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Processes that take place well below the electroweak scale are conveniently described in the framework

of the Weak Effective Theory (WET). It is derived from the SM (or BSM with mBSM > MW ) through

decoupling the W -boson and all the heavier particles.

LWET = LQCD×QED(u, d, s, c, b, e, µ, τ ) + Lkin(νe, νµ, ντ)

+ 1
MW

∑
kC

(5)
k (µ)Q

(5)
k + 1

M2
W

∑
kC

(6)
k (µ)Q

(6)
k + O

(
1

M3
W

)
.

Renormalization Group Equations (RGEs) for the WET Wilson Coefficients (WCs) have been determined

in the past, dependently on phenomenological needs, sometimes up to the four-loop level [hep-ph/0612239].

Similarly, in new physics models where all the BSM particles have masses m1 ≡ Λ ≤ m2 ≤ m3 . . .mn,

with Λ≫ mt, and interact in a perturbative manner, the Standard Model Effective Field Theory

(SMEFT) is a useful tool for describing physics phenomena at energy scales well below Λ

LSMEFT = LSM + 1
Λ

∑
kC

(5)
k (µ)Q

(5)
k + 1

Λ2

∑
kC

(6)
k (µ)Q

(6)
k + O

(
1

Λ3

)
.

The SMEFT RGEs at one loop were determined in a series of papers by R. Alonso, E. Jenkins, A. Manohar

and M. Trott [arXiv:1308.2627, 1310.4838, 1312.2014]. The two-loop SMEFT RGEs remain unknown.

Instead of deriving the RGEs separately in various effective theories, one can consider a generic case,

as it was done for renormalizable models (next slide). Particular results are then found by substitutions.
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Assumptions:

Gauge group: arbitrary finite product of finite-dimensional Lie groups.

Matter fields: real scalars φa and left-handed spin-1
2

fermions ψk.

Discrete symmetry: φ→ −φ, ψ → iψ.

L = −
1

4
FAµνF

Aµν +
1

2
(Dµφ)a(D

µφ)a −
1

2
m2
abφaφb + iψ̄j(D/ψ)j −

1

4!
λabcdφaφbφcφd

−
1

2

(
Y a
jkφaψ

T
j Cψk + h.c.

)
+ Lg.f . + LFP +

1

Λ2

∑
QN + O

(
1

Λ4

)
.

Let’s absorb the gauge couplings into the structure constants and generators. Then FA
µν

= ∂µV
A
ν
− ∂νV

A
µ
− fABCV B

µ
V C

ν
,

(Dµφ)a =
(
δab∂µ + iθA

ab
V A

µ

)
φb, (Dµψ)j =

(
δjk∂µ + itA

jk
V A

µ

)
ψk, (DρFµν)A = ∂ρF

A
µν
− fABCV B

ρ
FC

µν
.

The quantities QN stand for linear combinations of dimension-six operators multiplied by their Wilson coefficients.

Renormalization of the dimension-four part:

[1] M. E. Machacek and M. T. Vaughn, “Two Loop Renormalization Group Equations in a General Quantum Field Theory”
“1. Wave Function Renormalization,” Nucl. Phys. B 222 (1983) 83,
“2. Yukawa Couplings,” Nucl. Phys. B 236 (1984) 221,
“3. Scalar Quartic Couplings,” Nucl. Phys. B 249 (1985) 70.

[2] M. X. Luo, H. W. Wang and Y. Xiao, “Two loop renormalization group equations in general gauge field theories,”
Phys. Rev. D 67 (2003) 065019 [hep-ph/0211440].

[3] I. Schienbein, F. Staub, T. Steudtner and K. Svirina, “Revisiting RGEs for general gauge theories,”
Nucl. Phys. B 939 (2019) 1, Nucl. Phys. B 966 (2021) 115339 (E), [arXiv:1809.06797].

(...)
[4] A. Bednyakov and A. Pikelner,

“Four-Loop Gauge and Three-Loop Yukawa Beta Functions in a General Renormalizable Theory,”
Phys. Rev. Lett. 127 (2021) 041801 [arXiv:2105.09918].
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Classification of dimension-six operators (off shell):

Q1 = 1
6!

