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CHAPTER I  

INTRODUCTION

The p u rp o se  o f  s t a t i s t i c a l  m e c h a n ic s  I s  t o  e s t a b l i s h  

r e l a t i o n s h i p s  b e tw e e n  th e  o b s e rv e d  m a c ro s c o p ic  p r o p e r t i e s  o f  

s y s te m s  com posed o f  many p a r t i c l e  a ,  a n d  t h e  m e c h a n ic a l  p ro ­

p e r t i e s  o f  t h e s e  p a r t i c l e s  a n d  t h e i r  I n t e r a c t i o n s .  S t a t i s t i ­

c a l  m e c h a n ic s  a t t e m p ts  t o  p ro c e e d  fro m  th e  la w s  o f  m ic r o s c o p ic  

d y n am ics  t o  th e  p r e d i c t i o n  o f  m a c ro s c o p ic  r e s u l t s .  T hese  

dynam ic la w s  h a v e  th e  fo rm  o f  d i f f e r e n t i a l  e q u a t i o n s .  T h e ir  

s o l u t i o n  d ep en d s upon th e  i n i t i a l  s t a t e  o f  th e  s y s te m . The 

fo rm a l is m  o f  s t a t i s t i c a l  m e c h a n ic s  m u s t t h e r e f o r e  p r o v id e :

1 ) a  m e th o d  f o r  c o n s t r u c t i n g  a  s u i t a b l e  r e p r e s e n t a t i o n  o f  t h e  

i n i t i a l  s t a t e  o f  th e  s y s te m ; 2 ) a  m e th o d  o f  a n a ly z in g  th e  

r e l e v a n t  p a r t  o f  t h e  m any-body  d y n a m ic a l problem.'**'

T h is  f i r s t  a s p e c t  r e q u i r e s  a n  e x te n s i o n  o f  t h e  th e o r y  o f  

m e a s u re m e n ts . B o th  c l a s s i c a l  a n d  quan tum  m e c h a n ic s  c o n ta in  

p r e s c r i p t i o n s  f o r  c o n s t r u c t i n g  I n i t i a l  s t a t e s  i f  th e  r e s u l t s  

o f  a  c o m p le te  m easu rem en t a r e  a v a i l a b l e .  For a  m a c ro s c o p ic  

sy s te m  s u c h  a  m easu rem en t c a n n o t  be p e r fo rm e d . O n ly  a  s m a l l  

num ber o f  dynam ic v a r i a b l e s  a r e  a c t u a l l y  m e a s u re d . Even f o r  

a  m ic r o s c o p ic  sy s te m  a  c o m p le te  m easu rem en t i s  n e v e r  a c t u a l l y  

p e r fo rm e d . T h e r e f o r e ,  e x te n s i o n s  t o  t h e  t h e o r y  o f  m e a su re ­

m e n ts  h a v e  b een  g iv e n .  T h is  I s  a  p ro b le m  o f  s t a t i s t i c a l

^ I t  i s  I m p o r ta n t  t o  k eep  i n  m in d  th e  f a c t  t h a t  s t a t i s t i c a l  
m e c h a n ic s  s e e k s  t o  p r e d i c t  m a c ro s c o p ic  r e s u l t s .  T h is  m eans 
t h a t  1 ) a n d  2 ) n e e d  n o t  r e p r e s e n t  t h e  e x a c t  m ic r o s c o p ic  
a s p e c t s  o f  th e  i n i t i a l  s t a t e  a n d  i t s  dynam ic d e v e lo p m e n t.
T hey n e e d  o n ly  c o r r e s p o n d  t o  th e  r e l e v a n t  m a c ro s c o p ic  
b e h a v io r  o f  th e  sy s te m .
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I n f e r e n c e ,  I n  t h e  quan tum  m e c h a n ic a l  c a s e * ,  th e  p r e s c r i p ­

t i o n s  g e n e r a l l y  c o n s i s t  o f  m e th o d s  f o r  c o n s t r u c t i n g  i n i t i a l  

d e n s i t y  m a t r i c e s  o r  a l lo w e d  m a n i f o ld s  o f  s t a t e s  w h ic h  a r e  t o  

be  a v e r a g e d  o v e r .

One su c h  p r e s c r i p t i o n ^  i s  th e  m e th o d  o f  " e q u a l  a  p r i o r i  

p r o b a b i l i t i e s  a n d  random  a  p r i o r i  p h a s e s  o f  a c c e s s i b l e  s t a t e s , "  

T h is  i s  b a s e d  upon  L l o u v l l l e ' s  T heorem  and  L a p l a c e 's  " P r i n c i p l e  

o f  I n s u f f i c i e n t  R e a s o n ," H ow ever,  t h e  a v a i l a b l e  i n f o r m a t io n  

i s  se ld o m  o f  t h e  ty p e  w h ic h  p e r m i ts  a n  o b v io u s  r e s o l u t i o n  o f  

th e  s t a t e s  i n t o  a c c e s s i b l e  a n d  i n a c c e s s i b l e  o n e s .  I t  i s  a l s o  

d i f f i c u l t  t o  g e n e r a l i z e  t h i s  m eth o d  b e y o n d  th e  p ro b le m s  o f  

th erm o d y n am ic  e q u i l i b r i u m .

R e c e n t ly ,  a  g e n e r a l  m e th o d  h a s  b e e n  g i v e n  f o r  th e  co n ­

s t r u c t i o n  o f  d e n s i t y  m a t r i c e s  b a s e d  upon p a r t i a l  k n o w le d g e  o f  

t h e  s t a t e  o f  th e  s y s te m .2 )  T h is  m e th o d  o f  s t a t i s t i c a l  

I n f e r e n c e  i s  c a l l e d  a  m ax im u m -en tro p y  e s t i m a t e  ( h e r e a f t e r  

r e f e r r e d  to  a s  MEE). I t  g i v e s  th e  l e a s t  b i a s e d  d e n s i t y  m a t r i x  

c o n s i s t e n t  w i t h  t h e  a v a i l a b l e  i n f o r m a t i o n .  E , T . J a y n e s ^ )  

h a s  shown t h a t  th e  MEE fo rm a lis m  r e p r o d u c e s  t h e  c a n o n ic a l  

e q u i l i b r i u m  s t a t i s t i c a l  m e c h a n ic s  o f  G ib b s .

MEE i s  a p p l i c a b l e  t o  a n y  s y s te m . I n  p a r t i c u l a r ,  i t  c an  

be  u s e d  to  c o n s t r u c t  a  d e n s i t y  m a t r i x  f o r  a  m ic r o s c o p ic  

sy s te m  when th e  m ea su re m e n t i s  l e s s  t h a n  c o m p le te .  T he MEE

it
We s h a l l  d i s c u s s  th e  qu an tu m  m e c h a n ic a l  s i t u a t i o n .  S i m i l a r  
r e s u l t s  e x i s t  f o r  t h e  c l a s s i c a l  c a s e ,

1 )  R , C. T olm an, The P r i n c i p l e s  o f  S t a t i s t i c a l  M e c h a n ic s  (O x fo rd  
U n i v e r s i t y  P r e s s ,  L ondon , 1 9 W ,  c h a p t e r  IX , S e c . 04 ..

2 )  E . T . J a y n e s ,  P h y s . R ev . 1 0 6 ,  620 (1 9 5 7 ) ;  P h y s .  R e v . 1 0 8 ,
171 ( 1 9 5 7 ) .  ------

- 2 -



fo rm a l is m  I s  th e  o n ly  g e n e r a l  m e th o d  so f a r  p ro p o s e d  f o r  

t r e a t i n g  t h i s  s i t u a t i o n ,  A c o m p le te  m ea su re m e n t c a n , I n  

p r i n c i p l e ,  be made on  a  m ic r o s c o p ic  s y s te m . I n  t h i s  c a s e  

t h e  s t a t e  o f  t h e  s y s te m  c a n  b e  d e te r m in e d  w i t h in  t h e  f ra m e ­

w ork  o f  quan tum  m e c h a n ic s .  T h is  l i m i t i n g  c a s e  p r o v id e s  an  

I n t e r e s t i n g  c h ec k  o f  th e  c o n s i s t e n c y  o f  th e  MEE f o r m a l is m .

I n  t h e  c a s e  o f  a  c o m p le te  m e a su re m e n t, th e  d e n s i t y  m a t r i x  

m u s t r e d u c e  t o  a  p r o j e c t i o n  o p e r a t o r  s p e c i f y i n g  a  s i n g l e  

" p u r e ” q u an tu m  s t a t e .  I n  C h a p te r  I I  we I n v e s t i g a t e  t h i s  

p ro b le m  f o r  th e  c a s e  o f  a  n o n - r e l a t i v l s t l c  e l e c t r o n .

A MEE d e n s i t y  m a t r i x  s h o u ld  n o t  be  I d e n t i f i e d  a s  d e s c r i b ­

in g  th e  " t r u e 11 m ic r o s c o p ic  s t a t e  o f  t h e  s y s te m . R a th e r  I t  

r e p r e s e n t s  i n  some s e n s e  th e  m a n i f o ld  o f  p o s s i b l e  s t a t e s  co n ­

s i s t e n t  w i t h  th e  e x p e r im e n ta l  o b s e r v a t i o n s .  I n  o r d e r  t o  

c l a r i f y  t h e  p r e c i s e  m ean in g  o f  t h i s  we i n v e s t i g a t e  s e v e r a l  

p r o p e r t i e s  o f  a  MEE f o r  a  m a c ro s c o p ic  s p in  s y s te m , C h a p te r  I I I .  

We p ro v e  tw o  th e o re m s  c o n c e rn in g  a  h i g h  p r o b a b i l i t y  m a n i f o ld  

o f  s t a t e s  c h a r a c t e r i z e d  by  t h e  MEE d e n s i t y  m a t r i x .  T h ese  

th e o re m s  w ere  o r i g i n a l l y  p ro v e d  u n d e r  d i f f e r e n t  a s s u m p tio n s  

b y  C . E . S h a n n o n . 3 )  T h is  d i s c u s s i o n  a l lo w s  u s  to  i d e n t i f y  

t h e  h ig h  p r o b a b i l i t y  m a n i f o ld  o f  a  MEE d e n s i t y  m a t r ix  w i t h  

t h e  m a n i f o ld  o f  e x p e r i m e n t a l l y  a l lo w e d  s t a t e s .

The s t a t i s t i c a l  m e c h a n ic s  o f  a  sy s te m  I n  th e rm o d y n am ic  

e q u i l i b r i u m  r e q u i r e s  o n ly  t h i s  s p e c i f i c a t i o n  o f  t h e  I n i t i a l  

s t a t e .  The d e t a i l e d  dynam ic a s p e c t s  o f  t h e  m any -body  p ro b le m ,

3 } C . E . S h an n o n , B e l l  S y s tem  T e c h . J .  2 7 ,  3 7 9 , 623 ( 1 9 ^ 8 ) .  I n  
A p p en d ix  A we r e v ie w  some o f  t h e  r e s u l t s  o f  i n f o r m a t io n  t h e o r y .



p a r t  ( 2 ) ,  a r e  t h e r e b y  a v o id e d .  More g e n e r a l l y  a l l  e q u i l i b r i u m  

p ro b le m s  I n v o lv e  o n ly  th e  c h a r a c t e r i z a t i o n  o f  t h e  I n i t i a l  

s t a t e .  By e q u i l i b r i u m  we m ean t h a t  t h e  v a lu e s  o f  t h e  m ac ro ­

s c o p ic  o b s e r v a b le s  a r e  s t a t i o n a r y  i n  t im e .  T h is  i n c l u d e s  th e  

c l a s s  o f  s t a t i o n a r y  s t a t e s  i n  w h ic h  e x t e r n a l  c o n s t r a i n t s  

( c o n c e n t r a t i o n  g r a d i e n t s ,  t e m p e r a tu r e  g r a d i e n t s ,  e t c . )  p r e v e n t  

t h e  s y s te m  fro m  r e a c h in g  th e rm o d y n am ic  e q u i l i b r i u m .  I n  t h e i r  

E n c y k lo p f id ie  a r t i c l e  on  s t a t i s t i c a l  m e c h a n ic s ,  P . a n d  T . E h re n -  

f e s t ^ )  a s k  w h e th e r  t h e  d i s t r i b u t i o n  f u n c t i o n  w h ic h  d e s c r i b e s  

t h e  s t a t i o n a r y  s t a t e  o f  a n  i r r e v e r s i b l e  p r o c e s s  c o u ld  be  co n ­

s i d e r e d  a s  i n  some s e n s e  " r e l a t i v e l y  m o st p r o b a b l e , "  a n d  

w h e th e r  i t  c o u ld  be c h a r a c t e r i z e d  a s  d e te r m in in g  t h e  extrem um  

o f  some f u n c t io n ? ^ )

The MEE fo rm a lis m  p r o v id e s  a n  a n sw e r t o  t h i s  q u e s t i o n .

I n  C h a p te r  IV we c o n s i d e r  t h e  p ro b le m  o f  s t a t i o n a r y ,  c o n s t r a i n e d  

e q u i l i b r i u m .  I n i t i a l l y ,  th e  e q u a t io n  o f  s t a t e  f o r  a  s p in  

s y s  tern
f(M ,H ,T ) * 0

i s  d i s c u s s e d .  T h is  i s  a  th e r m a l  e q u i l i b r i u m  p ro b le m . I f  th e

ij.) P . a n d  T . E h r e n f e s t ,  B n c y . d .  M ath . W la se n , B d. IV , N o. 32 
( L e ip z ig  1911 ) ,  F o o tn o te  2 3 i ,  P*

5 )  I .  P r ig o g ln e  h a s  s u g g e s te d  t h a t  t h e  p r i n c i p l e  o f  minimum e n -  „ 
t r o p y  p r o d u c t io n  i s  t h e  a n sw e r  t o  t h i s  q u e s t i o n .  E tu d e  
T herm odvnam lque d e s  Phenom enas I r r e v e r s i b l e a  ( L ie g e ,  194.7)
C h ap . V. how ever t h e  a c t u a l  u s e f u l n e s s  o f  t h i s  p r i n c i p l e  i s  
q u e s t i o n a b l e .  M. J .  K le in ,  T erm o d ln am io a  D ei P r o c e s s !  I r r e -  
v e r s l b l l l .  e d i t e d  by  N . Z a n i c h e l l i  l ^ o c l e t a  I t a l i a n s  D1 P * i3 ica , 
B o logna,“ 1 960) p .  2 0 3 , s t a t e s ,  " I t  i s  som ew hat d o u b t f u l ,  
h o w e v e r, w h e th e r  th e  p r i n c i p l e  ( o f  minimum e n t r o p y  p r o d u c t io n )  
g i v e s  a  c h a r a c t e r i z a t i o n  o f  t h e  s t e a d y  s t a t e  w h ic h  i s  r e a l l y  
c o m p a ra b le  t o  t h e  c h a r a c t e r i z a t i o n  o f  t h e  e q u i l i b r i u m  s t a t e  
a s  t h a t  o f  maximum e n t r o p y .  . . . f r o m  b o t h  o u r  s t a t i s t i c a l  d e ­
v e lo p m e n t a n d  fro m  th e  th e rm o d y n am ic  d e v e lo p m e n t o f  t h e  p r i n ­
c i p l e  one  s e e s  t h a t  t h e  i n f o r m a t i o n  n e e d e d  to  a p p ly  t h e  p r i n ­
c i p l e  i s  a lw a y s  l a r g e  e n o u g h  s o  t h a t  t h e  p r i n c i p l e  s u p p l i e s  
n o th in g  n e w ."

