [36]. In order
to show that (4.1) implies (4.1), we fix some Walker coordinates (z!, ..., 2")
such that

g = 2d:z:a(5abda:b + Fppdz® + H&I;dxl_’) + Gpdz?da?B,
with Fzp and G 2p independent of the z%’s. Then we set
eai= 00 ea=Ci (05— Fapd™d,),  eci= 0c— Hzcd™0),

where CAB is a matrix such that CABGBECDE = €A04p, with e4 = £1. Note
that, since G 4p does not depend on the z%’s, also C' AB does not depend on
the %’s. We claim that this frame satisfies all the conditions (4.3). Clearly,
the metric in this frame has the correct form and [e,, €] = 0. But also the
other commutator relations are satisfied:

lea, €2 = [aa,aa - Hga(s’?eae} = —dH;.(8,)0"0. € K*,
leq, €4] = [aa, c,B (aB - FEBcSEd@d)] — 0,
les, 4] = [aa — Hped®8,,C 8 (aB . FéBaédad)} e K.
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This shows that all the conditions (4.3) are satisfied.
Conversely, we have to show that the bracket relations (4.3) imply that
Vxe, € N = K1L. For this we use the Koszul formula

Qg(ve,-eaa ej) = g([e’ia ea]vej) + g([ejvea]7ei) + g([ej?ei]ﬂ ea)'

From (4.3) is follows that this is zero for all j = a and j = B. Hence, Vxe, €
N =K+ =span(ey,...,e,). O

Next we record formulas for the curvature of a Walker metric.

Lemma 4.1. Let (M,g) be a Walker manifold and let (e1,...,e,) be a
frame as in (4.1) of Proposition 4.1 such that g is given as in (4.2).

(1) Let T* i the connection components with respect to the frame
(e1,...,ey), i.e., defined by V;e; = Ik ij€k- Then

K k k k

Dy =T = T4 = T4 = 0,
(4.4) re, =T% =0,
I = Pam = FEAi = PEiA = 0.

(2) The curvature tensor and and the Ricci tensor of g satisfy
(4.5) Rijap = Rija = 0,
and
(4.6) Ray = Rap =0,
foralla,b=1,...,p, B=p+1,...n—pandi,j=1,...n.

Proof. The properties of the connection components are a direct consequence
of K and K being parallel distributions and of the Koszul formula

Tk . —

i = 39" (8(lei, ej],e1) + g([er, €], &) + g([er el €5)) .

D=

As K and Kt are parallel distributions, in the given frame, the curvature
tensor of a Walker manifold satisfies equations (4.5). Indeed, we have for
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example
0

Ryiag = g(R(ep, €;)ea, eq) =0,

since K is parallel and thus R(ep, e;)es € K. This implies that the compo-
nents of the Ricci tensor

Rai = ng(RbaiE + Réaib) + gABRAaiB = ngREaib
are zero unless i = d. O

This shows that the terms of the Ricci tensor that could prevent a Walker
metric from being null Ricci Walker are the following

Rap = QEdeaba
(4.7) Rap = 9°PRoasp,
Rag = 9™ Repaq + 9 Rapac-

We will now give conditions for these terms to vanish. The following results
will also provide a method of constructing examples of null Ricci Walker
metrics in Section 5, in particular for the examples of Lie groups with left-
invariant metric.

Proposition 4.2. Let g be a metric as in (4.2) and assume that the frame
(e1,...,en) satisfies the following bracket relations

e, ej] = rfjek

with smooth functions rfj satisfying the relations

b _ B __ _a __
ac —Tac = TBe =T

=0

=7

SRSl
Ql
s

k k :
(4.8) Tab = Tap =Tap =T

c

(these are just the conditions in Proposition 4.1). If we assume in addition
that

(49) rgB = 07
and
(4.10) dri(eq) =0,

(4.11) dr%c(eA) = d’r’gé(eA) =0,
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then g is a Walker metric whose curvature satisfies in addition
Rapci = Ravpe = 0, Ryi =0,

and
Rapea = gf(adrg)d(eb)-
Moreover, g is null Ricci Walker, if and only if

(4.12) Rye =} (gpe9"drl (o) + drdy(e,) ) = 0.

Proof. First we compute the curvature components RRy,;;q4. Because of the
previous lemma we only have to compute Rpzzg as all other are zero. In
terms of the rfj’s the connection coefficients I'* ;; write as

L Kl
575 — 9 gm@r}?}l-

1
(4.13) U = sl + 6"l gjm = 5

2

After imposing the condition on the frame to define a Walker metric, i.e.,
after imposing equations (4.8), Lemma 4.1 leaves us with the only possibly
non-vanishing connection coefficients I'®, ., T®, 5, T, 5, I'®,., TB,_ and T*__.
Imposing the additional condition (4.9), rgB = 0, implies

CD

T%p = —9“Pgpurpp =0,

This together with 'Yz = 0, implies that Ve,ep € K+ and hence, with K+
being parallel, that
Rapcp =0,
and therefore by (4.7) that
Rap =0.

Next, we look at the curvature terms in Rz = gadR@BEd + gACRA Bec and
compute

Raped = —gl;ddeaE(eB) = %gb(adrfé)d(eB)

This vanishes because of condition (4.10). Moreover,

RaBpe = goe <deBD(eA) - deAD(eB))

= —gedrpa(en)) — drie(ea)gpe + gepdri,(ep),
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vanishes because of condition (4.11). Hence we have
Rappe = Rapad = 0,

and therefore R 4; = 0. Furthermore, because of Fkab =0 and [eq, es] = 0.
we obtain

Ryade = g(vbvaedy eE) = (drfad(eb) + Fk&drfbk> gfe = dead(eb)gfé
= gf(adTg)d(eb),

which implies the formula (4.12) for the Ricci components Rjz. The metric
is null Ricci Walker if and only if these components vanish. This proves the
statement. O
Remark 4.1. Of course, when constructing examples, the rfj’s in this
proposition cannot be chosen freely as they have to obey Jacobi’s identity.
However in some situations, such as A= N, ie., n = 2p, or when con-
structing examples of left-invariant metrics, i.e., when the rfj’s are constant,
the conditions (4.9), (4.10) and (4.11) can be imposed without yielding a

contradiction.