W
(1)
abcdef φaφbφcφdφeφf , Q2 = 1

4
W

(2)
abcd (Dµφ)a(D

µφ)bφcφd,

Q3 = 1
2
W

(3)
ab (DµDµφ)a(D

νDνφ)b, Q4 = 1
2
W

(4)A
ab (Dµφ)a(D

νφ)bF
A
µν,

Q5 = 1
4
W

(5)AB
ab φaφbF

A
µνF

Bµν, Q6 = 1
4
W

(6)AB
ab φaφbF

A
µνF̃

Bµν,

Q7 = 1
2
W (7)AB (DµFµν)

A (DρF
ρν)B , Q8 = 1

3!
W(8)ABC FAµ

νF
B ν

ρF
C ρ

µ,

Q9 = 1
3!

W(9)ABC FAµ
νF

B ν
ρF̃

Cρ
µ, Q10 = 1

8
W

(10)
jkln (ψT

j Cψk)(ψ
T
l Cψn) + h.c.,

Q11 = 1
4
W

(11)
jkln (ψ̄jγµψk)(ψ̄lγ

µψn), Q12 = iW
(12)
jk ψ̄j

(
D/D/D/ψ

)
k
,

Q13 = 1
2
W

(13)
a,jk φa(Dµψ)Tj C(Dµψ)k + h.c., Q14 = W

(14)
a,jk φaψ

T
j C(DµD

µψ)k + h.c.,

Q15 = 1
2
W

(15)
a,jk φa(Dµψ)Tj Cσ

µν(Dνψ)k + h.c., Q16 = i
2
W

(16)
ab,jk φaφb

[
(ψ̄
←

D/)jψk − ψ̄j(D/ψ)k

]
,

Q17 = W
(17)
ab,jk φa(Dµφ)b ψ̄jγ

µψk, Q18 = 1
12

W
(18)
abc,jk φaφbφcψ

T
j Cψk + h.c.,

Q19 = 1
2
W

(19)A
a,jk φaF

A
µν ψ

T
j Cσµνψk + h.c., Q20 = iW

(20)A
jk FAµν

[
(ψ̄
←

Dν)jγ
µψk − ψ̄jγ

µ(Dνψ)k

]
,

Q21 = iW
(21)A
jk F̃Aµν ψ̄jγ

µ(Dνψ)k, Q22 = W
(22)A
jk (DµFµν)

A
ψ̄jγ

νψk.

Here, W (N) contain both the Wilson coefficients and the necessary Clebsch-Gordan coefficients that select singlets

from various tensor products of the gauge group representations.
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One-loop calculations and sample results

A sample diagram:

Q2

λ λ

It contributes to the following RGE for the off-shell Wilson coefficients in the Feynman-’t Hooft gauge:

16π2µ d
dµ
W

(1)
abcdef =

(
−2X(1)+X(2)−X(3)−6X(4)+2X(5)+2X(6)+2X(7)−12X(8)+6X(9)+(. . .)ψ

)
abcdef

,

where

X
(1)
abcdef = 1

48

∑
θAagθ

A
bhW

(1)
cdefgh, X

(2)
abcdef = 2π2

15

∑
(γφ)agW

(1)
bcdefg, X

(3)
abcdef = 1

48

∑
λabghW

(1)
cdefgh,

X
(4)
abcdef = 1

4

∑
θAagθ

A
bhθ

B
cgθ

B
diW

(2)
hief , X

(5)
abcdef = 1

16

∑
λadhiλbcgiW

(2)
ghef ,

X
(6)
abcdef = 1

8

∑
θAeiθ

A
fjλadhiλbcgjW

(3)
gh , X

(7)
abcdef = 1

16

∑
λafijλbfhjλcdgiW

(3)
gh ,

X
(8)
abcdef = 1

4

∑
θAcgθ

A
dhθ

B
bhθ

C
agW

(5)BC
ef , X

(9)
abcdef = 1

2

∑
θAfiθ

B
ehθ

C
cgθ

C
diθ

D
agθ

D
bhW

(7)AB.

The sums go over such permutations of uncontracted indices that make each X
(N)
abcdef totally symmetric.

The scalar field anomalous dimensions in X(2) are given by (γφ)ab = 1
32π2

[
Y a
ijY

b∗
ij + Y b

ijY
a∗
ij − 4θAacθ

A
cb

]
.
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Identities stemming from gauge invariance

Gauge invariance of the theory imposes some identities on the couplings and Wilson coefficients.

Example – an identity for the Yukawa couplings

Y a
jkφa(ψj)

TCPLψk → (Y a
jk(δab − iǫ

AθAab)φb[(δjl − iǫ
BtBjl)ψl]

TCPL(δkn − iǫ
CtCkn)ψn.