-  J*. -



i n i t i a l  i n f o r m a t io n  c o n s i s t s  o f  th e  te m p e r a tu r e  T a n d  t h e  

f i e l d  H,  th e  s t a n d a r d  c o m p u ta t io n a l  p ro c e d u re  o f  e q u i l i b r i u m  

s t a t i s t i c a l  m e c h a n ic s  a l l o w s  th e  m a g n e t i z a t io n  M t o  b e  c a l c u ­

l a t e d .  U s in g  t h i s  s t a n d a r d  fo rm a l is m  o f  e q u i l i b r i u m  s t a t i s ­

t i c a l  m e c h a n ic s ,  i t  i s  n o t  c l e a r  how t o  c a l o u l a t e  T when M 

an d  H a r e  g i v e n .  H ow ever, i n  a  c o n s i s t e n t  t h e o r y  th e  same 

e q u a t io n  o f  s t a t e  m u st em erge  w h e th e r  th e  i n i t i a l  i n f o r m a t io n  

s p e c i f i e s  (T ,H ) , (H,M) o r  (M ,T)« The MEE f o r m a l is m  a l lo w s  u s 

t c  t r e a t  t h i s  p ro b le m . The I m p o r ta n t  p o i n t  i s  t h a t  w hen H 

a n d  M a r e  g iv e n  we m u st f i n d  an  e x p l i c i t  m an n er o f  s t a t i n g  

t h a t  t h e  sy s te m  i s  i n  e q u i l i b r i u m .  We r e q u i r e  t h a t  th e  e n t r o p y  

b e  m ax im iz ed  o v e r  t h e  m a n i f o ld  o f  y?r s  w h ic h  commute w i t h  th e  

H a m il to n ia n  a n d  g iv e  th e  s p e c i f i e d  v a lu e  o f  M. T h is  p r e s c r i p ­

t i o n  r e p r o d u c e s  t h e  e q u i l i b r i u m  e q u a t io n  o f  s t a t e .

U s in g  t h i s  fo rm  o f  t h e  e q u i l i b r i u m  c o n s t r a i n t  a  g e n e r a l  

fo rm a l is m  f o r  c o n s t r a i n e d  e q u i l i b r i u m  p ro b le m s I s  g i v e n .  As 

i n  th e  c a s e  o f  th erm o d y n am ic  e q u i l i b r i u m  th e  p ro b le m  i s  s im p ly  

t o  c o n s t r u c t  a  r e p r e s e n t a t i o n  o f  t h e  i n i t i a l  s t a t e .  W h ile  

t h i s  a v o id s  t h e  e x p l i c i t  p ro b le m s  a s s o c i a t e d  w i t h  th e  dynam i­

c a l  t im e  de\T® lopm en t, t h i s  s t a t i o n a r y  f o r m u la t i o n  d o e s  n o t  

re m a in  c o m p le te ly  s e p a r a t e d  fro m  t h e  d y n a m ic s . We f i n d  t h a t  

th e  i n i t i a l  d e n s i t y  m a t r i c e s  d ep en d  upon th e  " d i a g o n a l  p a r t s "  

o f  t h e  o b s e r v e d  o p e r a t o r s  F .  The " d ia g o n a l  p a r t "  o f  a n  o p e ra ­

t o r  F  i s  e s s e n t i a l l y  th e  d . c .  p a r t  o f  t h e  H e is e n b e rg  o p e r a t o r  

F ( t ) . F ( t )  o b e y s  t h e  e q u a t io n s  o f  m o tio n

F i t )  - i  [ X , F ( H ]
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U sin g  t h i s  c o n s t r a i n e d  e q u i l i b r i u m  fo rm a lis m  we i n v e s t i ­

g a te  th e  p ro b le m  o f  s t e a d y  d i f f u s i o n *  F o r  a  s m a l l  c o n c e n t r a ­

t i o n  g r a d i e n t  t h e  d i f f u s i o n  t e n s o r  13 c a l c u l a t e d .  We o b t a i n  

a  r e l a t i o n  h a v in g  th e  same fo rm  a s  t h e  t r a n s p o r t  c o e f f i c i e n t  

r e l a t i o n s  c a l c u l a t e d  b y  R . Kubo e t .  a l . ^  I n  p r i n c i p l e  o u r  

m e th o d  c o u ld  b e  u s e d  t o  t r e a t >l n  a  h i g h e r  o r d e r  a p p r o x im a t io n ,  

n o n - l i n e a r  e f f e c t s  o c c u r r in g  i n  c o n s t r a i n e d  e q u i l i b r i u m  

p ro b lem s*  Kubo*a t h e o r y  i s  n o t  a p p l i c a b l e  t o  t h e s e  e f f e c t s  

s in c e  h e  t r e a t s  a  sy s te m  w h ic h  i s  e v o lv in g  i n  t im e  to w a rd  

th e r m a l  e q u i l ib r iu m *

I n  C h a p te r s  V an d  VI we t r e a t  c e r t a i n  a s p e c t s  o f  t h e  

dynam ic t im e  d e v e lo p m e n t o f  th e  m any -body  s y s te m . I n  C h a p te r  

V we d i s c u s s  th e  S econd  Law o f  th e rm o d y n am ics  f ro m  the . p o i n t  

o f  v ie w  o f  t h e  MEE f o rm a l is m . The r e l a t i o n s h i p  b e tw e e n  th e  

in f o r m a t io n  t h e o r y  e n t r o p y  a n d  t h e  e x p e r im e n ta l  e n t r o p y  i s  

d i s c u s s e d .  A d e f i n i t i o n  o f  e n t r o p y  f o r  n o n - e q u i l ib r iu m  

s t a t e s  i s  g iv e n .  The t im e  d e v e lo p m e n t o f  t h i s  e n t r o p y  i s  

shown t o  ob ey  t h e  S econd  Law. The p ro b le m  o f  th e  c o n d i t i o n s  

u n d e r  w h ic h  a  l a b o r a t o r y  p r o c e s s  i s  i s e n t r o p l c  i s  d i s c u s s e d .

As a n  exam ple  we c o n s id e r  a  s p i n  sy s te m  i n  an e x t e r n a l  f i e l d  

w h ic h  i s  c h a n g in g  i n  t im e .

I n  t h e  f i n a l  c h a p t e r  ( V I ) ,  we i n v e s t i g a t e  two r e l a t e d  

p ro b lem s o f  t h e  dynam ic  b e h a v io r  o f  a  m a c ro s c o p ic  s y s te m .

6) R . K ubo, M. Y o k o ta , a n d  S . N a k a jim a , Jo  u r n .  P h y s . S o c . 
( J a p a n ) ,  1 2 , 1203 (1 9 S 7 ) .
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The f i r s t  o f  t h e s e  i s  t b s  t im e  d e c a y  o f  e q u i l i b r i u m  c o r r e l a ­

t i o n  f l u c t u a t i o n s .  Tbs s e c o n d  i s  t b s  i r r e v e r s i b l e  te n d e n c y  

o f  m a c ro s c o p ic  s y s te m s  t o  a p p ro a c h  a  s t a t e  o f  e q u i l i b r i u m .

T hese  two a s p e c t s  o f  i r r e v e r s i b i l i t y  a r e  r e l a t e d .  The t im e  

d ep en d e n ce  o f  a  dynam ic v a r i a b l e  d e p e n d s  u p o n  t h e  c o r r e l a t i o n  

f u n o t lo n s  o f  t h e  i n t e r a c t i o n  r e s p o n s i b l e  f o r  i t s  t im e  

d e v e lo p m e n t.

Two e x a m p le s  a r e  g iv e n  i n  w h ic h  a  c o r r e l a t i o n  f u n c t i o n

c a n  be  e x a c t l y  c a l c u l a t e d .  The f i r s t  o f  t h e s e  i s  f o r  t h e

r i n g  o f  N e x c h a n g e -c o u p le d  s p i n s .  The k t h  s p in - u p  c o r r e l a t i o n

f u n c t i o n , < V *  .  I .  c a l c u l a t e d  f o r  a  p a r t i c u l a r  I n i t i a l

s t a t e .  The o p e r a t o r  i f*  g i v e s  1 i f  t h e  k t t l  s p i n  i s  up a n d  0Iv
i f  i t  i s  dow n. T h is  p ro b le m  p r o v id e s  a  s im p le  i l l u s t r a t i o n  

o f  t h e  P o in c a r e  r e c u r r e n c e  phenom enon . The s e c o n d  exam ple  i s  

t h e  c a l c u l a t i o n  o f  c o r r e l a t i o n  f u n c t i o n s  f o r  th e r m a l  e q u i l i b r i u m  

e le c t r o m a g n e t i c  f i e l d s  (b la c k -b o d y  c o r r e l a t i o n  f u n c t i o n s ) .

T h ese  e x a m p le s  show t h a t  th e  fu n d a m e n ta l  c a u s e  o f  i r r e ­

v e r s i b l e  d e c a y  i s  a  d e p h a s in g ,  a n d  c o n s e q u e n t  d e s t r u c t i v e  

i n t e r f e r e n c e  among th e  te rm s  o f  a  sum o f  m a t r i x  e le m e n t s .  The 

c o n d i t i o n s  o n  th e  i n i t i a l  s t a t e  o f  th e  s y s te m , t h e  H a m il to n ia n  

a n d  th e  o b s e r v e d  o p e r a t o r  F u n d e r  w h ic h  t h i s  d e p h a s in g  

p e r s i s t s  o v e r  t h e  r a n g e  o f  l a b o r a t o r y  t im e s  a r e  d i s c u s s e d .

The lo n g  t im e  b e h a v io r  o f  t h e  e x p e c t a t i o n  v a lu e  o f  a  dynam ic 

v a r i a b l e  c a n  be  c h a r a c t e r i z e d  by  a  d i s t r i b u t i o n  o f  p o le s  

( s  -  i E , r ) \  7 )»® ) tjxLs d i s t r i b u t i o n  i s  d e te r m in e d  by  t h e

7 )  S . G o ld en  a n d  H. C . L o n g u e t-E L g g in s , J o u r n .  o f  Chem. P h y . 3 3 , 
11*79 ( 1 9 6 0 ) .

8 )  N. S a i t o ,  P h y s . R e v . 1 1 7 . 1163 ( I 9 6 0 ) .



I n i t i a l  s t a t e  ,  t h e  H a m il to n ia n  ,  a n d  t h e ^ o p e r a t o r  P .

I t  i s  m  {£ " )  =- {«/* ' F L E n+B 't £ 0  w i t h ,

w here  r e p r e s e n t s  a n  e n e rg y  e i g e n s t a t e  o f J 4  •

We a n a ly z e  t h e  tim e  r e s p o n s e  f o r  v a r io u s  d i s t r i b u t i o n s  

o f  p o l e s .  I t  i s  shown t h a t  ( F ( t ) ^  d e c a y s  t o  z e r o  i f  t h e  d i s ­

t r i b u t i o n  F ( E ,E ')  h a s  no  s i n g u l a r i t i e s  a s  s t r o n g  a s  a  

f u n c t io n *  F or ^ F ( t ) ^  t o  i r r e v e r s i b l y  a p p ro a c h  a  n o n - z e r o  

e q u i l i b r i u m  v a lu e ,  F (E ,E * ) m u s t c o n t a i n  a  / ( E - E » )  s i n g u l a r i t y .  

I f  F ( E ,E * ) c o n t a i n s  s i n g u l a r i t i e s  o f  t h e  fo rm  / ( E - E '+ a * )  th e  

lo n g  t im e  b e h a v io r  o f  < " F ( t)^  i s  o s c i l l a t o r y .

- 8 -



CHAPTER I I

Maximum E n tro p y  E s t im a te s  f o r  M ic ro s c o p ic  S y s tem s

Quantum  m e c h a n ic s  p r o v id e s  a  p r e s c r i p t i o n  f o r  c o n v e r t in g  

th e  in f o r m a t io n  c o n ta in e d  i n  a  wave f u n c t i o n  o r  d e n s i t y  m a t r ix  

i n t o  p r e d i c t i o n s  a b o u t  e x p e r im e n ta l  m ea su re m e n ts*  H ow ever, 

t h e  e q u a l l y  n e c e s s a r y  i n v e r s e  o f  t h i s  p r o c e s s ,  w h e reb y  one  may 

c o n s t r u c t  a  wave f u n c t i o n  o r  d e n s i t y  m a t r i x  g iv e n  c e r t a i n  

e x p e r im e n ta l  r e s u l t s  i s ,  I n  g e n e r a l ,  n o t  u n iq u e ly  p r o v id e d  

w i t h i n  t h e  fram ew o rk  o f  quan tum  m e c h a n ic s*  The s t a n d a r d  

a p p ro a c h ^ )  t o  t h i s  p ro b le m  a ssu m e s  t h a t  i f  th e  r e s u l t  o f  

m e a s u r in g  a  dynam ic v a r i a b l e  D g i v e s  a  v a lu e  D* l y i n g  w i t h i n  

D‘U  D '<  D1' 1 t h e  wave f u n c t i o n  i s  g iv e n  b y ,

w here  DUj  ̂ s  a n d  t h e  sum m ations a r e  o n ly  o v e r  th e  v a lu e s

o f  n  f o r  w h ic h  D” < D *< Dw' • The c o e f f i c i e n t s  a w a r e  u n s p e c i -n  n
f l e d .  I f  t h e  e ig e n v a lu e s  o f  D a r e  n o n - d e g e n e r a te  a n d  d i s c r e t e ,  

we m ay, w i th  a  s u f f i c i e n t l y  p r e c i s e  m e a su re m e n t, r e d u c e  th e  

a b o v e  sum m ations ( 2 - 1 )  t o  a  s i n g l e  e i g e n s t a t e *  I n  t h i s  c a s e  

th e  s t a n d a r d  quan tum  m e c h a n ic s  f o r m u la t io n  d o e s  p r o v id e  a  

u n iq u e  m eans o f  c o n s t r u c t i n g  a  wave f u n c t i o n  fro m  e x p e r im e n ta l  

o b s e r v a t i o n s .

More g e n e r a l l y ,  i f  th e  e i g e n s t a t e s  o f  D a r e  d i s c r e t e ,  

b u t  d e g e n e r a t e ,  a  s u f f i c i e n t l y  p r e c i s e  m ea su re m e n t o f  D r e d u c e s

9 ) P .  M and l, Quantum  M e c h a n ic s  ( B u t te r w o r th s  S c i e n t i f i c  
P u b l i c a t i o n s ,  L o n d o n , 1 9 5 ^ )»  C h a p te r  I I .

(2-1 )
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t h e  sum m ations ( 2 - 1 )  t o  t h e  m a n i f o ld  o f  s t a t e s  a l l  h a v in g  th e  

e ig e n v a lu e  D*. H ow ever, w i t h i n  t h i s  m a n i f o ld  t h e  c o e f f i c i e n t s  

a ^  a r e  u n s p e c i f i e d .  I n  o r d e r  t o  s p e c i f y  t h e s e  c o e f f i c i e n t s  

th e  n o t i o n  o f  a  c o m p le te  s e t  o f  com m uting  o b s e r v a b le s  i s  i n t r o ­

d u c e d . T h a t i s ,  l e t  L commute w i th  D. Now a  m ea su re m e n t o f  

L w i l l  a l lo w  a  p o s s i b i l i t y  o f  f u r t h e r  r e d u c in g  t h e  sum m atio n s 

i n  ( 2 - 1 ) .  The sum w i l l  t h e n  e x te n d  o v e r  t h e  i n t e r s e c t i o n  o f  

th e  m a n ifo ld  o f  s t a t e s  c h a r a c t e r i z e d  b y  th e  e ig e n v a lu e s  D* and  

L 1. T h is  p r o c e s s  i s  c o n t in u e d  u n t i l  a  c o m p le te  s p e c i f i c a t i o n  

o f  th e  s t a t e  o f  th e  sy s te m  i s  o b t a i n e d .  O nly  i n  t h i s  l i m i t i n g  

c a s e  d o e s  quan tum  m e c h a n ic s  p r o v id e  a  u n iq u e  m e th o d  o f  t r a n s ­

l a t i n g  e x p e r im e n ta l  r e s u l t s  i n t o  i t s  m a th e m a t ic a l  fo rm a lis m *

F o r a  m ic r o s c o p ic  s y s te m  th e  c o m p le te  m ea su re m e n t o u t ­

l i n e d  a b o v e  i s ,  a t  l e a s t  i n  p r i n o i p l e ,  a  p o s s i b i l i t y .  F o r 

m a c ro s c o p ic  sy s te m s  i t  i s  a n  i m p o s s i b i l i t y .  F o r t h i s  r e a s o n  

e x te n s i o n s  t o  t h e  quan tum  m e c h a n ic a l  p r e s c r i p t i o n  h a v e  b e e n  

g iv e n  f o r  c o n s t r u c t i n g  s t a t e s  g iv e n  e x p e r im e n ta l  o b s e r v a t i o n s  

o f  m a c ro s c o p ic  s y s t e m s T h e  m o st g e n e r a l  o f  t h e s e  p r e s c r i p ­

t i o n s  i s  t h a t  p r o v id e d  b y  t h e  c o n c e p t  o f  a  m ax lm u m -en tro p y  

e s t im a te  ( h e r e a f t e r  r e f e r r e d  t o  a s  MEE).  T h is  i s  b a s e d  upon  

th e  e x i s t e n c e  o f  a  u n iq u e  m e a su re  ( c a l l e d  th e  e n t r o p y )  o f  th e  

u n c e r t a i n t y  r e p r e s e n t e d  by  a  p r o b a b i l i t y  d i s t r i b u t i o n . *  E . T . 