Remark 4.2. In view of the examples we will construct in Section 5, note
that in general the remaining Ricci components do not vanish, even if all
the rfj’s are constant:
Rae = ngde(aé)J + gBDRB(aE)D
b b d b d b b d
=2 (dF (ac) () — Al g (eq) + T ardg — Tal o + 1al “ae)

+ A0 (ea) — ATy G (eq) + T ara s + Tl Ba + Fd(aa)FAAJ> :

4.2. Necessary conditions for the ambient metric of null Ricci
Walker metrics

In this section we will derive conditions on the bilinear form h of the agnbient
metric for a conformal class that contains a null Ricci Walker metric 9. This
will show that, for null Ricci Walker metrics, our ansatz for h to have its
image contained in N is in fact necessary, at least up to the critical order
when n is even. The following theorem will imply Theorem 1.2 from the
introduction.
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Theorem 4.1. Let (M, é) be a null Ricci Walker metric of dimensionn > 2

with Schouten tensor P whose image is contained in a %—pamllel totally
null distribution N'. Let g = 2dt d(pt) + t>g with g = g(x*, p) be an ambient

metric foré in the sense of Definition 2.1. Then for
_ Zi_
N m/!
m>1

with % = E(az’) the following holds:
(1) If n is odd, then, for allm > 1,

(4.14) Im At C N,
0o m k
(4.15) Vih; =0.

(2) If n is even, then (4.14) and (4.15) must hold for m < 5§ — 1 and the

obstruction tensor satisfies
m(O%) C N.

Moreover, one can choose an ambient metric such that the correspond-

ing b satisfy (4.14) and (4.15) for all m > 1.

Remark 4.3. The statement about the obstruction tensor in the case n
even can also be obtained from results in [24].

Remark 4.4. Note that (4.14) is equivalent to Zij =0 unless i,5 € {n —

p+1,...,n}. Moreover, we use the following convention: g" refers to the
inverse of gi; = gri(z", p). However, whenever a raised index appears on a
m o0tk m

coefficient f, = J(z?), the index is raised w.r.t. g ie.h ;=9 hiy

Proof. The proof is carried out by induction over m, where we assume m <
5 — 1 when n is even. When n is odd, we have that Ric(g) = O(p>) and
when n is even that Ric(g) = O(pz~1). We will work in a coordinate frame

as in (4.1) in Proposition 4.1.
Step 1: For m = 1, the statement follows from the assumption on P as
well as the contracted version of the second Bianchi identity and P*;, = 0.

b
Assuming the induction hypothesis that the statement holds for ; with
1 <b<m—1, we show that the statement also holds for h. As a prepara-
tion, note that as a consequence of the induction hypothesis and parallelity
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of N we have

uwki v uwkio v

(4.16) h hik; =0, h Vjhu =0, forall 1 <wu,v <m—1.

Moreover, for the inverse g¥/ of gij the induction hypothesis implies that

0 m—1 1
(4.17) g =9g" — —hp" +0(p™).
p=1
Indeed, it is
1
|
1P

3

gik(ékj ﬁkjpp) = 5]+Z—hkhk‘70p+q+0( "),

pql

p

so that the first equation in (4.16) verifies (4.17). Moreover, equations (4.16)
and (4.17) then imply that

10kl 0 u 1 0 uk‘
(4.18) F4(Ch ) p=0 = =59 Vihj = =5 Vih;,

forie{l,...,n—p}and u <m—1,

where the Ckz-j were defined in Section 2.4.

Step 2: Here we show that the induction hypothesis implies that
(4.19) 0y Rijlp=0 =0, fora<m—Tlandie€{l,...,n—p},

where R;; is the Ricci tensor of g;;(p). To this end, we rewrite this using (2.8)
at p=20

(4.20) OaRi; = 0 (ViChy = ViChy + €7 Ch, = €, Ch, )

Everywhere, not only at p = 0, we have Ckkj = —%E]kl%jgkl. Expanding the

g-s in terms of the h using the induction hypothesis as well as (4.16) and
(4.17) reveals that Ckkj = O(p®*1). Thus, the first and third term in (4.20)
vanish at p = 0. The fourth term is treated as follows:
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Expanding 8;”_1 (C’qjkC’kiq) at p = 0 gives a sum of certain coefficients
times summands of the form (agcqjk)(a;;c’gq) with v +v <m — 1. Assum-
ing i € {1,...,n — p} and applying (4.18) to this yields

1 0 0 0 u 0 w
(BpC?, ) (98Ck,) = ngg’“vjhkpvmql =0,

since v and v are < m — 1 by the induction hypothesis and the fact that N/
is parallel. Thus, the fourth term in (4.20) vanishes at p = 0.
Finally, we show that the second term in (4.20) vanishes at p = 0: As-

suming ¢ € {1,...,n — p} and using (4.18) again, this term is given as
lo o ap
(4'21) §Vszh g

By the induction hypothesis, we must necessarily have that k € {1,...,p}.

0
As N is V-invariant, it follows for the curvature of £07 that

0
(4.22) Rikm=0forallie {1,...,n—ph ke {1,...,p},

see also Lemma 4.1. This shows that the covariant derivatives in (4.21)

commute and one obtains %Z applied to the divergence of ;L, which vanishes
by the induction hypothesis. Thus, (4.19) is established.