Since the Yukawa term is gauge invariant

φa(ψj)
TCPLψkǫ

A[−θAabYb
jk + (tA)TjlY

a
lk + Ya

jlt
A
lk] = 0 ⇒ (tA)TjlY

a
lk + Ya

jlt
A
lk + θAbaY

b
jk = 0.

Considering infinitesimal gauge transformations is sufficient.

In the case of a generic, purely fermionic operator

W
(N)
j1j2...k1k2...l1l2...

ψTk1ωCψk2 . . . ψl1ωCψ
T

l2
. . .ψj1γψj2 . . .,

where ω that contracts spinor indices is either the identity or the σµν matrix, one finds

0 = tEmk1W
(N)
j1j2...mk2...l1l2...

+ tEmk2W
(N)
j1j2...k1m...l1l2...

+ . . .

− tE∗ml1
W

(N)
j1j2...k1k2...ml2...

− tE∗ml2
W

(N)
j1j2...k1k2...l1m...

+ . . .

− tE∗mj1
W

(N)
mj2...k1k2...l1l2...

+ tEmj2
W

(N)
j1m...k1k2...l1l2...

+ . . . .

Identities for the Wilson coefficients with bosonic indices only are obtained by contracting each
index

with an appropriate generator, and adding the product to the r.h.s. of the equation

0 =ifBEA1W (N)BA2...Ak

a1...am
+ . . . + ifBEAkW (N)A1...B

a1...am

+ θEba1

W
(N)A1...Ak

ba2...am
+ . . . + θEbam

W
(N)A1...Ak

a1...b
.

Both types of terms arise on the r.h.s. for operators that involve both the fermionic and bosonic fields.
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Passing to the on-shell basis

Example – Deriving the on-shell RGEs for the Wilson coefficient of Q5 = 1
4
W

(5)AB
ab φaφbF

A
µνF

B µν .

The operator Q7 = 1
2
W (7)AB (DµFµν)

A (DρF
ρν)B is reducible by the EOM

(DµF
µν)A = −iθAabφb(D

νφ)a + (. . .)ψ +O(
1

Λ
).

After a simple redefinition

Q̃7 := Q7 +
1

2
Q′4 +

1

4
Q′5 + (. . .)ψ.

Q′4 := iW (7) ACθCab(D
µφ)a(D

νφ)bF
A
µν, Q′5 :=

1

4

(∑
W (7) ACθCacθ

B
bc

)
φaφbF

A
µνF

B µν.

we obtain an operator Q̃7 that vanishes on-shell. Next, Q′4 and Q′5 are absorbed into Q4 and Q5.

W
(4) A

ab := W (4) A
ab − iW

(7) ACθCab, W
(5) AB

ab := W(5) AB
ab −

1

4
W(7) ACθCacθ

B
bc.

To get an on-shell expression for the Wilson coefficient of Q5, another redefinition is necessary:

Q̃4 := Q4 + 1
4
Q′′5 + (. . .) with Q′′5 := i

4

∑
W

(4)

ac
AθBcbφaφbF

A
µνF

B µν

which yields

W̃ (5) AB
ab := W

(5) AB
ab +

i

4

∑
W

(4) A
acθ

B
bc=W(5) AB

ab +
i

4

∑
W(4) A

acθ
B
bc.

Finally, applying µ ∂
∂µ

to both sides of the above equation, one obtains the on-shell RGE for W̃ (5)

µ
dW̃(5) AB

ab

dµ
:= µ

dW(5) AB
ab

dµ
+

i

4

∑
(
µ

dW(4) A
ac

dµ
θBbc −W(4) A

acθ
B
bcγB

)
.

Here, γB = 1
48π2

[11C2(GB)− 1
2
tr(θABθ

A
B)− 2tr(tABt

A
B)] and C2(GB)δBC = fBDEfCDE. 11
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Verification of the preliminary results

Three out of six on-shell irreducible operators transform trivially to the on-shell basis.

1. Q6 = 1
4
W (6)AB

ab φaφbF
A
µνF̃

B µν

16π2µ
dW (6)AB

ab

dµ
= (−2 Z(1)−2 Z(2)−8 Z(3)+8 Z(4)+2 Z(5)+Z(6)−Z(7)−2 Z(8)−6 Z(9))ABab

Z
(1)AB
ab = W (6)AB

cd θCac θ
C
bd, Z

(2)AB
ab =

∑
W (6)BC

bd θAcd θ
C
ac, Z

(3)AB
ab = C2(GB)W (6)AB

ab ,

Z
(4)AB
ab = fACEfBDEW (6)CD

ab , Z
(5)AB
ab = 16π2W (6)AB

ab γB,

Z
(6)AB
ab = 8π2

∑
W (6)AB

bc (γφ)ac, Z
(7)AB
ab = W (6)AB

cd λabcd,

Z
(8)AB
ab = i

∑
W (9)BCD θAac θ

C
bd θ

D
cd, Z

(9)AB
ab = i

2

∑
W (9)BCD θAcd θ

C
ac θ

D
bd.
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Current status of the one-loop RGEs computation

Bosonic operators

Left plot:

blue (yellow ) – the operator contributes (does not contribute ) to the off-shell RGE.