Ja y n e s^ * ^  h a s  show n t h a t  a  MEE p r o v id e s  a  u n iq u e  r e l a t i o n s h i p  

b e tw e e n  a  d e n s i t y  m a t r i x  a n d  th e  e x p e r im e n ta l  e x p e c t a t i o n

10 ) R . C . T o lm an , o p . o i t .
’" 'S h a n n o n ^  ( o p .  c i t . )  u n iq u e n e s s  th e o re m  f o r  th e  e n t r o p y  i s  

s t a t e d  i n  A p p en d ix  A.
11 ) E . T . J a y n e s ,  o p . c i t .
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v a lu e s  o f  dynam ic v a r i a b l e s .  He u s e d  t h i s  fo rm a lis m  t o  

d i s c u s s  t h e  s t a t i s t i c a l  m e c h a n ic s  o f  m a c ro s c o p ic  s y s te m s .  

However t h e  MEE m eth o d  i s  n o t  r e s t r i c t e d  t o  m a c ro s c o p ic  

s y s te m s .  I n  t h i s  c h a p te r  we w i l l  a p p ly  i t  t o  a  m ic ro s c o p ic  

s y s te m .

The c r i t e r i o n  o f  a  MEE i s  t o  p ro d u c e  t h e  l e a s t  b i a s e d  

d e s c r i p t i o n  o f  t h e  m a n i f o ld  o f  s t a t e s  c o n s i s t e n t  w i th  g iv e n  

e x p e c t a t i o n  v a lu e s  o f  c e r t a i n  q u a n t i t i e s .  T h is  m eans t h a t  

no p o s s i b l e  s t a t e  o f  th e  sy s te m  i s  i g n o r e d ,  A MEE a s s i g n s  

p o s i t i v e  w e ig h t t o  e v e ry  quan tum  s t a t e  t h a t  i s  n o t  a b s o l u t e l y  

e x c lu d e d  by  th e  g iv e n  in f o r m a t i o n ,  F o r  a  m ic r o s c o p ic  s y s te m  

a  c o m p le te  m easu rem en t i s  p o s s i b l e .  I n  t h i s  c a s e  th e  d e n s i t y  

m a t r ix  m u s t r e d u c e  to  one w h ic h  d e s c r i b e s  a  p u re  s t a t e .  I t  

i s  o f  i n t e r e s t  t o  s e e  how th e  MEE fo rm a lis m  h a n d le s  t h i s  

l i m i t i n g  c a s e .

An E x p e r im e n t o n  a  M ic ro s c o p ic  S y stem

C o n s id e r  a n  e x p e r im e n ta l  o b s e r v a t i o n  o f  a  n o n - r e l a t i v i s t i c  

f r e e  p a r t i c l e  o f  s p in  one h a l f .  One p o s s ib l e  c o m p le te  s e t  o f  

com m uting o b s e r v a b le s  c o n ta in s  t h e  momentum o p e r a t o r  p“ a n d  t h e  

z -co m p o n en t o f  s p i n  a n g u la r  momentum Sz ,  A n o th e r  p o s s i b l e  s e t  

i s  o b t a i n e d  by  r e p l a c i n g  t h e  momentum o p e r a t o r  b y  th e  p o s i t i o n  

o p e r a t o r  H ow ever, i n  g e n e r a l  a n  e x p e r im e n ta l  o b s e r v a t i o n  

o f  t h e  sy s te m  d e te rm in e s  i n  some d e g re e  b o th  p o s i t i o n  a n d  

momentum.

Suppose  an  e x p e r im e n ta l  o b s e r v a t i o n  o f  t h e  p a r t i c l e  show s

t h a t

<X>  = < p >  = o  t2- 2* 1

- 11 -



< x ? >  -  4  X >  < />>> =  i n  I ,  X ) 3  (2 _2 b )

< ^ 2 >  -  * « ■  ( 2 .2 c )

S in c e  £ x , p j  = i f t  t h e r e  e x i s t s  a n  u n c e r t a i n t y  r e l a t i o n  b e tw e e n  

th e  c o n ju g a te  p o s i t i o n  a n d  momentum c o o r d i n a t e s  o f  th e  p a r t i c l e .

A K  & p  2  £  ( 2 - 3 )

A c o m p le te  m ea su re m e n t c a n  be  c h a r a c t e r i z e d  b y  t h e  e q u a l i t i e s  

4  X. A  p  = -J -  (2 -1 |a )

a  =  t j r

F o r  t h i s  l i m i t i n g  c a s e  t h e  s t a t e  o f  t h e  s y s te m  c a n  be  d e te rm in e d  

w i t h i n  t h e  fram ew o rk  o f  qu an tu m  m e c h a n ic s

__ jL (  *Z +  *±- -t 3 -  ) , b
(L =  d  e  *  **i% * * *  (2 - 5 )

Y 5 ;

W h e re *  a n d ^5 a r e  t h e  s p ln - u p  a n d  sp in -d o w n  e i g e n s t a t e s  o f  Sz .

C i s  a  n o r m a l i z a t i o n  c o n s t a n t .

I n  t h e  c a s e  o f  an  I n e q u a l i t y  i n  ( 2 - 3 )  o r  i n  t h e  c a s e  

w h ere  a  /  +■!-, quan tum  m e c h a n ic s  d o e s  n o t  p r o v id e  a  m e th o d  o f  

u n iq u e ly  d e te r m in in g  th e  wave f u n c t i o n  ( o r  m ore g e n e r a l l y  t h e  

d e n s i t y  m a t r ix )  c o r r e s p o n d in g  t o  t h e  e x p e r im e n ta l  i n f o r m a t io n  

E q . ( 2 - 2 ) .  The p ro b le m  o f  c h a r a c t e r i z i n g  t h i s  i n i t i a l  s t a t e

12 ) W. P a u l i ,  D ie  A llg e m e ln e n  P r i n z l p l e n  P e r  W e lle n m e c h a n lk .  
( R e p r in t e d  f ro m  H andbuch  d e r  IP hysik , 2 .  A u f l . ,  B and 2 h ,
1 .  T i e l ;  J .  W. E dw ards P u b l i s h e r ,  Ann A rb o r ,  M ic h ig a n , 
1 950 ) p .  1 0 1 .
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Is not merely an academic question. X. R. Senitzky*^) in
%
d i s c u s s i n g  n o i s e  l i m i t a t i o n s  I n  m ic ro w av e  d e v ic e s  h a s  show n 

t h a t  t h e  p r e d i c t e d  v e l o c i t y  d i s t r i b u t i o n  o f  a n  e l e c t r o n  beam 

w h ic h  p a s s e s  th r o u g h  a  m ic ro w av e  c a v i t y  d e p e n d s  upon  th e  de­

t a i l s  o f  th e  wave p a c k e t  r e p r e s e n t i n g  t h e  I n i t i a l l y  assu m ed  

e l e c t r o n  s t a t e *  The I n i t i a l  I n f o r m a t io n  c o n c e rn in g  t h i s  s t a t e  

h a s  t h e  fo rm  o f  ( 2 - 2 )  w i th

A X {  A p t  >>

The MEE fo rm a lis m  p r o v id e s  t h e  o n ly  g e n e r a l  m e th o d  so  f a r  

p ro p o s e d  f o r  t r e a t i n g  t h i s  ty p e  o f  p ro b le m .

The MEE p r e s c r i p t i o n  s e l e c t s  t h e  d e n s i t y  m a t r i x f  w h ic h  

c o n d i t i o n a l l y  m a x im iz e s  th e  f u n c t i o n a l

S  ] - -  Ta/>

s u b j e c t  t o  th e  c o n s t r a i n t s  im p o se d  b y  t h e  e x p e r im e n ta l  o b s e r ­

v a t i o n  (2 -2 )

7 y  *  -  T Z f P  =• 0

7a  f> 3% -

Ue s h a l l  c o n s id e r  t h e  one d im e n s io n a l  c a s e  f o r  s i m p l i c i t y .

The r e s u l t s  a r e  e a s i l y  g e n e r a l i z e d  t o  th e  t h r e e  d im e n s io n a l  

c a s e ,  s i n c e  th e  s p a c e  p a r t  o f f a c t o r s  i n t o  th e  d i r e c t  p r o ­

d u c t  o f  t h r e e  o n e -d im e n s io n a l  d e n s i t y  m a t r i c e s .

1 3 ) I .  R . S e n i tz k y ,  P h y s . R ev . 9 £ , 90lj. (19£i|.)«
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/

I n t r o d u c i n g  L a g ra n g e  m u l t i p l i e r s  we se e k  t o  u n c o n d i t io n ­

a l l y  m ax im ize  th e  f u n c t i o n a l

5 I f ]  T t i f X ftf f *

The r e s u l t i n g  MEE d e n s i t y  m a t r i x ,  n o r m a l iz e d  t o  u n i ty  i s

__ &f-f> — A j  ^4 — X -  P )
'  5 7 x )

w i t h  th e  p a r t i t i o n  f u n c t i o n  Z(A) g iv e n  b y

, ? ( * )  -  7n  ■>

The ^  p a r a m e te r s  a r e  d e te rm in e d  by

JX * ,  <X*> =  -  ( 2 . ^

4 p v =  < p ’ > =  (2 —6b)

{ ; a .  = < f » >  = (2 -6 o )

£> =  ^ x >  = -  4 —

S in c e  th e  sp a c e  a n d  s p i n  o p e r a t o r s  com m ute, Z may b e  f a c t o r e d  

i n t o  a  p ro d u c t  c o n s i s t i n g  o f  a  s p in  p a r t  and  a  sp a c e  p a r t*

The s p in  p a r t  o f  t h i s  p ro d u c t  i s

J?s,,.n « '  ^  + 1  ^  ^ (2-7)

I n  th e  sp a c e  p a r t  we n o te  by  i n s p e c t i o n  t h a t  a n d  ^  

m u st v a n i s h  t o  s a t i s f y  t h e  z e r o  e x p e c t a t i o n  v a lu e s  o f  p o s i t i o n  

a n d  momentum. The t r a c e  i s  m o st e a s i l y  e v a l u a t e d  i n  a  r e p r e ­

s e n t a t i o n  w here  ^ x ^  + ^ £ p ^  i s  d i a g o n a l .  The b a s i s  s t a t e s

-  Ik  -



f o r  t h i s  r e p r e s e n t a t i o n  a r e  t h e  h a rm o n ic  o s c i l l a t o r  wave 

f u n c t i o n s

( X  ( * +  4 u  i # y

T he s p a c e  p a r t  o f  t h e  t r a c e  becom es

2  m £  e - z c \ K ) i l t  < * * & _  — |-------------- ..

***** m '  •ea-U.AtA.Ajk
The v a lu e s  o f  th e  ^  p a r a m e te r s  a r e  f o u n d  f ro m  ( 2 - 6 ) •

A p ' = ~ k * *  =  £  t 2 ± ) K c M  ■ k o . h / 1-

-  -  4 r r  =  -  k  * 2 ?
x  a

S o lv in g  t h e s e  e q u a t io n s  l e a d s  t o  t h e  r e l a t i o n s ,

X  =  ~ k  "* ( 2 - 9 a )

J , -  t v  ( M W

.  i -  & - A . - 1 ( 2 - 9 0

S u b s t i t u t i n g  t h e s e  v a lu e s  i n t o  th e  p a r t i t i o n  f u n c t i o n  we f i n d ,

r  - 1  i * -
^ U ' ‘  L | _ J (2-10)

The d e n s i t y  m a t r i x  becom es

Ilf.) L* I .  S c h i f f ,  Q uantum  M e c h a n ic s , S eco n d  E d i t i o n  (McGraw- 
H i l l  Book Com pany, I n c . ,  New Y o rk , 1 9 5 5 ) PP* 6 0 ,  62*
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Now c o n s id e r  th e  p r o b a b i l i t y  w h ic h  t h i s  d e n s i t y  m a t r i x  

a s s i g n s  t o  t h e  s t a t e  jn £ }  .  T h is  d e s c r i b e s  a  s p in - u p  ( p lu s )
i.V

o r  s p in -d o w n  (m in u s) p a r t i c l e  i n  th e  n —  h a rm o n ic  o s c i l l a t o r  

sp a c e  s t a t e *

U s in g  th e  r e l a t i o n s  (2 -9 )  t h i s  becom es

I t

I +  —  n p A x  I _* +  /

T h is  show s t h a t  n  B 0 i s  a lw a y s  th e  m o s t p r o b a b le  s t a t e .  I f  

a  > 0 th e n  th e  s p in - u p  s t a t e s  h av e  g r e a t e r  p r o b a b i l i t y  t h a n  

t h e  sp in -d o w n  s t a t e s  a n d  v i c e - v e r s a .

S uppose  t h e  e x p e r im e n t  p r o v id e s  a  c o m p le te  m ea su re m e n t o f  

th e  s y s te m . T h a t i s  A  x  a n d  6  P a r e  m e a su re d  a s  a c c u r a t e l y  a s  

th e  H e is e n b e rg  u n c e r t a i n t y  p r i n c i p l e  a l l o w s .

J x  A p  -  *L
F u r th e rm o re

a  B *

w here  we h a v e  a r b i t r a r i l y  a ssu m e d  th e  sy s te m  t o  h a v e  b e e n  

fo u n d  i n  th e  s p in - u p  s t a t e .  I n  t h i s  o a se

- 16 -



T hus I n  t h i s  l i m i t i n g  c a s e  o f  a  c o m p le te  m e a su re m e n t, t h e  MEE 

d e n s i t y  m a t r i x  c o r r e s p o n d s  t o  t h e  p u re  s t a t e

____

| o t >  -  .. — -----------  c  . K
a tr) '/*  U k) ^

T h is  I s  j u s t  t h e  r e s u l t ,  E q . ( 2 - 5 ) ,  one o b t a i n s  u s in g  th e  

s t a n d a r d  quan tum  m e c h a n ic a l  fo rm a l is m  f o r  c o n s t r u c t i n g  a  s t a t e  

g iv e n  a  c o m p le te  m e a su re m e n t.

I t  i s  I n t e r e s t i n g  t o  o b s e rv e  t h a t  i f  4 x 4 p  < & h , th e  

p r o b a b i l i t i e s  a s s o c i a t e d  w i t h  t h e  odd  n  s t a t e s  a r e  n e g a t i v e .  

T h is  i s  s im p ly  a  m a n i f e s t a t i o n  o f  t h e  H e is e n b e rg  u n c e r t a i n t y  

p r i n c i p l e .

F i n a l l y ,  l e t  u s  e v a l u a t e  th e  e n t r o p y  S a s s o c i a t e d  w i th  

t h i s  d e n s i t y  m a t r i x .