Now we are going to differentiate the Fefferman-Graham equations
(2.3, 2.4, 2.5) with respect to p and use that

Ok Ric(g) =0, for all k if n is odd, and for k < g —2if n is even.

Step 3: Applying 8},”_2 to the third Fefferman-Graham equation (2.5),
where 0, always denotes the Lie derivative of a tensor in p-direction, and
then evaluating at p = 0 yields using (4.16) that

oklm
(4.23) 9 hi =0, forall mifnis odd and for m < g if n is even.

Step 4: We apply 8;”*1, for m <5 —1 if n is even, to the second
Fefferman-Graham equation (2.4) and evaluate at p = 0. Using (4.23) and



Conformal Walker metrics and linear Fefferman-Graham equations 727

rewriting V in terms of % and C, the result is

(4.24)
okl o m
0=9 Viha

wkl w w w w
+ Cuww h (ag(Chki)hhl +05(Ch ) hin — 95(CT ) i — 3;(C@l)hkh> o
for certain integer coefficients ¢, 4 4, Whereu + v+ w =mand1 <w <m —
1. Using C’“ij = C’kji as well as (4.16), the bracket reduces to

(4.25) i (o) - (3€)

In order for the second term in (4.25) to be nonzero, we must necessarily
have that [ € {1,...,p}. In this situation, we can insert (4.18) for the C-term
and it follows using (4.16) immediately that the resulting term vanishes. It
remains to analyze the first term in (4.25). Unwinding the definitions, it is
given by

uwkl . /0 0 0 w
(4.26) h 0, (gh] <ngkz — Vkgji — Vzgkj))p_o hin.-

If the p-derivative falls on ¢/, then the resulting contraction with Zih is
. [Ly)

zero by (4.16). Thus ¢g"/ in (4.26) can be replaced by ¢ . But then (4.26)

involves a factor %Ji, which can only be nonzero if j € {1,...,p}, and (4.26)

then reduces to

wklo v wj
(4.27) h Vjhiih; = 0.

Thus, every term in (4.24) except for the first one vanishes and we obtain
ek
%kh ; = 0, which establishes (4.15).

Step 5: In order to prove (4.14), we apply B/T_l to the first Fefferman-
Graham equation (2.3), assume that i € {1,...,n — p} and evaluate at p =
0. Using the induction hypothesis and (4.16) applied to the first-fifth term
in the Fefferman-Graham equation (2.3), (4.23) applied to the fifth term, as
well as (4.19), we obtain that at p = 0 and for i € {1,...,n — p} that

ny — ny m 1/~
(4.28) (m — 5) hij + 8/) 1Rij|p:0 = (m — 5) hij = 6p 1(chij(g)]p:0.



728 Anderson, Leistner, Lischewski, and Nurowski

If n is odd, 9~ (Ricij(g)],=0 = 0 for all m and hence equation (4.28) shows

that }an =0 for i =1,...n — p completing the induction and establishing
(4.14) for all m.

If n is even, 8;"_1(Ricij(§)|p:0 = Oforallm < 5 — 1, and hence equation
(4.28) shows that Zl-j =0fori=1,...n—pforallm < § — 1. But by taking
m = g, it also gives a formula for the obstruction tensor O;;, in which ¢, is
a non-zero constant:

-—=1_. ~ -1
Oij = cn8p2 RZCij(g)’pzo = CnapZ Rij|p:0 = 0,

ifi e {1,...n — p} by (4.19). This verifies the statement about the obstruc-
tion tensor.

Finally, in the case that n is even, the terms ?Lz'ja for m > 5, in an

ambient metric are not subject to any equation and we can choose them
to be divergence free and with image in N. This completes the proof of the
Theorem. O

4.3. The Fefferman-Graham equations for null Ricci Walker
metrics

Here we apply our results of Theorems 3.1 and 4.1 to null Ricci Walker
metrics. The following theorem will imply Theorem 1.3 and consequently
Theorem 1.1 from the introduction.

Theorem 4.2. Let (M,é) be a null Ricci Walker-manifold with parallel
totally null distribution N such that Tm(P*) C N'. Then an ambient metric

g = 2dtd(pt) + t®g(p) for [é] in the sense of Definition 2.1 is given by g =
0

g + h, where h = h(p) is divergence free bilinear form with Im(h*) C N that
satisfies the the PDE

(4.29)

for m = o0 if n is odd and m = "772 when n is even. Here h = (hyj), ;fijkz
0 0 0 0
denotes the curvature tensor, R;j the Ricci tensor and Ch;; = V’“thij, all

with respect to é
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Proof. Let g = 2dtd(pt) + t?g(p) be an ambient metric for the conformal
class of é in the sense of Definition 2.1. Then, from Theorem 4.1 we know
that thereisah =g — é that is divergence free and its image is contained
in V. Then h and K = N satisfy the assumptions of Corollary 3.1. Hence,
the term quadratic in h in the Ricci tensor of g = é—i— h is given by equa-
tion (3.27). Note that, since K is parallel, the second term in (3.27) simplifies
to

VirhyiVFhit = =3Vihi V'Y,
Moreover, since Im(P*) ¢ A/ and Im(h*) C NV, in (3.24) the product of h

with the Ricci tensor of g vanishes,

REhj = 755PYhy = 0.

= n=

This proves the statement. O

This theorem shows for a null Ricci Walker metric, that the terms in the
Fefferman-Graham equations that are non-linear in h vanish whenever the
components hg; of h do not depend on the coordinates x in Proposition 4.1
corresponding to the total null plane, i.e., if

Ly, g7 = 04(hzz) = 0.

In the following we will present two situations in which this assumption is
satisfied.