Right plot:

green (gray ) – the operator contributes (does not contribute ) to the on-shell RGE
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Current status of the one-loop RGEs computation

General view

Legend:

blue – The RGEs computed in the off-shell basis (hatching denotes preliminary results).
hatched red – The contribution to RGEs that were not computed yet.
gray – No contribution to the RGEs at one loop.
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Outlook: methods for proceeding to two loops and beyond.

1. Continue using the background-field gauge method. Counterterms
with external quantum gauge fields are necessary to renormalize
off-shell subdivergences. Some of them are gauge-variant but

EOM-vanishing and/or BRS-exact.

2. Classification of possible tensor structures must be done in advance.
No relation that stems from gauge invariance can be missed.

3. Dirac algebra in D dimensions. Is dimensional reduction (DRED)

the best option?

4. Substitutions for particular models become renormalization-scheme
dependent. Separate, model-dependent codes need to be worked
out in particular cases.

5. . . .

16



Outlook: methods for proceeding to two loops and beyond.

1. Continue using the background-field gauge method. Counterterms
with external quantum gauge fields are necessary to renormalize
off-shell subdivergences. Some of them are gauge-variant but

EOM-vanishing and/or BRS-exact.

2. Classification of possible tensor structures must be done in advance.
No relation that stems from gauge invariance can be missed.

3. Dirac algebra in D dimensions. Is dimensional reduction (DRED)

the best option?

4. Substitutions for particular models become renormalization-scheme
dependent. Separate, model-dependent codes need to be worked
out in particular cases.

5. . . .

16



Outlook: methods for proceeding to two loops and beyond.

1. Continue using the background-field gauge method. Counterterms
with external quantum gauge fields are necessary to renormalize
off-shell subdivergences. Some of them are gauge-variant but

EOM-vanishing and/or BRS-exact.

2. Classification of possible tensor structures must be done in advance.
No relation that stems from gauge invariance can be missed.

3. Dirac algebra in D dimensions. Is dimensional reduction (DRED)

the best option?

4. Substitutions for particular models become renormalization-scheme
dependent. Separate, model-dependent codes need to be worked
out in particular cases.

5. . . .

16



Outlook: methods for proceeding to two loops and beyond.

1. Continue using the background-field gauge method. Counterterms
with external quantum gauge fields are necessary to renormalize
off-shell subdivergences. Some of them are gauge-variant but

EOM-vanishing and/or BRS-exact.

2. Classification of possible tensor structures must be done in advance.
No relation that stems from gauge invariance can be missed.

3. Dirac algebra in D dimensions. Is dimensional reduction (DRED)

the best option?

4. Substitutions for particular models become renormalization-scheme
dependent. Separate, model-dependent codes need to be worked
out in particular cases.

5. . . .

16



Outlook: methods for proceeding to two loops and beyond.

1. Continue using the background-field gauge method. Counterterms
with external quantum gauge fields are necessary to renormalize
off-shell subdivergences. Some of them are gauge-variant but

EOM-vanishing and/or BRS-exact.

2. Classification of possible tensor structures must be done in advance.
No relation that stems from gauge invariance can be missed.

3. Dirac algebra in D dimensions. Is dimensional reduction (DRED)

the best option?

4. Substitutions for particular models become renormalization-scheme
dependent. Separate, model-dependent codes need to be worked
out in particular cases.

5. . . .

16



Outlook: methods for proceeding to two loops and beyond.

1. Continue using the background-field gauge method. Counterterms
with external quantum gauge fields are necessary to renormalize
off-shell subdivergences. Some of them are gauge-variant but

EOM-vanishing and/or BRS-exact.

2. Classification of possible tensor structures must be done in advance.
No relation that stems from gauge invariance can be missed.

3. Dirac algebra in D dimensions. Is dimensional reduction (DRED)

the best option?

4. Substitutions for particular models become renormalization-scheme
dependent. Separate, model-dependent codes need to be worked
out in particular cases.

5. . . .

16