S  -  -  Ta j>

5  -  J b . *  + X

U sin g  th e  r e l a t i o n s  (2 - 9 )  a n d  (2 -1 0 )  we f i n d

S -  +  (»-**) -  (*-*--£■) ,4* u+*-o +AZ

w here  b  = ~ ~ P  .  F o r  b  = 1 a n d  a  = ± 1  t h e  e n t r o p y  S i s  Jn
z e r o .  T h is  c o r r e s p o n d s  t o  a  c o m p le te  m e a su re m e n t. F o r  a n

in c o m p le te  m ea su re m e n t I n  w h ic h

a .  =  o 

4 x 4 f  >> £ .

t h e  e n t r o p y  becom es
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So r o u g h ly  th e  num ber o f  r e a s o n a b ly  p ro b a b le  s t a t e s  f o r  a  

s p in  o n e - h a l f  p a r t i c l e  known t o  be i n  a  r e g i o n  o f  p h a se  sp a c e  

A x 4 p  I s

w  *

T h is  I s  s im p ly  th e  s ta te m e n t  t h a t  a  quan tum  s t a t e  c o r r e s p o n d s  

t o  a  p h a se  volum e o f  & p e r  d e g re e  o f  freedom *



CHAPTER I I I

The H ig h  P r o b a b i l i t y  M a n ifo ld  A s s o c ia t e d  w i t h  a  Maximum
E n tro p y  P e n a l t y  M a t r ix

I n  A p p e n d ix  A t h r e e  fu n d a m e n ta l  th e o re m s  o f  i n f o r m a t i o n  

t h e o r y  a r e  s t a t e d .  I n  C h a p te r  I I  t h e  f i r s t  o f  t h e s e  th e o re m s  

w as u s e d  i n  th e  MEE c o n s t r u c t i o n  o f  a  d e n s i t y  m a t r i x .  We now 

w is h  t o  i n v e s t i g a t e  t h e  p h y s i c a l  i n t e r p r e t a t i o n  o f  T heo rem s 

I I  a n d  I I I .  The i n f o r m a t io n  th e o r y  f o r m u la t io n  o f  t h e  s e c o n d  

th e o re m  i s  s t a t e d  i n  te rm s  o f  t h e  p r o b a b i l i t i e s  a s s o c i a t e d  

w i th  e r g o d ic ^ * )  M arkov s e q u e n c e s .  I n  d i s c u s s i n g  th e  s t a t i s t i ­

c a l  m e c h a n ic s  o f  a  m a c ro s c o p ic  s y s te m  we a r e  I n t e r e s t e d  i n  

th e  p r o b a b i l i t i e s  a s s o c i a t e d  w i th  th e  g l o b a l  s t a t e s  o f  th e  

s y s te m . F o r  t h e  l i m i t i n g  c a s e  o f  a  m a c ro s c o p ic  s y s te m  com posed 

o f  a  l a r g e  num ber o f  n o n - i n t e r a c t i n g  p a r t i c l e s ,  t h e  e i g e n s t a t e s  

o f  a n y  MEE d e n s i t y  m a t r i x  b a s e d  on  e x p e c t a t i o n  v a lu e s  o f  q u a n ­

t i t i e s  o f  th e  fo rm  F s ^ F ^ ,  w h ere  F^ o p e r a t e s  o n ly  o n  t h e  i —  

p a r t i c l e ,  f a c t o r  i n t o  p r o d u c t s  o f  s i n g l e  p a r t i c l e  s t a t e s .

F o r  t h i s  i d e a l i z e d  s y s te m , t h e r e  e x i s t s  a  p a r t i c u l a r l y  s im p le ,  

d i r e c t  c o n n e c t io n  w i th  th e  i n f o r m a t i o n  th e o r y  th e o re m s .

A g l o b a l  quan tum  s t a t e  c o r r e s p o n d s  t o  a n  e r g o d ic  s e q u e n c e ,  

a n d  t h e  s i n g l e  p a r t i c l e  s t a t e s  c o r r e s p o n d  to  t h e  sy m b o ls  

a p p e a r in g  i n  t h e  s e q u e n c e .  J u s t  a s  th e  s e q u e n c e s  may b e  s e p a r ­

a t e d  i n t o  tw o c l a s s e s  c o n s i s t i n g  o f  a  h i g h  p r o b a b i l i t y  a n d  a  

lo w  p r o b a b i l i t y  g ro u p  (T heorem  I I ) ,  th e  m a n i f o ld  o f  g l o b a l

1 $ )  S ee  A p p en d ix  A f o r  th e  d e f i n i t i o n  o f  e r g o d i c .
1 6 ) As a n  e x a m p le , c o n s i d e r  a  s y s te m  o f  n o n - i n t e r a c t i n g  s p i n s  

l o c a t e d  i n  a n  e x t e r n a l  m a g n e tic  f i e l d .
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quan tum  s t a t e s  may b e  s e p a r a t e d  I n t o  a  h i g h  p r o b a b i l i t y  m a n i­

f o l d  (HPM) a n d  a  lo w  p r o b a b i l i t y  m a n i f o ld  (LPM) • F u r th e r m o r e ,  

(T heorem  I I I )  a  HPM c a n  be d e f in e d  s u c h  t h a t  a l l  t h e  s t a t e s  

b e lo n g in g  to  t h e  HPM h a v e  n e a r l y  t h e  same p r o b a b i l i t y  

w here  W i s  t h e  d im e n s i o n a l i t y  o f  t h e  HPM,

The im p o r ta n c e  o f  t h e s e  th e o re m s  i n  t h e  p h y s i c a l  c a s e  i s  

d i r e c t l y  a s s o c i a t e d  w i th  th e  i n t e r p r e t a t i o n  o f  t h e  HPM b e lo n g ­

in g  to  a  MEE d e n s i t y  m a t r i x .  S in c e  a  MEE r e p r e s e n t s  th e  l e a s t  

b i a s e d  p r o b a b i l i t y  a s s ig n m e n t  c o n s i s t e n t  w i t h  th e  e x p e r im e n ta l  

c o n d i t i o n s ,  i t  i s  s u r p r i s i n g  t h a t  i t  may a c t u a l l y  s p e c i f y  a  

s h a r p l y  d e f in e d  m a n i f o ld  o f  h ig h  p r o b a b i l i t y  s t a t e s .  F u r t h e r ­

m o re , T heorem  I I I  show s t h a t  i t  a s s i g n s  e s s e n t i a l l y  th e  same 

p r o b a b i l i t y  t o  a l l  t h e  s t a t e s  i n  t h i s  m a n i f o ld .  T h is  HPM m u s t 

t h e r e f o r e  r e p r e s e n t  t h e  m a n i f o ld  o f  e x p e r im e n ta l ly  a l lo w e d  

quan tum  s t a t e s  f o r  t h e  sy s te m  o f  i n t e r e s t .  T h is  i d e n t i f i c a t i o n  

fo rm s  a  b a s i s  f o r  d i s c u s s i n g  r e v e r s i b l e  a n d  i r r e v e r s i b l e

p r o c e s s e s , ^ )
1 D i

S h a n n o n 's  p r o o f  o f  t h e s e  th e o re m s  i s  b a s e d  upon  t h e  

assum ed  e r g o d ic  p r o p e r t y  o f  t h e  sym bol s e q u e n c e . I n  t h e  c a s e  

o f  a  sy s te m  o f  i n t e r a c t i n g  p a r t i c l e s  t h e  g l o b a l  s t a t e  wave 

f u n c t i o n  w i l l  n o t  h a v e  t h i s  p r o p e r t y .  The i n t e r a c t i o n  p ro d u c e s  

c o r r e l a t i o n s  b e tw e e n  th e  s i n g l e  p a r t i c l e  s t a t e s  w h ic h  c a n n o t  

b e  d e s c r i b e d  b y  a n  e r g o d ic  M arkov p r o c e s s .  I n  o r d e r  t o  c l a r i f y  

th e  e f f e c t  o f  t h i s  o n  th e  e x i s t e n c e  o f  a  HPM we w i l l  s tu d y  a  

sy s te m  o f  i n t e r a c t i n g  s p i n s .  The s p in s  a r e  l o c a t e d  on  a  r i g i d

1 7 ) See  C h a p te r  V.
1 8 ) C . E . S h annon , o p .  c l t ,
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l a t t i c e  a n d  I n t e r a c t  by  m eans o f  a  d i p o l e - d i p o l e  I n t e r a c t i o n *  

The l a t t i c e  I s  l o c a t e d  I n  a n  e x t e r n a l  m a g n e tic  f i e l d  H*

The g e n e r a l  q u e s t i o n  o f  t h e  e x i s t e n c e  o f  h ig h  p r o b a b i l i t y  

m a n i f o ld s  f o r  c o u p le d  s p i n  s y s te m s  h a s  b e e n  d i s c u s s e d  b y  R .

a  h ig h  te m p e r a tu r e  a p p ro x im a t io n  I s  u sed*  H ow ever, I t  i s  f o r  

a  t h r e e  d im e n s io n a l  sy s te m  f o r  w h ic h  N e l s o n 's  r e s u l t s  a r e  n o t  

a p p l i c a b l e *  We r e a c h  th e  sam e c o n c lu s io n  a s  N e lso n  d o e s  f o r  

h i s  one  d im e n s io n a l  a n a ly s i s *  I f  t h e  s t r e n g t h  o f  th e  i n t e r ­

a c t i o n  f a l l s  o f f  w i th  d i s t a n c e  r a p i d l y  e n o u g h ,th e n  a  HPM e x i s t s *  

We h a v e  n o t  fo u n d  a  g e n e r a l  c r i t e r i o n  f o r  j u s t  how r a p i d  t h i s  

m u st be* I t  i s  s u f f i c i e n t l y  r a p i d  i f  t h e  c o r r e l a t i o n s  b e tw e e n  

s p in s  p ro d u c e d  b y  t h e  i n t e r a c t i o n  v a n is h  f a r  s p in s  s e p a r a t e d  

b y  m ore th a n  some f i n i t e  d i s t a n c e  d .  F o r th e  p a r t i c u l a r  c a s e  

c o n s id e r e d  h e r e  t h e  c r i t e r i o n  i s  t h a t  th e  e f f e c t i v e  l o c a l  

f i e l d  E q . O - I I 4.) b e  in d e p e n d e n t  o f  th e  t o t a l  num ber N o f  

s p in s  i n  t h e  l i m i t  N

D e f i n i t i o n s  o f  a  H ig h  P r o b a b i l i t y  M a n ifo ld  (HPM) a n d  S e p a r a b i l i t y  

C o n s id e r  a  s y s te m  o f  N i n t e r a c t i n g  s p i n s  d e s c r i b e d  by  a  

H a m i l t o n i a n ^ .  An e x p e r im e n ta l  o b s e r v a t i o n  g l v e s t y ^ s  E . The 

MEE d e n s i t y  m a t r ix  i s  g iv e n  b y

19 ) R*- N e ls o n , "The S t a t i s t i c a l  B a s is  o f  th e  S econd  L aw ,"  
( T h e s i s ,  S t a n f o r d  U n i v e r s i t y  P h y s ic s  D e p a r tm e n t, 1 9 o l ) ,

N e l s o n ^ ) .  Our t r e a tm e n t  i s  n o t  a s  g e n e r a l  a s  N e l s o n 's  s in c e

w i th

- 21 -



where /3 is determined by the condition
T * f * <  =  *

B ach  e i g e n s t a t e  o f  r e p r e s e n t s  a  g l o b a l  s t a t e  o f  t h e  s p in

d e n o te d  by  gn . The p r o b a b i l i t y  a s s i g n e d  a n  e n e rg y  e i g e n s t a t e

S e l e c t  i n  o r d e r  fro m  t h i s  s e r i e s  th e  d e g e n e r a te  e i g e n s t a t e s  

a s s o c i a t e d  w i th  g 1# g2 , C o n tin u e  t h i s  s e l e c t i o n  u n t i l ,  f o r

th e  f i r s t  t im e ,  t h e  sum o f  p r o b a b i l i t i e s  o f  th e  s t a t e s  s e l e c t e d  

i s  g r e a t e r  t h a n  o r  e q u a l  t o  ^  ( o < }  < J ) .

The d im e n s i o n a l i t y  o f  t h e  m a n i f o ld  s e l e c t e d  i n  t h i s  m anner i s

T h is  m a n i f o ld  o f  s t a t e s  w i l l  be  c a l l e d  th e  h ig h  p r o b a b i l i t y  

m a n i f o ld  (HPM j^O). The r e m a in in g  s t a t e s  fo rm  t h e  low  p r o b a b i l i t y  

m a n i f o ld  (LPM)•

2 0 ) T h is  d e f i n i t i o n  o f  t h e  HPM e x c lu d e s  c e r t a i n  h i g h l y  p r o b a b le  
s t a t e s  ( s u c h  a s  th e  g ro u n d  s t a t e )  w h ic h  h a v e  s m a ll  d e g e n e ra c y  
f a o t o r s .  I n  t h i s  s e n s e  i t  d i f f e r s  f ro m  th e  d e f i n i t i o n  o f  
t h e  h ig h  p r o b a b i l i t y  s e q u e n c e s  g iv e n  i n  A p p e n d ix  A, T heorem
I I .  I t  c o r r e s p o n d s  t o  t h e  d e f i n i t i o n  o f  HPM g iv e n  b y  
T heorem  I I I ,  w h ic h  i s  m ore a p p r o p r i a t e  p h y s i c a l l y .

s y s te m . L e t  th e  d e g e n e ra c y  o f  th e  n£2l e n e rg y  e i g e n s t a t e  be

|n >  i s ,

O rd e r  t h e  s t a t e s  s u c h  t h a t

g l p l  2  ®ap2  -  " •  *  g n + lPn + l *

*|(A)

( 3 - 1 )

( 3 - 2 )

- 22



Let w* be defined by the relation

l ^ V a i  = (3-3)

N r e p r e s e n t s  th e  num ber o f  s p i n s  i n  t h e  s y s te m . We s h a l l  s a y  

t h a t  t h e  s t a t e  s p a c e  a s s o c i a t e d  w i th  a  d e n s i t y  m a t r i x  I s  s e p ­

a r a b l e  ( I . e .  t h e  HPM I s  s h a r p l y  d e f in e d )  i f  w i s  I n d e p e n d e n t

o f  >  (O < / ) .

The M ethod  o f  C a l c u l a t i o n

D e f in e  a  d e n s i t y  o f  s t a t e s  f u n c t i o n  N(E) by  t h e  r e l a t i o n

F o r a  s y s te m  o f  n o n - i n t e r  a c t i n g  s p i n s ,  l o c a t e d  i n  a n  e x t e r n a l  

f i e l d  H, N(E) i s  a  G a u s s ia n  c e n t e r e d  a b o u t  E ■ 0 a n d  h a s  a n

C u r l e d  c o n s t a n t ,  a n d  H i s  t h e  e x t e r n a l  f i e l d .

We a r e  i n t e r e s t e d  i n  th e  c a s e  i n  w h ic h  t h e r e  e x i s t s  a  

d i p o l e - d i p o l e  i n t e r a c t i o n  b e tw e e n  th e  s p i n s .  L e t  th e  s y s te m  

c o n ta in  N s p i n s  o f  a n g u l a r  momentum I  l o c a t e d  i n  a  r i g i d  

l a t t i c e .  The H a m il to n ia n  c o n s i s t s  o f  t h e  Zeeman i n t e r a c t i o n  

w i t h  a n  e x t e r n a l  f i e l d  H a n d  th e  d i p o l e - d l p o l e  i n t e r a c t i o n  D .