4.4. Null Ricci Walker metrics with linear Fefferman-Graham
equations

We have seen that the condition (1.7), i.e, that
Lxh=0, forall XeN,

is crucial for the Fefferman-Graham equations to linearise. We will now see
special classes of null Ricci Walker metrics for which this is the case. It turns
out that the relation between property (1.7) and the curvature when applied
to N is crucial. First we observe:
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Lemma 4.2. Let é be a null Ricci Walker metric with parallel null distri-
bution N' and Schouten tensor P. Assume furthermore that

(4.30) XJR=0, for all X € N,
where ;2 1s the curvature tensor ofé. Then LxP =0 for all X € N..

Proof. For a Walker manifold, the differential Bianchi identity ensures that
0 0
condition (4.30) also implies that A’V R = 0. This on the other hand im-

plies that %QPU = 0, which for a null Ricci Walker metrics this is equivalent
to Le,P = 0. O

Next we prove a result that strengthens Theorem 1.2 for this class:

Proposition 4.3. Let é be a null Ricci Walker metric with parallel null
distribution N and Schouten tensor P satisfying condition (4.30) for its
curvature. .

Then an ambient metric g = 2dtd(pt) + t>g(p) for [8] in the sense of
Definition 2.1 is given by g = g+ h, where h = h(p) satisfies Im(h*) C N,
Lxh =0 for all X € N and solves the linear PDE

(4.31) phi; — "52hij — 50hij + Rij = O(p™),

for all m if n is odd and for m < § —1 if n is even. When n is even, the
obstruction tensor is given by

0 0
m
O;j = ¢ 0" Rij,

where ¢, is a non-zero constant depending on n and ﬁm s the m-th power
0
of the tensor Laplacian of 8. In particular,

Im(O%) C NV, LxO =0, foralXeN.

Proof. From Theorem 4.1 we know that h in the ambient metric satisfies (or,
if n is even, can be chosen such) that Im(hf) € N. The remaining properties
ofh=>" -, %me are proved in a similar way by induction over m as
in the proof of Theorem 4.1. But now the computations are simplified, as
we can use equations (4.29) in Theorem 4.2, which are equivalent to the
Fefferman-Graham equations:
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Applying %a to equation (4.29), differentiating it (m — 1) times with re-
spect to p, for m < § — 1 when n is even, and using the induction hypothesis
yields

1 m- 1 mn 0 m
0= < >Vahz] - —g 'V aViVih i + VaRei h ™ = (m - §>vahm.

Here we use the Bianchi identity and that (4.30) allows to commute %a
with %k This equation shows %ahij = O(p™) for all m, when n is odd,
and for m = 5§ — 1, when n is even. Moreover, when n is even, the terms ;L
for m > § are not determined by the Fefferman-Graham equations. So we
can choose them in a way that Le hw Oa(hij) = 0, which is equivalent to
Vahw With this and the assumption ijk = 0, equation (4.29) reduces to
equation (4.31). Note also that such a h is divergence free.

In order to obtain the formula for the obstruction tenser when n is even,
we write equation (4.31) in terms of the Zij and obtain

1 0 k1

mhij = Rij, 2(k — m)hw—thw fork=1,....,m—1.

This shows that the term of order p in (4.31), which is the obstruction tensor,

0
is equal to ¢, (O™ R;; with a nonzero constant c,. O

Note that for h = hzz0%0° with Vehi; =0 the term [Jhjj, ie. the wave
operator of g applied to the tensor h in (4.31), simplifies to

0 0 0 0
Alhgg) = 9V aVohgg),
which is the wave operator for the metric g4c©40¢ in n — 2p dimensions

applied to the component functions hgz of h. Finally, the vanishing of the

curvature terms Rawk implies that the system (4.34), in addition to becom-
ing linear, decouples to Ii single equations on the 7%1 components ;.

These equations only dlffer in their inhomogeneity:

Corollary 4.1. Let (M,é) be a null Ricci Walker-manifold with parallel
totally null distribution N and Im(P*) C N and such that that

XJR=0, for all X e N,

where ;3 1s the curvature tensor of é Then, the an ambient metric metric
g = 2d(pt)dt + t%(8 + h) for [8] is given by h whose components hy; of h
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in a basis as in Proposition 4.1 satisfy the following inhomogeneous linear
PDE

(4.32) A_(hg) + 2Ry = O(p™),

where m = oo when n is odd and m = ”T_Q when n is even and where A_ is

the linear second order differential operator defined by
(4.33) A_(f) =2pf + (2= n)f = A(f)

for the function f = f(xPTL ... 2" p) and with A(f) = 5’40%,4%0(]?) =
9% a(ec(f)).

A special case of this situation is when the parallel null distribution
has rank one, i.e. p=1 and N/ = R-e;. Here the property Lo h = 0 follows
directly from h = h(©")? being divergence free. Indeed, we have

div(h) = Vih* = Lo, h = 91 (h).

0
Moreover, if the rank of N is one, also the curvature terms R;z; that occur
in equation (4.29) have to vanish:

Lemma 4.3. If g is a null Ricci Walker metric and if the null parallel
distribution N has rank one, then Rapqz = 0.

Proof. This is an immediate consequence of equations (4.7):
0= Raz = 9" (Rpaza + Raas) + 9" Raaers = 9" Rpea
because of equation (4.5). 0

Hence, we obtain:

Corollary 4.2. Let (M, é) be a null Ricci Walker manifold with a parallel
null line N'=R-e1, a frame e; = 01,ep, e, with a dual frame O, OF O"
as in Proposition 4.1, and such that Im(P*) C N, i.e., Ric = f(O")2, for a
function f with O1(f) = 0. Then an ambient metric g = 2dtd(pt) + t2g(p)
for [é} in the sense of Definition 2.1 is given by g = é—i—h, where h =
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h(p,z")(©™)? and h satisfies 01(h) = 0 and the following linear PDE

(4.34) A () +2f = O(p™),

where m = oo when n s odd and m = "772 when n is even, and where A_

was defined in (4.33).

This corollary and Proposition 4.3 imply the statements in Corollary 1.1.
Note that for null Ricci Walker metrics we have that LxO = VxO = 0 for
all X € N. A construction method for metrics satisfying the assumptions is
provided by Proposition 4.2. Explicit examples will be constructed in the
next section.

Finally we show an example for which the condition (4.30) is not satisfied
and analyse its Fefferman-Graham equations. It turns out that they are not
linear in h.

Example 4.1. We consider the following Walker metric in signature (2, 2)
on M =R* 3 (2!, 22,9, 42):

g = 2dztdy" + 2da?dy? + 2(xdy")? + 2(22dy?)? — 4a'2?dy'dy?
—2(0'0! +0%7),

where in our notation above we have a co-frame and its dual frame given by

0! = dz! + (2!)2dy! — 2z'22dy?, e = %,
0% = dz? + (22)2dy? — 2zl 2%dy?, e = 72,
ol = dy!, e = 8%1 — (a:l)2% + 23;1372%,
02 = dy?, e; = % — (22)2 2 + 2222 2.

This is a Walker metric with parallel null distribution K =Kt =
span(eq, e2). Indeed, we have

Ve, = 2(z'dy! — 22dy?) @ e; — 222%dy' @ ey,

and
Ves = —2(:U1dy1 - x2dy2) ® ey — 22t dy? @ e.

Then by direct computation or using Proposition 4.2 we see that the Ricci
tensor of g is given by

Ric = 12 (201 — 42127077 4 (2267)°)
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and hence g is null Ricci Walker. The curvature tensor has the following
non-vanishing terms

Ry111 = —Ry132 = Rozzp = 2.

Moreover, the Bach tensor, which in dimension 4 is the obstruction tensor,
does not vanish,

O=-144 ((a:l@i)2 — 4z'2%0'e? + (x2®§)2> .

Hence, there is no smooth Ricci-flat ambient metric and we can only find an
ambient metric whose Ricci tensor is of first order in p. From Theorem 4.1
we know that the ambient metric is of the form g = 2dtd(pt) + t*(g + h),
where h = h(z!, 22, 4%, 42, p) is of the form

h=A(' 2%y 4% 0)(0') — 2B(", 2% y' 4%, p)0'O?)

+C(zh 2%yt 2, p)(012)2,
with Ap:() = Bp:(] = Cp:() =0 and

: 0A 0B 1 0B oC 2
0=div(h) = (57 — 5:2) ©' + (57 — 5=) ©°-
A direct computation shows that the Fefferman-Graham equations for

this example remain non-linear. For example, the 11-component of equa-
tion (4.29) is

L , , . )
pA—A—2A— 4lA A p OPA | 1o QA | 1 (04)° 0408

(Oz1)? Ox2 0zt (0z2) Ox © 022 Ox!

1 (9B)2 1\2 824 2.1 9%A 92A 2 9A 10A

+3 (W) + () (0z71)2 —dr7z 0z20zT = Oyoz? + 4w ox? — 4z ozt
2\2 924 22A 1B 1,2

In this example our ansatz (1.7), i.e., that
(4.35) Leh=Ls,h=0,
does not yield a solution to the Fefferman-Graham equations, i.e., to

Ric(g) = O(p). Indeed, the ansatz (4.35) is equivalent to the components
A, B and C being independent of 2! and 22, and hence the Ricci tensor of
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g has the components
(pA(ylny,p) — Ayt 2 p) — 243", y%, p) — 12(x1)2) (eh)?
+2 (pB(y17 y% p) — By, y%, p) — 2B(y*, v?, p) — 12:1;1952) ole?
+ (p@(yl, ¥ p) — C(yt v, p) —2C(y' 2, p) — 12(952)2) (©%)?,

which cannot be of the form p@ for @) a tensor on M. Instead, a solution is
for example given by

h= 12 (('07)? — 4s'70107 + (s267)?)

which is divergence free but does not satisfy the ansatz (1.7). With this h
the ambient metric g = 2d(pt)dt + t2(8 + h) has Ricci tensor

Ric(g) = —144p(3p — 1) ((:&@5? — 42'2°0'0?) + (x%)?)?) = p(3p—1)0.

5. Examples with explicit ambient metrics

In this section we will provide examples of conformal classes of null Ricci
Walker metrics for which we find explicit solutions to equation (4.32) ob-
taining explicit examples of Ricci-flat ambient metrics.

5.1. Solving the homogeneous equation

Equation (4.32) is a linear, inhomogeneous PDE for each of the functions
haz given by the linear differential operator

0

A_=2pd2+ (2—n)d, — A.

In the section we will find metrics for which we get an explicit solution
of (4.32). Before this, we start by providing the solution to the homogeneous
equation.

Lemma 5.1. Let M be a smooth manifold of dimension n and D some
linear differential operator on M. For a function F € C*°(M) we define the
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functions Fy € C°(M x (—e¢,€)) as

> D (F
R At
k=1 k! H¢:1(QZ +n)

where F_ is only defined when n is odd or D%(F) = 0. Moreover, define the
following linear differential operators on C°(M X (—e¢,¢€))

Dy = 2,06[2, +(2+n)d, —D.

Then, for any F' € C*(M) and f € C*°(M x (—¢,€)) we have

(5.1) Dy (Fy) =D(F),
(5:2) D_(p> f) = p2 D+ (f),
(5.3) D_(p>Fy) = p> Dy (Fy) = p2 D(F),
(5.4) D_(p>(F+ Fy)) = 0.

In particular, for each F € C®(M), the function f = p=(F 4+ F,) is a so-
lution to the homogeneous equation D_(f) = 0.