F o r  |3 > o  we h a v e  t h e  n o r m a l i z a t i o n  c o n d i t i o n

(3-5)

RMS w id th  / k c f e . * ^  W here k  i s  B o l tz m a n n 's  c o n s t a n t ,  C i s

(3-6)

21 ) S ee  A p p en d ix  B .
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w h9re /VJ =  ^

<->f •

N ote  t h a t  T r / f  = TrMD s o .  I n  A p p en d ix  B , N(E) I s  c a l c u l a t e d  

f o r  t h i s  s y s te m  i n  t h e  h i g h  te m p e r a tu r e  a p p ro x im a t io n *  In  

t h i s  a p p ro x im a t io n  we f o r m a l ly  e x p a n d  Z i n  pow ers o f  p  • Then 

u s in g  E q . ( 3 - 4 )  t o  d e f in e  N(E) we h av e

- p e J e  =  z c a )  =  7 ^ i ( i +  P -  7 > i £ \  
J -  a  7a-t '-

To t h i s  same o r d e r  I n  ^3 we f i n d ,

/ / < * ) =  3 —  c ' S “  (3-7)

w here

/V<, -  T T i = C2I + I)"

A  -  -  * A C ( H ' + h: )  (3 . 8 a )

£  =  ^  (3 -8 b )

//*  _ 7 ^ 0 r  (3 —8 c )

Compare ( 3 - 7 )  to  th e  r e s u l t  f o r  th e  n o n - i n t e r a c t i n g  sy s te m  o f  

s p i n s ,  A p p en d ix  B . We n o te  t h a t ,  I n  th e  a p p ro x im a t io n  u s e d ,  

th e  e f f e c t  o f  th e  i n t e r a c t i o n  i s  s im p ly  to  i n c r e a s e  t h e  w id th
/*i2 . 2 2 )

o f  th e  G a u s s ia n  by  a  f a c t o r  p r o p o r t i o n a l  t o  T ° L ' .
H

2 2 ) Ffcom t h i s  v a n ta g e  p o i n t  I t  I s  n o t  s u r p r i s i n g  t h a t  a  HPM 
e x i s t s  i n  t h e  h i g h  t e m p e r a tu r e  l i m i t .  The f a c t  t h a t  o n ly  
t h e  a v e r a g e  l o c a l  f i e l d  e n t e r s  t h e  d e n s i t y  o f  s t a t e s  
f u n c t i o n  m eans i n  e f f e c t  we a r e  d e a l in g  w i th  a  s y s te m  o f  
’’n o n - i n t e r a c t i n g "  s p i n s  l o c a t e d  i n  a  m a g n e tic  f i e l d  
(H2  + H f)S .
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We now r e p l a c e  t h e  su m m atio n s I n  E q 's  ( 3 - 1 )  a n d  ( 3 - 2 )  

b y  I n t e g r a t i o n s  o v e r  N (E ) . The o n ly  p ro b lem  i s  to  f i n d  th e  

l i m i t s  o f  i n t e g r a t i o n *  The e n e rg y  E-  ̂ c o r r e s p o n d in g  to
. a g

m a x im iz e s  t h e  f u n c t i o n  N (E )e  r  •

-  O

U sin g  E q . ( 3 -7 )  one  o b t a i n s

F  f l L  ( 3 - 9 )

The sum i n  E q ’ s  (3 - 1 )  a n d  (3 -2 )  e x te n d s  t o  th e  s e t  o f  d eg en ­

e r a t e  s t a t e s  n(A)« T h is  c o r r e s p o n d s  i n  t h e  c o n t in u o u s  fo rm u ­

l a t i o n  to  some e n e rg y  Eq(X )*

-f /3  E  — C > )
4  1

The r o o t s  o f  t h i s  e q u a t io n  a r e

I A  /a  v
i O ) A

D e f in e  /* (A ) ^

£  + =  t  ( 3 - 1 0 )

T hen E q . (3 -1 )  c a n  be  w r i t t e n  a s

{  A / (F )  C.~ P  c t ?
(3 -1 1 )

w here  th e  l i m i t s  o f  i n t e g r a t i o n  E* a r e  g iv e n  b y  ( 3 - 1 0 ) .  T h is  

d e te r m in e s  ^ ( A ) *  Eq* ( 3 - 1 0 ) ,  a s  a  f u n c t i o n  o f  A • Eq* ( 3- 2 ) 

becom es
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(3 -1 2 )

The p ro c e d u re  I s  now t o  f i n d  3f O )  fro m  ( 3 - 1 1 ) ,  e v a l u a t e  

W(/i) f ro m  ( 3 - 1 2 ) ,  a n d  t h e n  to  I n v e s t i g a t e  t h e  l i m i t

±  W 'O )
/* *

U s in g  th e  e x p r e s s io n  f o r  N (E) (3 -7 )  I n  (3 -1 1 )  we f i n d

$ e ~  a~ J e
>  =  _ f l _____________________

J ~ c -
L e t  E -  E-i + th e n

) - ?T'/. 5 e ' * V x  =

T h is  h a s  th e  a p p ro x im a te  s o l u t i o n s

***■ >  o

The im p o r ta n t  p o i n t  I s  t h a t  t h e  N d e p e n d e n c e  I n  t h e  l i m i t s  

i s  c o n ta in e d  I n  t h e  f a c t o r  ,  a n d  ^ (} )  i s  f i n i t e  f o r

X t  1 ,0 *

The d i m e n s i o n a l i t y  o f  t h e  HPM I s  W (^)* Prom ( 3 - 7 )  a n d  

( 3 - 1 2 ) we h av e
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V Q ;  =  e ~  * J e
7 T '

W (»  c a n  be b o u n d e d  a s  f o l l o w s 2 ^

J 5 - -  e  * i e + - e . )  ± l f ( ) )  ±  « . -  (£+-/:_)
i t * - ^

w ith . •/
E + - E -  -  Z  a  y < - »

T h e r e f o r e  ^ 1
£ " u

—  e "  ^  / a ;  t  V O )  *  ^  e  ~
z r i i  / r ' -

1
Now a s su m in g  ^  ^ 1 , 0  we o b t a i n  b o u n d s  on t h e  l i m  jf l o g  W (X )

N-*«»

i , ( » i ) - A  ( e , - & < yt ^ ± / r , u u > ? ^ a i +l) _ o ^  ^ , t a V / ( 3- i 3 )~V w*~ <̂3 » °  d  r ~~2 —fj - i—^ Arj WCAJ < As^CXT+ti
/ / - *  o» ^ '

The A -d e p e n d e n t  te rm  a p p e a r i n g  i n  t h e  lo w e r  b o u n d  o f  E q . (3 -1 3 )

18 _  H )  _ * E d . =
/ /  /  / / n ^ -  a *

The /i - d e p e n d e n t  te r m  i n  t h e  u p p e r  b o u n d  o f  E q . ( 3 -1 3 )  h a s  t h e  

o p p o s i t e  s i g n  t o  t h i s .  We s h a l l  now ex am in e  th e  b e h a v io r  o f  

t h i s  te rm  i n  t h e  l i m i t  a s  N g o e s  t o  i n f i n i t y .  A  v a r i e s  a s

2 3 ) The p o i n t  i s  t h a t  f o r  a  g iv e n  X we c a n  f i n d  a n  N s u c h  t h a t  
E+ <. 0 .  Prom  t h e  d e f i n i n g  e q u a t io n  ( 3 - 1 0 )  f o r  E+ i t  

f o l l o w s  t h a t  E „ < E+ .  Now E+ « -  /2 £  + A *  f  (JO .  F o r  a
g i v e n  A t  1 , 0 ,  3*(^) i s  f i n i t e .  4  v a r i e s  a s  N, t h e r e f o r e  
we may p ic k  a n  N s u c h  t h a t  EL^ 0 .  I n  p a r t i c u l a r  t h i s  i s
t r u e  f o r  _  ^ ****(# 3

N >



N(H+H2). Therefore if H2 is independent of N, the ^ -dependent
L 2terms vanish as N a. However, if H varies as N, the)-dependent

L
terms will not vanish in the limit of large N. Therefore the
criterion for separability is that the square of the effective
local field T a ft'1-

n 1 _ !±!L
L (3-H )

be independent of N in the limit as N goes to infinity. This
f

is the case for a dipole-dipole interaction between spins in 
a rigid lattice.

For the separable case the upper and lower bounds in Eq. 
(3-13) converge to the. same limit. This gives

( 3 ’ 1 5 )

v -*> M

The right-hand side is independent of )i and therefore the state 
space is separable. Furthermore, the entropy of the spin 
system S=-Tr^iZy^, calculated to second order in yS is

Therefore

A } '*  =  j f  (3-16)

and log w is the entropy per spin. This corresponds to
Theorem II in Appendix A.

We shall next investigate the.probability associated with 
a state belonging to the HPM. The energy of a HPM state must 
lie between Ê _ and E_, Eq. (3-10). Therefore the probability
associated with a HPM state is bounded by the Boltzmann
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factors,
p i  e , - 6 K n

 ------------------------------------------------------------------------------ <  j?  ^  _ ______________________________________________

( i n n *  e ^ T  ~  c z z t o "

N ex t we n o te  t h a t

^ - ^ b s V - s

F u r th e rm o re ,  E^ v a r i e s  a s  N a n d  v a r i e s  a s  N ^ . T h e r e f o r e ,

g iv e n  0 ,  we c a n  f i n d  a n  N* s u c h  t h a t  f o r  N > N ;

i A y  S '  - _ s  I ^  i
i / v  I

I n  t h i s  l i m i t  we h a v e

f  = v? ~ N
T h is  r e s u l t  c o r r e s p o n d s  t o  T heorem  I I I  i n  A p p e n d ix  A.

We may sum m arize  t h e s e  r e s u l t s  b y  o b s e r v in g  t h a t  i f  t h e  

s t a t e  sp a c e  a s s o c i a t e d  w i th  a  d e n s i t y  m a t r ix  i s  s e p a r a b l e ,  

t h e n  i t  i s  p o s s i b l e  t o  t r e a t  t h e  s t a t e s  a s  th o u g h  t h e r e  w ere  

j u s t  ^  o f  th em  e a c h  h a v in g  p r o b a b i l i t y  if-11. The e n t r o p y  S 

d e te r m in e s  t h e  s i z e  o f  w*
s

F o r  a  MEE d e n s i t y  m a t r i x ,  c o r r e s p o n d in g  to  no  e x p e r im e n ta l  

I n f o r m a t io n  c o n c e rn in g  th e  s t a t e  o f  t h e  s y s te m , S s  N lo g  

(2 1  + 1) a n d  w « 21 + 1 .  F o r  a  MEE d e n s i t y  m a t r i x ,  c o r r e s ­

p o n d in g  t o  some e x p e r im e n ta l  o b s e r v a t i o n  h a v in g  b e a r i n g  on

2 4 ) See  f o o t n o te  23*
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th e  s t a t e  o f  t h e  s y s te m , S < N  l o g ( 2 I  + 1 ) a n d  w < (2 1  + 1 )*

I n  t h i s  o a s e  we n o te  t h a t  I n  th e  l i m i t  o f  l a r g e  N th e  HPM 

o f  s t a t e s  c o r r e s p o n d s  t o  a  n e g l i g i b l y  s m a ll  f r a c t i o n  o f  th e  

p o s s i b l e  g l o b a l  s t a t e s  o f  th e  s y s te m . I t  i s  j u s t  t h i s  f r a c ­

t i o n  o f  t h e  s t a t e s  w h ic h  we m u st d e a l  w i t h  i n  a n a ly z in g  

e x p e r im e n ta l  r e s u l t s .
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CHAPTER IV  

MEE f o r  S t a t i o n a r y  P ro b le m s

The p ro b le m  o f  t h e o r e t i c a l  p h y s ic s  i s  t h e  p r e d i c t i o n  o f  

e x p e r i m e n t a l l y  r e p r o d u c i b l e  r e s u l t s .  R e p r o d u c i b i l i t y  m eans 

t h a t  f o r  a lm o s t  a l l  o f  t h e  quan tum  s t a t e s  a l lo w e d  b y  t h e  e x p e r i ­

m e n ta l  c o n t r o l ,  th e  o b s e rv e d  r e s u l t s  a r e  s i m i l a r .  T h is  d o es  

n o t  e x c lu d e  f l u c t u a t i o n s ;  i n  f a c t ,  i t  m akes them  m e a n in g fu l*  

T h is  m a c ro s c o p ic  u n i f o r m i ty 2^^ m eans t h a t  r e p r o d u c i b le  e x p e r i ­

m e n ta l  r e s u l t s  may b e  c a l c u l a t e d  by a v e r a g in g  o v e r  th e  m an i­

f o l d  o f  e x p e r im e n ta l ly  a l lo w e d  s t a t e s .  F l u c t u a t i o n s  may o f  

c o u r s e  be c a l c u l a t e d  i n  t h i s  same m a n n e r. T h e r e f o r e ,  t h e  

p ro b le m  i s  s im p ly  t o  c o n s t r u c t  t h i s  m a n ifo ld  c o r r e s p o n d in g  to  

a  g iv e n  e x p e r im e n ta l  s e t  u p . The MEE fo rm a lis m  s h o u ld  p ro v id e  

a  m e th o d  f o r  d o in g  t h i s .

As d i s c u s s e d  i n  A p p en d ix  A i t  do es p r o v id e  a  u n iq u e  

m e th o d  f o r  c o n s t r u c t i n g  a  p r o b a b i l i t y  d i s t r i b u t i o n .  T h is  i s  

u n iq u e  i n  th e  s e n s e  t h a t  i t  i s  t h e  l e a s t  b i a s e d  d i s t r i b u t i o n  

c o n s i s t e n t  w i th  th e  g iv e n  e x p e r im e n ta l  i n f o r m a t i o n .  F u r t h e r ­

m o re , t h i s  d e n s i t y  m a t r i x  c h a r a c t e r i z e s  a  s e p a r a t i o n  o f  th e  

s t a t e s  o f  t h e  sy s te m  i n t o  two m a n i f o ld s .  One m a n i f o ld  ( th e  

HPM) c o n ta in s  s t a t e s ,  th e  sum o f  whose p r o b a b i l i t i e s  a p p ro a c h e s

2 5 )  J .  Von Neumann, Z . P h y s ik  £ 7 .  30 ( 1 9 2 9 ) .  P* B o c c h ie r i  
a n d  A . L o in g e r ,  P h y s .  R ev . y D u  9J*8 (1 9 5 8 ) r e p e a t  Von 
Neumann* s  a rg u m e n t a f t e r  m ak in g  a  u n i t a r y  t r a n s f o r m a t i o n .  
T hey show t h a t  f o r  t h e  "o v e rw h e lm in g  m a j o r i t y "  o f  t h e  
m a c r o s c o p ic a l ly  a l l o w e d - i n i t i a l  s t a t e s  o f  th e - s y s t e m  
t h e  e x p e o t a t l o n  v a lu e s  o f  t h e  dynam ic v a r i a b l e s  o f  
I n t e r e s t  a r e  t h e  sam e. T h is  i s  w hat we r e f e r  to  a s  
m a c ro s c o p ic  u n i f o r m i t y .
S ee  a l s o  E .  T . J a y n e s ,  P h y s . R ev . 1 0 8 . 171 (1 9 5 7 )*
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a r b i t r a r i l y  c lo s e  t o  u n i t y .  The d i m e n s i o n a l i t y  W o f  t h i s  

m a n i f o ld  i s

lo g  W = S

w here  S i s  t h e  e n t r o p y  o f  t h e  d i s t r i b u t i o n .  The p r o b a b i l i t y  

a s s o c i a t e d  w i th  a n y  s t a t e  b e lo n g in g  to  t h e  HPM i s  e s s e n t i a l l y  

Now c o n s id e r  w h a t t h e s e  f a c t s  im p ly .  The l e a s t  b i a s e d  

p r o b a b i l i t y  a s s ig n m e n t  c o n s i s t e n t  w i th  th e  e x p e r im e n ta l  a r r a n g e ­

m ent c h a r a c t e r i z e s  a  HPM o f  u n i f o r m ly  p r o b a b le  s t a t e s .  T h is  

m ust t h e r e f o r e  c o r r e s p o n d  to  th e  e x p e r i m e n t a l ly  a l lo w e d  m a n i­

f o l d  o f  s t a t e s *  Thus we h a v e  a  p r i n c i p l e  f o r  c o n s t r u c t i n g  

t h i s  m a n i f o ld .

I n  t h i s  c h a p t e r  we s h a l l  b e g in  an  i n v e s t i g a t i o n  o f  t h e  

m a n i f o ld s  a s s o c i a t e d  w i th  s t a t i o n a r y  e x p e r im e n t s .  I n  a  

s t a t i o n a r y  e x p e r im e n t  th e  v a lu e s  o f  th e  o b s e rv e d  q u a n t i t i e s  

do n o t  d ep en d  upon  th e  t im e .  A s p e c i a l  c l a s s  o f  s t a t i o n a r y  

e x p e r im e n ts  a r e  th o s e  o f  th e rm o d y n am ic  e q u i l i b r i u m .  F o r  t h i s  

c a s e  J a y n e s ^ )  h a s  shown t h a t  th e  MEE fo rm a l is m  r e d u c e s  t o  

th e  s t a n d a r d  c o m p u ta t io n a l  r u l e s  o f  e q u i l i b r i u m  s t a t i s t i c a l  

m e c h a n ic s .  S p e c i f i c a l l y ,  i f  t h e  i n f o r m a t i o n  c h a r a c t e r i z i n g  

t h e  e x p e r i m e n t a l l y  a l lo w e d  s t a t e s  i s  t h e  a v e r a g e  e n e r g y ,  t h e  

MEE d e n s i t y  m a t r i x  h a s  t h e  o a n o n ic a l  fo rm

Now c o n s id e r  a  m ore g e n e r a l  ty p e  o f  s t a t i o n a r y  e x p e r im e n t .  