Proof. To verify equations (5.1) and (5.2) is a straightforward computation.
Both together imply (5.3) which yields (5.4). O

5.2. Extensions of nilpotent Lie algebras

Let € be a two-step nilpotent Lie algebra of dimension ¢ and let 3 be its
centre of dimension p < gq. We fix a complement m of 3,

E=30m

Then [m, m] C 3 and we can fix a basis (e,)q=1,...p of 3 and (e4)A=p+1,... 4 Of
m such that

[eaa eb] - 07 [ea7eB] = O’ [eA’eB] = T%Bem

where 74 5 denote the structure constants of £. Note that there are no further
conditions on these numbers other than r4; = —r% 4. Denote by der() the
derivations of € which comes with a canonical Lie algebra structure induced
from gl(€). Note that derivations leave the centre invariant.
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Furthermore, let H be a Lie group with Lie algebra h and of dimension
p=dim(3) and ¢ : h — der(t) a Lie algebra homomorphism from § to the
derivations of ¢. By fixing a basis (€a)a=q+1,...p+q Of b, we can write ¢ as

d(ea)ep = rieq, plea)ep = r'hzeqd + rhzek,

with some constants rl‘f&, rdB& and "”ga- Finally, with respect to this basis

denote the structure constants of b by %, i.e.,
ab
ea, 5] = r55€c.

Now we define the Lie algebra g to be semi-direct sum g = b x4 € of h and
£ with respect to ¢ of dimension n = p + ¢q. Clearly, the structure constants
of g are given by the numbers

c d ..d E c
TAB>Tva» "Ba» T Ba» T@E?

k
=

which are subject to the conditions rj; —rfi and

e d __ C .d
TABTec = —2TgATB|C>
i.e., that ¢(ez) is a derivation, as well as
C ,e _ o,.C € c,d _o.c .d B .d c,.B _o.C B
Tablde = 2TdaTher  Tap A = 2T a@The v 2T AR B Tap A = 2T AE"ho

which ensure that ¢ : £ — det(h) is a Lie algebra homomorphism. The frame
e1,...,e, on the Lie group G corresponding to g satisfies the bracket rela-
tions of Proposition 4.2 with the parallel distribution IC given by €. Now we
define a left invariant metric by formula (3.4)

g = gux(0° ® O° + 6° ® 0%) + G40~ 0 OF,

where the ©%’s are again the algebraic duals of the e;’s, the gij are constants

with g,z and 5 Ap non degenerate and 507 Ap symmetric. If the signature of ,27 AB
is (s,t), then the signature of the metric g is (p+ s,p+1¢) or (p+t,p+ s),
so for example if 5,4]3 is definite, the signature of g is (p,q) or (¢,p). The
distribution Kt is given by 3. Then Proposition 4.2 implies that (G, g) is a
null Ricci Walker manifold of dimension n, which, in general is not Ricci-flat.
Its possibly non vanishing components are given by constants Rgz.

In order to determine the ambient metric for the conformal class given
by g on G, we have to solve equations (4.32) in this setting, i.e., find a
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functions h € C*°((—¢,¢) x G), such that
(5.5) 2ph+ (2—n)h— A(h) +C =0, with initial condition h|p=0 = 0,

with A(h) = g*BV 4V gh, and for constants C' that are given by the com-
ponents of the Ricci tensor Rzz. Equation (5.5), when taken along p =0
implies
. C
hl,=0 = .
|p =0T 2
Clearly, the problem (5.5) has a linear solution

C
n—2p’

but Lemma 5.1 shows that there are more solutions. From Corollary 4.1
we obtain Theorem 1.4 from the introduction. More precisely, we get the
following.

Theorem 5.1. Lett be a two-step nilpotent Lie algebra of dimension q with
centre 3 of dimension p < q, and let H be a Lie group of dimension p and
with Lie algebra b. Let ¢ : h — der(8) a Lie algebra homomorphism into the
derivations of £ and G be the n = q + p-dimensional Lie group corresponding
to the Lie algebra g that is given as the semi-direct sum

g=bxyt,

of h and £ by ¢. Fiz a basis (€g)a=1,..p of b, a basis (€g)a=1,..p of 3 and
complement it with (e4)a=1,...q—p to a basis of €. Let (@i)izlw,,n is the dual
basis to (€;)i=1,..n and

g =120u:0%00° 4 g410° 0 OF

be the left-invariant semi- Riemannian metric g on G defined by real numbers
gaz and gap. Then the conformal class of g on G admits Ricci-flat ambient
metrics given by

g = 2d(pt)dt +

ok
+t2<g+< Rac+p <Fac+zkln (gc;cirn)pk»@a@c),

where Raz = Ric8(eg,ez) are the components of the Ricci tensor of g and
Fiz = Fz are functions on G with dFsz(eq,) = 0. In particular, when n is
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odd, Fsz = 0 gives the unique analytic Ricci-flat Fefferman-Graham ambient
metric.

Note that in general the metrics g as in the theorem are neither Ricci-flat
nor do they admit parallel null vector fields (see also Remark 4.2).

5.3. Generalised pp-waves

Another class of examples to which our Corollary 4.1 applies are the
Lorentzian pp-waves for which we have determined the analytic ambient
metric in [25]. The acronym “pp” stands for plane fronted with parallel rays.
A Lorentzian pp-wave metric in dimension n is locally given by

n—2
g = 2dudv + Hdu? + Z(dmi)Q,

=1

where H = H(z',u) is a function that does not depend on v.

Here we generalise this class and the results in [3, 25] to higher signature
and, more importantly, determine all solutions to the Fefferman-Graham
equations including the non-analytic ones, and determine the obstruction
tensor in the case of Lorentzian pp-waves.