F o r e x a m p le , l e t  u s  su p p o se  t h a t  s t e a d y ,  e x t e r n a l  c o n s t r a i n t s  

( c o n c e n t r a t i o n  g r a d i e n t s ,  t e m p e r a tu r e  g r a d i e n t s )  p r e v e n t  a  

sy s te m  f ro m  r e a c h in g  th e r m a l  e q u i l i b r i u m .  A t p r e s e n t  t h e r e

26 ) E . T . J a y n e s ,  o p .  c l t .
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d o e s  n o t  e x i s t  a  c o m p u ta t io n a l  fo rm a l is m  e q u i v a l e n t  to  e q u i l i ­

b r iu m  s t a t i s t i c a l  m e c h a n ic s  f o r  t h i s  ty p e  o f  s t a t i o n a r y  

p r o c e s s .  We b e l i e v e  MEE p r o v id e s  th e  b a s i s  f o r  s u c h  a  fo rm a ­

l i s m ,  The p ro b le m  i s  t w o - f o l d .  We m u st c o r r e c t l y  e n u m e ra te  

th e  r e l e v a n t  e x p e r im e n ta l  i n f o r m a t io n ;  a n d  s e c o n d ly ,  we m u st 

c a l c u l a t e  th e  MEE d e n s i t y  m a t r i x  c o n s i s t e n t  w ith  t h i s  

i n f o r m a t i o n .

I n  o r d e r  t o  i n v e s t i g a t e  t h e  p o s s i b l e  m eth o d s o f  c h a r a c ­

t e r i z i n g  s t a t i o n a r y  e x p e r im e n ts ,  we s h a l l  f i r s t  c o n s i d e r  a  

th e r m a l  e q u i l i b r i u m  p ro b le m . The a d v a n ta g e  o f  t h i s  i s  t h a t  

t h e  c o r r e c t  r e s u l t s  a r e  known fro m  e q u i l i b r i u m  s t a t i s t i c a l  

m e c h a n ic s .  F o r  e x a m p le , t h e  e q u a t io n  o f  s t a t e  f o r  a  s p in  

s y s te m  e s t a b l i s h e s  a n  e q u i l i b r i u m  r e l a t i o n s h i p  b e tw e e n  H, M 

a n d  T . The s t a te m e n t  t h a t  a  u n iq u e  e q u a t io n  o f  s t a t e  e x i s t s  

m e a n s , e x p e r i m e n t a l l y ,  t h a t  g iv e n  an y  two o f  t h e  q u a n t i t i e s  

E , M, T , th e  t h i r d  i s  d e te r m in e d .  T h u s, i n  a  c o n s i s t e n t  

t h e o r y ,  th e  same e q u a t io n  o f  s t a t e  m ust em erge  w h e th e r  t h e  MEE 

d e n s i t y  m a t r ix  i s  b a s e d  on k now ledge  o f  (T ,H ) ,  (H ,M ), o r  (M ,T ). 

C o n v e n tio n a l  s t a t i s t i c a l  m e c h a n ic s  c o n s i d e r s  o n ly  t h e  f i r s t  

o f  t h e s e  c a s e s .  H ow ever, i n  th e  l a t t e r  c a s e s  i t  i s  n e c e s s a r y  

t o  e x p l i c i t l y  s t a t e  ( i n  some fo rm ) t h a t  t h e  p h y s i c a l  s i t u a t i o n  

we w is h  t o  d e s c r i b e  i s  s t a t i o n a r y  i n  t im e .  A n a ly s is  o f  t h i s  

p ro b le m  l e a d s  to  a  m ethod  o f  im p o s in g  t h e  s t a t i o n a r y  'c o n s t r a i n t .

The E q u a t io n  o f  S t a t e  f o r  a  S p in  S ystem

One o f  t h e  p r o p e r t i e s  c h a r a c t e r i z i n g  a  therm odynam ic  

s y s te m  i s  a n  e x p e r im e n ta l ly  r e p r o d u c i b l e  e q u a t io n  o f  s t a t e .
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C o n s id e r  a  s y s te m  o f  s p i n s  l o c a t e d  on  a  r i g i d  l a t t i c e  a n d  

i n t e r a c t i n g  b y  m eans o f  a  d i p o l e - d i p o l e  i n t e r a c t i o n *  F o r  

t h i s  s y s te m  we e x p e c t  a n  e q u a t io n  o f  s t a t e  e s t a b l i s h i n g  th e  

r e l a t i o n s h i p  b e tw e e n  T , H a n d  M*

f(T ,H ,M ) = 0

U s u a l ly  o n e  c o n s i d e r s  T a n d  H a s  g iv e n *  The d e n s i t y  m a t r i x  

d e s c r i b i n g  t h i s  s i t u a t i o n  i s

< n )

9  = 77>

w h ere  D r e p r e s e n t s  t h e  d i p o l e - d i p o l e  i n t e r a c t i o n *  The e q u a ­

t i o n  o f  s t a t e  i s  o b t a i n e d  by  c a l c u l a t i n g  th e  e x p e c t a t i o n  

v a lu e  o f  t h e  m a g n e t i z a t io n *

=  T i p M

I n  l o w e s t  o r d e r ,  t h e  h i g h  t e m p e r a tu r e  e x p a n s io n  o f  th e  e q u a ­

t i o n  o f  s t a t e  i s  C u r i e 's  Law*

^  (4.2)

_ l  " E f t  =
~ A  TaI

We assu m e  t h i s  e q u a t i o n  o f  s t a t e  i s  a  r e p r o d u c i b l e  e x ­

p e r im e n ta l  r e s u l t *  T h e r e f o r e ,  t h i s  v a lu e  o f  m u s t be  n o t  

o n ly  th e  a v e r a g e  o b t a i n e d  fro m  t h e  d e n s i t y  m a t r i x  ( l j . - l )  b u t  

t h e  v a lu e  c h a r a c t e r i s t i c  o f  e a c h  o f  th e  g r e a t  m a j o r i t y  o f  t h e

3k



e i g e n s t a t e s  i n  t h e  HPM c o r r e s p o n d in g  t o  (I4. - I ) .  T h is  HPM 

c o r r e s p o n d s  p h y s i c a l l y  t o  t h e  m a n i f o ld  o f  e x p e r im e n ta l ly  

a l lo w e d  s t a t e s .  Now c o n s i d e r  th e  c a s e  I n  w h ich  t h e  v a lu e s  

o f  t h e  e x t e r n a l  f i e l d  H a n d  th e  m a g n e t i z a t io n  M a r e  g i v e n .  

T h is  I n f o r m a t io n ,  c o u p le d  w i th  a  c o r r e c t  s t a te m e n t  o f  t h e  

s t a t i o n a r y  n a t u r e  o f  t h e  e q u i l i b r i u m  s i t u a t i o n ,  m u s t  c h a r a c ­

t e r i z e  t h i s  same e x p e r i m e n t a l ly  a l lo w e d  m a n i f o ld  o f  s t a t e s .

To v e r i f y  t h i s  we s h a l l  c o n s t r u c t  th e  maximum e n t r o p y  

d e n s i t y  m a t r ix  c o n s i s t e n t  w i t h  t h e  <M^ ,  H I n f o r m a t io n .  A 

d e te r m in a t io n  o f  t h e  t e m p e r a tu r e  a s s o c i a t e d  w i t h  t h i s  d e n s i t y  

m a t r i x  y i e l d s  a n  e q u a t io n  o f  s t a t e .  U nder a p p ro x im a t io n s  

e q u i v a l e n t  t o  th e  h ig h  te m p e r a tu r e  e x p a n s io n  t h i s  e q u a t io n  

o f  s t a t e  s h o u ld  b e  j u s t  th e  C u r ie  Law, E q . ( i j .-2 ) .  The d e n ­

s i t y  m a t r i x  w i l l ,  I n  g e n e r a l ,  n o t  be  c a n o n i c a l .  T h e r e f o r e ,

I n  o r d e r  t o  p ro c e e d  we n e e d  an  o p e r a t i o n a l  d e f i n i t i o n  o f  th e  

t e m p e r a tu r e  a s s o c i a t e d  w i th  a  m a n i f o ld  o f  s t a t e s .  I n  t h e  

c a s e  o f  a  c a n o n ic a l  d e n s i t y  m a t r i x  th e  t e m p e r a tu r e  i s  d e f in e d  

i n  te rm s  o f  a  p a ra m e te r  w h ic h  m u l t i p l i e s  H  • S p e c i f i c a l l y  

o n e  h a s

±  < W >
T

A n a t u r a l  g e n e r a l i z a t i o n  o f  t h i s  i s  p r o v id e d  by G ib b s 1 S eco n d  

A n a lo g y  d e f i n i t i o n  o f  t e m p e r a tu r e

2 ? )  J* W i l l a r d  G ib b s , E le m e n ta ry  P r i n c i p l e s  I n  S t a t i s t i c a l  
M e c h a n ic s ,  (D over d u p l i c a t i o n s ,  I n c . ,  tfew Y o rk , N. Y . ,  
1 % 6 ;  ( o r i g i n a l l y  p u b l i s h e d  b y  th e  T a le  U n i v e r s i t y  P r e s s ,  
New H aven , C onn . 1 9 0 2 ) C h a p te r  XIV.
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N (E) r e p r e s e n t s  th e  e n e r g y  d e n s i t y  o f  s t a t e s  f u n c t i o n  a n d  k  

i s  B o l tz m a n n 's  c o n s t a n t .  ($4} i s  t h e  e x p e c t a t i o n  v a lu e  o f  t h e  

e n e r g y .  T h is  e x p e c t a t i o n  v a lu e  may be d e f in e d  o v e r  a n y  m a n i­

f o l d  o f  s t a t e s .  I n  p a r t i c u l a r ,  E q . (if—J+) c a n  be u se d  to  

o p e r a t i o n a l l y  d e f i n e  t h e  t e m p e r a tu r e  o f  a  s i n g l e  quan tum  

s t a t e .  T h e r e f o r e ,  b y  u s in g  E q . (if—if) we may s a y  t h a t  tem ­

p e r a t u r e  i s  a  p r o p e r t y  o f  a  s i n g l e ,  g l o b a l ,  qu an tu m  s t a t e .  

When te m p e r a tu r e  i s  a  u s e f u l  p a r a m e te r  i n  c o r r e l a t i n g  e x p e r i ­

m e n ta l  o b s e r v a t i o n ,  E q . (if—if) w i l l  a g r e e  w i t h  e x p e r im e n ta l  

r e s u l t s .  F o r  a  c a n o n ic a l  d e n s i t y  m a t r ix  w h ic h  i s  s e p a r a b l e  

( i . e .  a  s h a r p l y  d e f i n e d  HPM e x i s t s ) ,  t h e  t e m p e r a tu r e  d e f in e d  

by  E q . (4 " 4 )  a g r e e s  w i t h  t h a t  o f  E q . (if—3 )  t o  o r d e r  N**4’.

W here N i s  p r o p o r t i o n a l  t o  t h e  num ber o f  d e g re e s  o f  f re e d o m  

o f  th e  s y s te m .

To b e g in  w i t h ,  l e t  u s  c o n s id e r  t h e  MEE d e n s i t y  m a t r i x  

c o n s i s t e n t  w i th  th e  e x p e c t a t i o n  v a lu e  o f  th e  m a g n e t i z a t i o n  

a n d  th e  v a lu e  o f  t h e  e x t e r n a l  f i e l d  H . I t  h a s  th e  fo rm

(4 -S )

1  -  T a  e " 7*' n

?i0 -  -4* 2

a n d  i s  d e te rm in e d  b y  th e  r e q u i r e m e n t



F o r  a  s t a t i o n a r y  s i t u a t i o n ^ ! !  > s h o u ld  be  In d e p e n d e n t  o f  tim e *  

U s in g  th e  d e n s i t y  m a t r ix  (4 “ 5 )  we f i n d

cL<A*> -  i_ 7a [ P . M l M  - o

F u r t h e r ,  h ig h e r  o r d e r  t im e  d e r i v a t i v e s  w i l l  a l s o  n o t  v a n i s h .  

T h e r e f o r e ,  t h e  d e n s i t y  m a t r i x  (J+-5>) d o e s  n o t  d e s c r i b e  a  s t a ­

t i o n a r y  e x p e r im e n t.^ ® ^

T h e r e f o r e ,  we m u st f i n d  a  m eth o d  o f  e x p l i c i t l y  s t a t i n g  

th e  i n f o r m a t i o n  t h a t  t h e  e x p e r im e n ta l  o b s e r v a b le s  a r e  s t a t i o n ­

a r y .  One p o s s i b i l i t y  i s  t o  r e s t r i c t  t h e  a d m i s s i b l e  d e n s i t y  

m a t r i c e s  t o  t h e  c l a s s  w h ic h  comm ute w i th  t h e  H a m il to n ia n  o f  

th e  s y s te m .

(4 -6 )

We s h a l l  c a l l  E q . ( 4 - 6 )  t h e  " s t r o n g  s t a t i o n a r y  c o n d i t i o n . "

I f  i t  i s  s a t i s f i e d  t h e n  th e  e x p e c t a t i o n  v a lu e  o f  t h e  m a g n e ti ­

z a t i o n  w i l l  be s t a t i o n a r y .  M o re o v e r , th e  e x p e c t a t i o n  v a lu e s  

o f  an y  dynam ic  v a r i a b l e  w i l l  b e  s t a t i o n a r y .

The MEE d e n s i t y  m a t r ix  w i l l  be  c o n s t r u c t e d  b y  m a x im iz in g

S l f l  -  -

2 6 ) Had we c o n t in u e d  t h e  c a l c u l a t i o n  ( e v a l u a t i n g  O f ) ,  a n d  th e n  
T u s in g  E q . (4 -4 )J w e  w ou ld  h a v e  fo u n d , k e e p in g  te rm s  o f  
o r d e r  HS

1 i n- Z2-51
T  “ cw tr- T*/H*

T h is  i s  n o t  t h e  c o r r e c t  e q u i l i b r i u m  e q u a t io n  o f  s t a t e .
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subject to the constraints

7n f M  ~

a n d  t h e  " s t r o n g  s t a t i o n a r y  c o n d i t i o n "

w here  a n d  H a r e  know n . The a n a l y s i s  I s  m o s t c o n v e n i e n t l y

c a r r i e d  o u t  i n  a  r e p r e s e n t a t i o n  i n  w h ic h  M  I s  d i a g o n a l .

$  1 * 0  =  £«, ! " >

J> w i l l  b e  s t a t i o n a r y  i f  i t  h a s  th e  fo im

<to \ //***> -  S / h m

A ssum ing  t h i s  fo rm  f o r  ^»>we m ax im ise  th e  e x p r e s s io n

S -  }  < M >

The r e s u l t  i s , * ^ )

t r t l f l * )  =  £  1 (1 ^ 7 )

z  -  £ e

F r o m w e  may c a l c u l a t e  'CM'),  t h e n  u s in g  E q . (4-lf.) we c a l c u l a t e  

th e  t e m p e r a tu r e  a s s o c i a t e d  w i th  f>  • T h is  d e te r m in e s  t h e  e q u a ­

t i o n  o f  s t a t e  f o r  t h e  s p i n  s y s te m .

2 9 ) A d e t a i l e d  a n a l y s i s  o f  t h i s  v a r i a t i o n a l  p ro b le m  i s  g iv e n  
l a t e r  i n  t i l l s  c h a p t e r  w here  th e  g e n e r a l  s t a t i o n a r y  p ro b le m  
i s  d i s c u s s e d .



We s h a l l  u se  a  fo rm a l  e x p a n s io n  o f  t h e  e x p o n e n t i a l .