We will use the same index conventions as in the previous sections
(a=1,...p, B=p+1,...n—p, é¢=n—p+1,...,n), and define a mod-
ified Kronecker delta as

o — 1, ifa=b+n-—p,

=30  otherwise.
Definition 5.1. Let / C R® > (2!,...,2") be an open set, and Hz; and
G ap smooth functions on U satisfying det(Gap) # 0 and 0,(Hgzz) = 0 and
04(Gap) = 0z(G ap) = 0. Then the semi-Riemannian metric

(5.6) g = 20,da’da’ + H_dada’ + Gapda?da?,
is called a generalised pp-wave, or for short, a gpp-wave.
If all the G 2op’s are constants, we call g plane fronted wave with parallel

rays, or for short, pp-wave.

To obtain Lorentzian gpp-waves, one sets p = 1 and G 4p positive def-
inite. For all p, gpp-waves admit p parallel vector fields 9, and hence are
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Walker metrics, however in general not null Ricci Walker metrics. As in
Proposition 4.1, for gpp-waves we have the frame and dual co-frame

o=y epi=EZ0s eqi= 0 — Hyd™,
0% = dz® + Haedr®, OF = FBdz4, ©° = daf,
where F AB is a matrix such that F AB G BCEDC = d4p and Fa is the inverse

of EAB. Note that, since G 45 does not depend on the £%’s or the 2°’s neither
does E AB . The gpp-wave metric in this frame is

g =6,;0°0" + g150707,
with gap = €404p. The only non vanishing brackets for this frame are

lea,ep] = —E/f EgfdFp° (0c)er,
lea,e;] = —dHz (e4)0% ey,
[efw eE] = 2dHE[a(aB])5éded7
Hence, the assumptions of Proposition 4.2 are satisfied whenever the Gap’s

are constant, i.e., whenever g is a pp-wave.
The Levi-Civita connection V of a gpp-wave g is given by

Vaep = Ve,
VaeB = dHaE(eB)(SEEeb,
Vae; = —2dHa[5(85])55Jed — grad®(H,),

in which V& is the Levi-Civita connection of the metric G = G4pdzAdz?
and grad® the corresponding gradient. This allows us to compute the curva-
ture, which satisfies R4;j; = 0, and the Ricci-curvature, whose only possibly
non-vanishing terms are given as

RAB = REBv
Rae = —397Pg(Vp(grad(Hae), ep) = —59°PVEVE (Hae) = —3 Ac (Hae).
Lemma 5.2. The defined gpp-waves satisfy Rgjx =0 and they are null

Ricci Walker metrics if the metric G s Ricci-flat. In particular, pp-waves
are null Ricci Walker metrics.

Remark 5.1. If we drop the assumption on a pp-wave that the e,’s are par-
allel, i.e., that 0, H # 0, then the Ricci tensor is no longer two-step nilpotent.
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For example in the Lorentzian case, i.e., when p=1and ¢; =1, if O1H # 0
we get that

Ric(01,0,) = 07(H),  Ric(0a,0p) = 0401(H),
which shows that Ric cannot be two-step nilpotent (see also [23]).

Remark 5.2. Using the necessary conditions that were derived in [20] for
conformal Einstein metrics, a straightforward computation of the Weyl, Cot-
ton and Bach tensors as in [25] shows that in general gpp-waves are not
conformally Einstein. In fact, in [25] we gave explicit examples of Bach flat
pp-waves that are not conformally Einstein.

When determining the ambient metric for a gpp-wave for which the met-
ric G is Ricci-flat, we can apply Theorem 4.2 and Proposition 4.3. Moreover,
since all the e, = 0, are parallel, the curvature terms Rg;;;, vanish, but also
the ©%’s are parallel. We obtain

Corollary 5.1. Let G = G apdzAdz? be a Ricci-flat metric on R"2P and

H_y functions of (n — p) variables (x4, x°) that define the gpp-wave
g = 205,dz%da’ + Iafagd:rf‘da:5 + Gpdz?dz?

on R™. Then an ambient metric for [g] is given by g = 2dtd(pt) + t*(g +
h(p)), where h = hygda®dz? and whose components satisfy du(hyg) = 0 and

(5.7) 2phyg + (2 — n)hhyg — Ac(hyg) — Ac(Hyg) = O(p™),

with m = oo when n is odd and m = 252 when n is even and where Ag is

2
the Laplacian of G.

This corollary shows that in order to obtain Ricci-flat ambient metrics,

for a function H = H(zP*! ... 2") we have to solve the equation
(5.8) 20h + (2 —n)h — Ag(h) — Ag(H) =0,
for a function h = h(p,2P*1,... 2™). This can be solved by standard power

series expansion, noticing that its indicial exponents are s = 0 and s = n/2.
We extend our results in [3, 25], by the following more general existence
statement for gpp-waves.
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Theorem 5.2. Let G be a semi-Riemannian metric on R"?P. Then the
following functions h = h(p,2PT1 ... ™) are solutions to equation (5.8)
with h(p) — 0 when p | 0:

When n is odd:

> ALH n Ak o
oo Zk Hz 1(20— ) /2< +Zk Hz 1G22+n)pk),

where o = a(xPTL ... 2™) is an arbitrary function of its variables. In par-
ticular, if a = 0 this gives an analytic in p solution in a neighbourhood of
p =0 with h(0) = 0.

When n = 2s is even:

=0 k! Hf_ (2i+n
where a = a(xPTL .. a™) and qo = qo(x™ P, ... 2") and
"o + 43
qk(x"—p+1’ coax) = qo(;z;”—p-i-l’ cox) 4 ; m,
for k=1,2,..., are arbitrary functions of their variables and the constant

cn 18 given as follows

1
(s - DITLEZ 0(22 —n)

In particular, when AGH = 0 there are solutions that are analytic in p in a
neighbourhood of p = 0 and with h(0) = 0. These solutions are parametrized
by the functions a.