When t h e  c a l c u l a t i o n  i s  c o m p le te d  i t  w i l l  be  c l e a r  t h a t  t h i s  

i s  a n  e x p a n s io n  i n  th e  r a t i o  o f  a n  e n e rg y  p e r  s p i n  t o  k T . ^ ^  

T h ro u g h o u t t h e  c a l c u l a t i o n  t h e  s t a t e s  }n >  w i l l  b e  t h e  e ig e n ­

s t a t e s  o f  t h e  t o t a l  H a m i l t o n i a n ^  • U s in g  th e  d e n s i t y  m a t r i x  

g iv e n  i n  E q . ( k~7)  t h e  e x p e c t a t i o n  v a lu e  f o r  t h e  m a g n e t i z a t i o n

i a  ^

< M >  = M

M

E x p an d in g  t h e  e x p o n e n t i a l  a n d  k e e p in g  o n ly  th e  l o w e s t  n o n -  

v a n is h in g  c o n t r i b u t i o n  to < fM )w e  o b t a i n

< / h \  M  \A \ }

77 iX

The z e r o  o r d e r  te rm  v a r i e s  a s  TrM w h ic h  v a n i s h e s .  T h is  e q u a ­

t i o n  d e te r m in e s  t h e  v a lu e  o f  t h e  p a ra m e te r  ^  ,  i n  te rm s  o f  

th e  e x p e c t a t i o n  v a lu e  o f  th e  m a g n e t i z a t i o n .

> , =  -  ^A1> - J ± Z -----------------  ( M )
<At / A

A g a in  u s in g  th e  d e n s i t y  m a t r i x  (i^ -7 )*  t h e  e x p e c t a t i o n  

v a lu e  f o r  t h e  t o t a l  e n e rg y  o f  t h e  s p i n  s y s te m  i s

< J 4 > -     _ _______ _

A*

30) The e x p a n s io n  p a ra m e te r  i n  t h e  h ig h  t e m p e r a tu r e  a p p r o x i ­
m a t io n  i s  th e  r a t i o  o f  t h e  e n e r g y  p e r  s p i n  t o  k T . S ee  
f o o t n o t e  p .  1 0 9 2 , J .  H . Van V le c k , S u p p . V o l .  V I , S e r i e  X, 
D e l Nuovo C im ento  (1 9 5 7 )*  F o r  th e  ex am p le  w h ic h  we. 
c o n s id e r  u £ /k T  ^  1 0 "3  f o r  H a-10**- g a u s s  a n d  T ^ 1 * K .
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Expanding the exponential we obtain in lowest order

/ d l \  =2 “  4 ?
Ta L

The z e r o  o r d e r  t e r n  v a r i e s  a s  T r ,#  w h ic h  v a n i s h e s .  S in c e  

i s  d ia g o n a l  i n  t h e  ]n>  r e p r e s e n t a t i o n  we may w r i t e  t h e  l a s t  

e q u a t io n  f o r  i n  te r r a s  o f  a  t r a c e .

T h J L P
Tst i

S in c e  TrMD v a n is h e s  t h i s  l a s t  e x p r e s s io n  becom es

< -* >  =  y t n  (l^ '9 )
T/I *

F i n a l l y ,  s u b s t i t u t i n g  th e  e x p r e s s io n  f o r  g iv e n  i n  (4 * 8 ) we 

o b t a i n

7~a  f t 1- n
O O  =  -  H - < * >   -------------------- —  (^ ’ 1 0 )

J L
A*

I n  t h e  l i m i t  D «*- 0 we g e t  th e  e x p e c te d  r e s u l t ,

In  o r d e r  t o  e v a l u a t e  <"<#> we m u st c a l c u l a t e  t h e  sum

( /f i m  y (if-ii)
/U

We s h a l l  s e e k  to  c a s t  t h i s  sum ( if -11 ) i n t o  th e  fo rm  o f  a  t r a c e .  

The a d v a n ta g e  o f  t h i s  i s  th e  w e l l  known f a c t  t h a t  t h e  v a lu e  

o f  a  t r a c e  i s  r e p r e s e n t a t i o n  in d e p e n d e n t .  I n  p a r t i c u l a r  we 

may u se  t h e  r e p r e s e n t a t i o n  i n  w h ic h  M i s  d i a g o n a l .  L e t  t h e s e  

s t a t e s  be r e p r e s e n t e d  b y

M  (#*> s  ,/H  
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The e x a c t  e n e r g y  e i g e n s t a t e  f n >  may be  e x p a n d e d  i n  

te rm s  o f  t h e  / n ^  b a s i s  s t a t e s ,

/ /» >  - 1 * . >  +- £ '  i* j > < '” -1 i — 1 —  j> i * >  ■*■ ■■■

O nly  th e  lo w e s t  o r d e r  D c o r r e c t i o n  t o  I n J )  w i l l  be  k e p t*

T h is  I s  c o n s i s t e n t  w i t h  t h e  f a c t  t h a t  I n  c a l c u l a t i n g  S M ? 

a n d  o n ly  t h e  lo w e s t  o r d e r  c o n t r i b u t i o n s  w e re  r e t a i n e d *

L e t  t h e  /n „ >  e i g e n f u n c t i o n s  be  n o r m a l iz e d  t o  u n i ty *  T hen

</» i m  im  > =  o v i / f i* .>  + -c  [<k  i h \ m:  > -  < x ia a '» .))

Now com pute  t h e  s q u a re  o f  t h e  m a t r i x  e le m e n t  ^ n jM /n ^  ,  

k e e p in g  te rm s  o f  o r d e r  i n  t h e  i n t e r a c t i o n *

I'***'}

+ z  £ '  ( < * : i m m )  h u )

The sum b e co m es , t o  o r d e r  I n  th e  i n t e r a c t i o n ,

/h /

The l a s t  te rm  m ay be w r i t t e n  a s ,

^  ICW1W)<«S 1CD,* 3 K> _  L 7̂  d"1
/♦'M o' * 0 ^  ^

The f i r s t  te rm  i s  s im p ly  TrM ^. T h e r e f o r e  t h e  sum ( 4 - 1 1 )  c an
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be east In the form,

< 4 I M I m >* =  l A t f  -  - b  Ta P 1- 
+. n

(̂ .-12)

U s in g  t h i s  I n  ( lf -1 0 )  one  o b t a i n s

n t r

D e f in e  a  l o c a l  f i e l d

n *  _  T a P  

L Ta A 1-

t h e n ,

~  ■ , (^ 13>
I f )

The h i g h  te m p e r a tu r e  a p p ro x im a t io n  t o  t h e  e n e rg y  d e n s i t y  

o f  s t a t e s  N(E) h a s  b e e n  g iv e n ,  E q . ( 3 - 7 ) •  U s in g  th e  d e f i n i t i o n  

o f  T E q . (4-ij-) we f i n d

J -  *  d 1 A j L p M * )  I =  
r 4£ * / &

S u b s t i t u t i n g  t h e  e x p e c t a t i o n  v a lu e  o f  ,  E q . (Ij.-13)* t h i s  

b eco m es ,
-I

j _  =  _ M -  

T  t

To s e c o n d  o r d e r  I n  {H? s  T r D y  T rn  ) we o b t a i n

/ <M>
C H
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T h e r e f o r e  th e  e q u a t io n  o f  s t a t e  g i v in g  T i n  te rm s  o f  

an d  H i s  C u r i e 's  Law

TsiS 
<M>

T h is  i s  e x a c t l y  t h e  e q u a t io n  o f  s t a t e  o b t a in e d  i n  th e  h ig h  

t e m p e r a tu r e  a p p ro x im a t io n  fro m  t h e  d e n s i t y  m a t r ix  c h a r a c t e r i z e d  

b y  t h e  i n i t i a l  i n f o r m a t io n  T ,H .

S in c e  t h e  " s t r o n g  s t a t i o n a r y  c o n d i t i o n "  E q , ( 4 - 6 )  r e ­

p ro d u c e s  th e  C u r ie  Law f o r  t h i s  e q u i l i b r i u m  p ro b le m , we s h a l l  

u se  i t  t o  I n v e s t i g a t e  n o n - e q u i l i b r i u m  p ro b le m s , A g e n e r a l  

fo r m a l is m  u s in g  E q , (1^—6) t o  s p e c i f y  t h e  s t a t i o n a r y  c h a r a c t e r  

o f  t h e  p h y s i c a l  p ro b le m  i s  d e v e lo p e d .  The c o n c e p t  o f  th e  

d ia g o n a l  p a r t  o f  a n  o p e r a t o r  a l lo w s  th e  d e n s i t y  m a t r i x  t o  be  

w r i t t e n  i n  a  r e p r e s e n t a t i o n  in d e p e n d e n t  fo rm  ( a s  o p p o se d  to  

E q , (4 “ 7 ))• An e x p l i c i t  r e p r e s e n t a t i o n  f o r  t h e  d ia g o n a l  p a r t  

o f  a n  o p e r a t o r  a l l o w s  u s  t o  c a l c u l a t e  w i t h  t h i s  f o r m a l is m ,

A G e n e ra l  S t a t i o n a r y  F o rm a lism  U s in g  th e  S t r o n g  S t a t i o n a r y  
C o n d i t io n

A lth o u g h  th e  p r e v io u s  exam ple  c o n c e rn e d  a  th e r m a l  e q u i ­

l i b r i u m  p ro b le m , t h e  a n a l y s i s  was b a s e d  upon o n ly  th e  s t a ­

t i o n a r y  c h a r a c t e r  o f  t h e  o b s e r v a t i o n s .  T h is  s u g g e s t s  t h a t  

we e x te n d  t h i s  sam e m e th o d  t o  s t a t i o n a r y ,  n o n - e q u i l ib r iu m  

p ro b le m s .

S u p p o se  we a r e  g iv e n  th e  e x p e c t a t i o n  v a lu e s  o f  t h e  o p e r a ­

t o r s  F ^ , F2 «*«Fn , The d e n s i t y  m a t r i x  w h ic h  r e p r e s e n t s  th e  

m o st u n b ia s e d  d e s c r i p t i o n  o f  t h e  s t a t e  o f  t h e  sy s te m  c o n s i s ­

t e n t  w i t h  t h e s e  c o n d i t i o n s  i s
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w here \  a n d  X- a r e  d e te rm in e d  by

7 - 7 A c T  ^  F<

I f  a n y  o f  th e  Fj_ f a l l  t o  commute w i t h  th e  H a m il to n ia n ,  th e

d e n s i ty  m a t r i x  ( I4.—llj.) i s  n o t  s t a t i o n a r y *  I t s  t im e  d e p en d e n ce

i s  d e te rm in e d  by  t h e  L l o u v l l l e  e q u a t io n

i (ft :  1  i n  t h i s  s e c t i o n )

Suppose  b e s i d e s  b e in g  g iv e n  t h e  above  e x p e c t a t i o n  v a lu e s  

o f  F^ we a r e  i n t e r e s t e d  i n  d e s c r i b i n g  a  s t a t i o n a r y  e x p e r im e n t .  

A weak c o n d i t i o n  c h a r a c t e r i z i n g  a  s t a t i o n a r y  e x p e r im e n t  i s  

g iv e n  by

d  Ta j> -  o  (I4.-1 5 )

w i th /f I t )  = e f £ e " *

S u f f i c i e n t  c o n d i t i o n s  f o r  ( lf-1 5 ) a r e

l & j F c l - 0  o r

We s h a l l  be  i n t e r e s t e d  i n  c a s e s  w here  “ 0* As b e f o r e ,

we w i l l  assum e t h e  " s t r o n g  s t a t i o n a r y  c o n d i t i o n . "



We now C a lc u l a t e  j>  by  m a x im iz in g  th e  e n t r o p y  S s  - H r / I n f  

o v e r  t h e  m a n i f o ld  o f  d e n s i t y  m a t r i c e s  w h ic h  commute w l t h / f ,  

a n d  w h ic h  s a t i s f y  th e  c o n s t r a i n t s ,

T A f F i  = < K >  ( 4 -1 7 )

P ro c e e d in g  i n  t h e  s t a n d a r d  m anner l e t

J l f > l  = 7 ^  7Af'%

L e t  + O f  w h e re ^  i s  t h e  d e n s i t y

m a t r i x  w h ic h  m akes J  s t a t i o n a r y ,  y  i s  cm a r b i t r a r y  v a r i a t i o n

s u b j e c t  t o  t h e  c o n s t r a i n t  * 0« T hen  t a k i n g  t h e  f i r s t

v a r i a t i o n ,

we f i n d #

7 a  I f  + 2 -  ] = O (4 -1 8 )

I f  w ere  c o m p l e t e l y - a r b i t r a r y ,  one w o u ld  r e q u i r e  t h e  o p e r a t o r  

i d e n t i t y  j tH p - t -  “ 0  • H ow ever, we h a v e  t h e  c o n s t r a i n t

t f y M l  s  0 .  L e t  u s w r i t e  t h i s  c o n s t r a i n t  c o n d i t i o n  i n  a  r e ­

p r e s e n t a t i o n  w h ic h  d l a g o n a l i z e s  M  .

f £ P > E  ( 4 -1 9 )

W here v' r e p r e s e n t s  t h e  a d d i t i o n a l  qu an tu m  num bers a s s o c i a t e d  

w i th  t h e  s t a t e .

C e - £ ' )  C*rWy|£'*'> -  0 (4. 20)

*An a d d i t i v e  te r m  + 1  h a s  b e e n  o m it te d  I n s i d e  th e  b r a c k e t ,  Eq* 
( 4 - 1 8 ) ,  s in c e j >  w i l l  b e  n o rm a liz e d  a t  t h e  end o f  th e  c a l c u l a t i o n
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When E /  E ' ,  t h e  m a t r ix  e le m e n t  >p,y  v a n i s h e s .  How­

e v e r ,  w i t h i n  a n y  d e g e n e r a te  m a n i f o ld  o f  t h e  m a t r i x  e le m e n ts  

o f  ^  may b e  a r b i t r a r y .  The c o n d i t i o n  o n  'jp  g iv e n  b y  e q u a t io n  

(4 -1 8 )  i s  t h e r e f o r e ,

! e p ,S> ~  o  (4 -2 1 )

L e t  u s  d e f i n e  th e  " d ia g o n a l  p a r t 1' o f  F^ b y  th e  r e l a t i o n

< £ » ] F t . \ e ‘l>''y = I  <EvlFlEP>>  (lfr-22)
‘ x E E '

S in c e  f  i s  d ia g o n a l  i n  E , we may w r i t e  E q . (4 -2 1 )  i n  th e  fo rm

} £+t f  +  -f- ^  I e '/j' )  “  0 (4-23)

S in c e  th e  s t a t e s  |Ej-»>form . a  c o m p le te  s e t ,  we h a v e  t h e  o p e r a t o r  

r e l a t i o n

JIm f  +  JL  F<i i ~ °  (4-24)

The s t e a d y  s t a t e  MEE d e n s i t y  m a t r i x  n o r m a l iz e d  t o  u n i t y  i s

t h e r e f o r e  _  ^
' #/

— _  e  ‘ 

f  ? O d

We s h a l l  now p ro c e e d  t o  c o n s t r u c t  a n  e x p l i c i t  r e p r e s e n t a ­

t i o n  f o r  th e  d ia g o n a l  o p e r a t o r  Fd# L e t

f;  - r  - i  W J i  {k~zb)

t h e n  we h a v e  s a t i s f i e d ,  f o r  w e l l  b e h a v e d  A , t h e  c o n d i t i o n ,

< f £ v l  Fj I E * 1)  =  < E l > I F I E W >

I n  o r d e r  t o  rem ove t h e  n o n - d ia g o n a l  p a r t  o f  F  we r e q u i r e

< £ u } F ( E ' P ’ y  ~ t < E P i r # j A 7 l f ' j ' f>

- 46 -



Therefore let A have the off diagonal matrix elements

i  ( £ - £ • )

A f o r m a l  r e p r e s e n t a t i o n  f o r  A I s

£  o
(4 .-2 8 )

T a k in g  m a t r i x  e le m e n ts  we h a v e

0  t C E - E ' )  -f- € i C e - E ' )

T h e r e f o r e  th e  d ia g o n a l  p a r t  o f  a n  o p e r a t o r  c a n  b e  r e p r e s e n t e d

W here, i n  o r d e r  t o  e a s e  t h e  n o t a t i o n ,  we h a v e  o m i t t e d  " lim " *

T h is  l i m i t i n g  p r o c e s s  I s  u n d e r s to o d  to  o c c u r  a t  t h e  e n d  o f  

t h e  c a l c u l a t i o n *  A c t u a l ly  I t  I s  s u f f i c i e n t  t o  l e t  £ re m a in  

f i n i t e  I f  I t  I s  s m a l l  co m p ared  t o  t h e  e n e rg y  l e v e l  s p a c in g *

I n  t h e  l i m i t  o f  c o n t in u o u s  e n e r g y  l e v e l s  £ m u s t go t o  z e ro *

I n  o r d e r  t o  g a i n  a  m ore p h y s i c a l  p i c t u r e  o f  th e  " d ia g o n a l  

p a r t "  o f  a n  o p e r a t o r ,  c o n s i d e r  Eq* ( 4 - 2 9 ) .  L e t  u s  t r e a t  

F ( t )  a s  a  c -n u m b er f u n c t i o n  h a v in g  a  d . c ,  p a r t  FQ* C a r ry in g  

o u t  th e  I n t e g r a t i o n  we o b t a i n  i n  th e  l i m i t  £ g o e s  t o  z e ro

T h e r e f o r e  th e  " d ia g o n a l  p a r t "  o f  a n  o p e r a t o r  I s  t h a t  p a r t  

w h ic h  r e m a in s  c o n s t a n t  u n d e r  a  u n i t a r y  t r a n s f o r m a t i o n  g e n e r a t e d

by
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b y  t h e  H a m il to n ia n  H  + I t  I s  j u s t  t h i s  t im e  In d e p e n d e n t  

p a r t  w h ic h  o n e  w o u ld  e x p e c t  t o  p l a y  a  r o l e  I n  s t a t i o n a r y  p r o ­

c e s s e s .