Proof. That the given function satisfy equation (5.8) can be checked directly.
In the case n odd it follows from Lemma 5.1. For n even, the situation is
a bit more subtle. We give the formulas for each term, ignoring the term
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(p2 (o + ay)), for which we have seen that it is in the kernel of D_:

i (Z T, 2= )
ALH

(s — D2} (26 — )

_(p* A (log(p) (H + HL))

s—1

=AgH - p )

_ s 1A5H+n+4 SAS+1H
oo
”+4k+1)) ket k
4 ASTHE+L o5+
Zl DI (20 +n) P
Qk P
kHz 12 7”)

—_ (Q1 _qo) sAs—HH

(@1 —ae)(n+2(k + 1)) \ siht1p stk
+ A H .
Z EITEH (20 4 ) G P

Looking at the p*~!-terms in these formulas we determine ¢, as in the the-
orem by

1
— + ne, = 0.
(s DI @i—n)

Moreover, looking at the p°-terms, we determine ¢; by

n-+4
n-+ 2

— (@1 —q) =0
as given in the theorem, and finally the other g;’s by
n+4k+1)— (qrs1 —qp)(n+2(k+1))(k+1) =0.

This proves the theorem. O

Summarising, we obtain
Corollary 5.2. Let

g = 2d2® (642’ + Hpda?) + Gapdada®
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be a gpp-wave with Ricci-flat metric G = G apdaz?dx?. Then ambient met-
rics in the sense of Definition 2.1 for the conformal class [g] are

g = 2d(pt)dt + t’g

L2 ( <§: A& (Hgp) ok

= KT, (20— n)

oy k _ _
+Pn/2(FaB+z AkG(Fa, ) pk:)>d$ad$b>
i k! [[.(2¢+n)

in which m = oo when n is odd and m = "2 when n is even, and Fgzz = Fzg

2
are arbitrary functions on M, with 0,(Fzz) = 0. Moreover,

(1) Whenn is odd, Fzz = 0 gives the unique analytic Ricci-flat Fefferman-
Graham ambient metric.

(2) When n is even and Aé(Hag) = 0, then the metric g is Ricci-flat.

(3) When n is even and Aé(H@E) # 0, then Ricci-flat but non analytic
ambient metrics are given by formula (5.10).

5.4. Ambient metrics for Lorentzian pp-waves

Finally we consider Lorentzian pp-waves, i.e., gpp-waves with p =1 and
Gap = dap. Since p = 1 we use a different convention as names for the vari-
ables: we replace coordinates z!', z4, A=2,...,n—2, and 2" by v := z!,
yi=at i=1,...,n—2, and v = 2". We have seen solutions of equa-
tion (5.8) in Theorem 5.2. For Lorentzian pp-waves these are all of the so-
lutions. Here Ag = A is just the flat Laplacian and we can use the Fourier
transform to transform equation (5.8) into an ODE. In fact, in [3] we proved

the following

Theorem 5.3 ([3]). Let A be the flat Laplacian in (n — 2) dimensions.
When n is odd, the most general solutions h to equation (5.8) with
h(p) = 0 when pl 0 are given by formula (5.9) in Theorem 5.2 and
parametrized by arbitrary functions o = ozt ..., 2" % u). In particular,
there is a unique solution that is analytic in p in a neighbourhood of p =0

with h(0) = 0. This solution is given by a = 0.
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When n = 2s is even, the most general solutions h to equation (5.8) with
h(p) — 0 when p | 0 are given by

(5.11)

o0

_ k s Afa k
Zk HZ 121 n)p +p<a+;k!1—[f:1(2i+n)p)

npz

lo _ As+kH+ *AS-HCH k
T 21+n) (( g(p) — ar) Q )p

where o = a(y',u) and Q = Q(x',u) are arbitrary functions of their vari-
ables, * denotes the convolution of two functions with respect to the vy'-
variables, ¢, is the constant defined in Theorem 5.2, and the other constants
are given as follows

k

n+ 44
=0 = —_— k=1,2,....
q0 y gk Z:Z(n+2l)’ fOT ) &

In particular, only when AH =0 there are solutions that are analytic in
p in a neighbourhood of p =0 and with h(0) = 0. These solutions are not
unique but parametrized by the functions a.

With the results of Corollary 1.1, in particular with the formula for the
obstruction tensor, for Lorentzian pp-waves we get the complete picture in
Theorem 1.5:

Corollary 5.3. Let

n—2
(5.12) g = 2dudv + H du? + Z(dyi)2
i=1
be a Lorentzian pp-wave metric with H = H(y',...,y" 2, u) a function not

depending on v. Let A be the flat Laplacian in n — 2 dimensions.

(1) If n is odd, the unique Ricci-flat ambient metric that is analytic in p
18

< o AME) )
g = 2d(pt)dt + t?g + +t* < . Pt | du”.
2 T
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Moreover, all non-analytic solutions are parametrized by arbitrary
n—2

functions a = a(y',...,y" "2, u) and given by formula (5.9) in The-
orem 5.2, in which Ag is replaced by the flat Laplacian.

(2) If n = 2s is even the obstruction tensor for [g] is a constant multiple
of A"?(H)du?. If it vanishes, all Ricci-flat ambient metrics that are
analytic in p are given by

g = 2d(pt)dt + t’g

12 (Szf Ak(H) pk i i Ak(a) )p§+k> du?,

SR 2i—n) KT (240

where o = a(y', ..., y" "2, u) is an arbitrary smooth function. Indepen-

dently of the vanishing of the obstruction tensor, non-analytic ambient
metrics can be obtained from formula (5.11) in Theorem 5.5.
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