As a n  ex am p le  o f  t h i s  f o r m a l is m  we c o n s i d e r  t h e  p ro b le m

o f  s t e a d y - s t a t e  d i f f u s i o n  o f  p a r t i c l e s  th r o u g h  a  l a t t i c e .  F o r

s m a l l  c o n c e n t r a t i o n  g r a d i e n t s  we o b t a i n  a n  e x p r e s s i o n  f o r  t h e

d i f f u s i o n  c o n s t a n t .  T h is  i s  i d e n t i c a l  t o  t h a t  o b t a i n e d  b y
3 1 )R . Kubo e t .  a l .  u s in g  a  d i f f e r e n t  m e th o d . H ig h e r  o r d e r  

a p p r o x im a t io n s  o f  th e  s t a t i o n a r y  MEE fo rm a l is m  p r o v id e  a  p r e ­

s c r i p t i o n  f o r  c a l c u l a t i n g  n o n - l i n e a r  e f f e c t s  i n  s t e a d y - s t a t e  

p ro b le m s .  K u b o 's  fo rm a l is m  i s  n o t  a p p l i c a b l e  t o  t h i s  p ro b le m .

He a ssu m e s  t h a t  t h e  c o n s t r a i n t s  p r e v e n t in g  th e  s y s te m  fro m  

r e a c h i n g  th e rm o d y n am ic  e q u i l i b r i u m  a r e  rem o v ed  a t  t  * 0 .  H is  

r e s u l t s  a r e  b a s e d  upon  t h e  t im e  d e v e lo p m e n t o f  t h e  d e n s i t y  

m a t r i x  a s  I t  e v o lv e s  to w a rd  e q u i l i b r i u m . ^ ^

The P ro b le m  o f  S t e a d y - S t a t e  D l f f u s i o n

C o n s id e r  t h e  p ro b le m  o f  s t e a d y - s t a t e  d i f f u s i o n  o f  p a r t i c l e s  

th r o u g h  a  l a t t i c e .  We assu m e t h a t  t h e  o b s e r v e d  q u a n t i t i e s  

c h a r a c t e r i z i n g  t h i s  p ro b le m  a r e  t h e  t e m p e r a tu r e  o f  t h e  s y s te m  

T a n d  t h e  e x p e c t a t i o n  v a lu e  o f  t h e  c o n c e n t r a t i o n  o f  p a r t i c l e s  

<n{x)/> .  From  a  c o n c e p tu a l  p o i n t  o f  v ie w , th e  s e o o n d  q u a n t l -

3 1 ) R« Kubo e t .  a l«  o p .  o l t .  T h is  m e th o d  i s  b a s e d  upon  
O n s a g e r 's  a s s u m p t io n  t h a t  t h e  a v e r a g e  r e g r e s s i o n  o f  sp o n ­
ta n e o u s  f l u c t u a t i o n s  f o l l o w  t h e  m a c ro s c o p ic  la w s  o f  
I r r e v e r s i b l e  p r o c e s s e s .  F o r  a  c a l c u l a t i o n  m ore  c l o s e l y  
r e l a t e d  t o  o u r s ,  s e e  S .  N a k a jim a , F r o g .  T h e o r .  F h y s .
( J a p a n )  2 0 ,  9l*J8 ( 1 9 5 8 ) .

32) F o r  h i g h e r  o r d e r  a p p r o x im a t io n  i n  K ubo’ s  f o r m a l is m  s e e  
W. B e rn a rd  a n d  H . B . C a l l e n ,  R ev . Mod. P h y s . 3 1 ,  1 0 1 7 , 
( 1 9 5 9 ) .
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z a t l o n  fo rm a l is m  i s  p a r t i c u l a r l y  a p p r o p r i a t e  t o  t h i s  p ro b le m  

s in c e  a n y  a t t e m p t  t o  d e s c r i b e  a  s t a t e  o f  s t e a d y  f l o w  i n  te rm s  

o f  c o n f i g u r a t i o n  sp a c e  w o u ld  I n v o lv e  p a r t i c l e  c o o r d i n a t e s  

a p p e a r in g  a n d  d i s a p p e a r in g  fro m  t h e  r e g i o n  o f  i n t e r e s t *  I n  

a d d i t i o n ,  t h e  s e c o n d  q u a n t i z a t i o n  fo rm a l is m  a u t o m a t i c a l l y  

t a k e s  a c c o u n t  o f  t h e  B ose  o r  F e rm i s t a t i s t i c s  o f  i d e n t i c a l  

p a r t i c l e s ,  w h e re a s  i n  c o n f i g u r a t i o n  sp a c e  t r e a t m e n t s  t h i s  i s  

a c c o m p lis h e d  o n ly  b e  im p o s in g  a d d i t i o n a l  a r b i t r a r y  c o n s t r a i n t s  

on  t h e  p rob lem *  L e t  t h e  H a m il to n ia n  f o r  t h e  s y s te m  b e

f t  =  iff6<) ( - j L .  v  V  fc )  ( 4 -3 0 )

The d e n s i t y  o f  p a r t i c l e s  o p e r a t o r  i s

/UIX1 rr (f̂ CX) (ft*) (4 “ 31)

The c o n t i n u i t y  e q u a t io n  i s

A  -r r -  f  * o  ( 4 -3 2 )

w i th  t h e  c u r r e n t  o p e r a t o r  d e f in e d  b y  th e  r e l a t i o n

7  = *«■
( 4 -3 3 )

G iv e n  T a n d  < n ( x ) ^  th e  s t e a d y - s t a t e  MEE d e n s i t y  m a t r i x  

i s ,  Eq* (4 -2 6 )
- p X  +  \ <*3 X s 4 ( X ) / M j C x )

f  0(1 J (4-34)

w here n ^ ( x )  i s  t h e  d i a g o n a l  p a r t  o f  t h e  o p e r a t o r  n ( x )  a n d

n  l > o o j  .  7A e ' P *  + ( W S ,
r
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i s  a  f u n c t i o n  o f  y0 a n d  a  f u n c t i o n a l  

p  e q u a l s  (kT)"*1 a n d  th e  c h e m ic a l  p o t e n t i a l ^ * )  i s  d e te rm in e d  

by  th e  c o n d i t i o n

CX)> -  — f ---------  (4-36)
i

w here  r e p r e s e n t s  a  v a r i a t i o n a l  d e r i v a t i v e .

The e x p e c t a t i o n  v a lu e  o f  t h e  c u r r e n t  d e n s i t y  7 ( * )  i s

< f U j )  ~ T * / f €3°  (4-37)

A ssum ing  a  s m a l l  d e n s i t y  g r a d i e n t  we e x p a n d  th e  d e n s i t y  m a t r i x  

k e e p in g  o n ly  th e  lo w e s t  o r d e r  te rm

< 1
w here

f t t ) >  *  n t / .  (U. 3 8 )

#4S 'U s
^ ' ( 5 )  -  <■ / H j W )  e "

Po >= S  iip> =  T* e  /*
7 2  ^9)

33) I n  th e  c a s e  w here  t h e  l o c a l  te m p e r a tu r e  T (x ) i s  a  f u n c t i o n  
o f  p o s i t i o n

f  2  [ p cx> ,'“ ‘*>3
and  Z i s  a  f u n c t i o n a l  o f  A { x )  a n d ^ f x ) .

■i—  j  I
*  * 5 5 7

F o r  a  d i s c u s s i o n  o f  t h e  p a r t i t i o n  f u n c t i o n a l  s e e  L . W, 
D a v is ,  "The S t a t i s t i c a l  B a s is  o f  H y drodynam ics a n d  K i n e t i c  
T h e o ry ,"  (M. L . R e p o r t  N o. 755# S t a n f o r d  U n i v e r s i t y ,  I9 6 0 )
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N e x t ,  u s in g  t h e  r e p r e s e n t a t i o n  E q . (4 -2 9 )  f o r  a  d ia g o n a l  

o p e r a t o r  we h av e

ir
r c O  =  / h ( y * f * - ( s ) ( 4 -3 9 )

I n s e r t i n g  ( i|_—3 9 ) i n t o  (4 -3 8 )  a n d  n o t in g  t h a t

(4-40) 

(4-41)

we f i n d

(4-42)

Eq* (4 -4 0 )  s t a t e s  t h a t  th e  e x p e c t a t i o n  v a lu e  o f  th e  c u r r e n t  

f lo w  in  e q u i l i b r i u m  v a n i s h e s .  E q . ( 4 - 4 0  f o l lo w s  a s  a  con­

s e q u e n c e  o f  t im e  i n v e r s i o n  sym m etry . U nder t im e  i n v e r s i o n  J  

c h a n g e s  s ig n  b u t  n  d o e s  n o t i  U 3ing t h e  c o n t i n u i t y  e q u a t io n  

(4 -3 2 )  we r e p l a c e  n  by  - V  • / ,

< A f -  < f  (* ,+ -» ) J i* %  <M (3>

-o *

I n t e g r a t i n g  t h i s  by  p a r t s  we o b t a i n ,

Jc f i
J */r1 v ja ix ')  • < / ( X j  t - i s ) /  (*J/>

-+ [^sk L J s ' . f u n  < f  (*;-(-<s) 7t*>y (4- 1̂ )
— r
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The c o r r e l a t i o n  f u n c t i o n  ^  j  ( x 1 * t - i s ) * J ( x ) ^  d e c a y s  t o  z e ro
ft

f o r  | x  -  x f l g r e a t e r  t h a n  some c o r r e l a t i o n  l e n g t h  Lc ,  We 

e x p e c t  Lc t o  be  o f  o r d e r  th e  m ean f r e e  p a th  o f  th e  p a r t i c l e s  

i n  t h e  l a t t i c e .  When x  i s  m ore t h a n  a  c o r r e l a t i o n  l e n g t h  

away fro m  th e  s u r f a c e  o n ly  th e  f i r s t  te rm  i n  E q , co n ­

t r i b u t e s ,  When x  i s  w i t h i n  a  c o r r e l a t i o n  l e n g t h  o f  t h e  s u r ­

f a c e ,  t h e  s u r f a c e  te rm  i n  E q , p r o v id e s  t h e  c o r r e c t i o n

to  t h e  c u r r e n t  d e n s i t y  due to  t h e  p r e s e n c e  o f  th e  s u r f a c e  

r e g i o n .

F o r  s t e a d y - s t a t e  d i f f u s i o n  we e x p e c t

V -  <  /  =  o

when x  i s  i n  a  s o u rc e  f r e e  r e g i o n  ( i . e .  when x  i s  n o t  n e a r  

th e  s u r f a c e ) .  T a k in g  th e  g r a d i e n t  o f  th e  f i r s t  te rm  i n  E q ,

(I+-I44 ) we h a v e  th e  vo lum e i n t e g r a l

I n  com ponen t fo rm  t h i s  i s

( j 3 x '  i _  M i x - )  i -  < j i  A  <)<)>_ (IH)-7)
•> ) x [  J x K

For  a n  I s o t r o p i c  medium  th e  c o r r e l a t i o n  f u n c t i o n  d e p e n d s  o n ly  

on  t h e  d i s t a n c e  | x ' -  x  | ,  a n d  o r th o g o n a l  c u r r e n t  d e n s i t i e s  

a r e  n o t  c o r r e l a t e d .  I n  t h i s  c a se  E q , becom es
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In teg ra tin g  by p a r ts  and c o lle c t in g  com p o n en ts

The su rface  term  van ishes s in ce  x  is  many correla tion  lengths from  

the su rface . T h erefore, the divergence of the current density  w ill 

vanish  in sid e  the m ateria l if the chem ical potential sa t is f ie s  L aplace's  

equation,

This is  s im p ly  the statem ent that there are no sou rces or sinks of 

p a rtic les  in sid e  the m ateria l.

If the gradient of the ch em ical potential is  constant over d istance  

of order a correla tion  length then Eq. (4-44) becom es

This is  s im ila r  to the transport coefficien t relation s obtained by 

R. Kubo et. a l .^ )

34) As p rev iou sly  noted, for the ca se  of a continuous spectrum , 
the lim it  € ^ 0  is  taken at the end of the calcu lation .

35) R» Kubo et. a l. , op. c it.

0 (4-50)

The lo ca l, d iffusion transport coeffic ien t is  th e r e fo r e ^ )
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CHAPTER V
The S eco n d  Law o f  T herm odynam ics 

( R e v e r s ib l e  a n d  I r r e v e r s i b l e  P r o c e s s e s )

The t r a d i t i o n a l  s t a t e m e n t s  o f  t h e  S eco n d  L av  o f  th e rm o ­

d ynam ics a r e  a s s o c i a t e d  w i th  t h e  nam es o f  C la u s iu s  a n d  K e lv in *

I t  I s  Im p o s s ib le  t o  c o n s t r u c t  a  o y c l i c  process3&) 
w hose o n ly  e f f e c t  I s  t o :

1 )  t r a n s f e r  h e a t  f ro m  a  h e a t  r e s e r v o i r  a t  
t e m p e r a tu r e  T^ t o  a  h e a t  r e s e r v o i r  a t  
t e m p e r a tu r e  Tg w here  T*>> Tj_.

2 )  a b s o r b  h e a t  f ro m  a  h e a t  r e s e r v o i r  a n d  
c o n v e r t  t h i s  h e a t  i n t o  work*

A n a ly s i s  o f  t h e s e  s t a t e m e n t s  im p l i e s  t h e  e x i s t e n c e  o f  a  s t a t e

f u n c t i o n  o f  t h e  th e rm o d y n am ic  v a r i a b l e s ,  th e  e n t r o p y  S , a n d

a n  a b s o l u t e  te m p e r a tu r e  s c a l e  T* T h ese  two th erm o d y n am ic

q u a n t i t i e s  a r e  r e l a t e d  t o  t h e  i n f i n i t e s i m a l  h e a t  dQ a b s o r b e d

by  th e  s y s te m  i n  a  q u a s i - s t a t i c  p ro c e s s *

dQ » TdS (5 -1 )

A q u a s i - s t a t i c  p r o c e s s  c a n  be d e f in e d  a s  a n  o r d e r e d  s u c c e s s io n  

o f  e q u i l i b r i u m  s t a t e s *  A r e a l  p r o c e s s  i s  a  te m p o r a l  s u c c e s s io n  

o f  e q u i l i b r i u m  a n d  n o n e q u i l ib r iu m  s t a t e s *  F o r  r e a l  p r o c e s s e s  

th e  e q u a l i t y  s i g n  i n  ( 5 - 1 )  i s  r e p l a c e d  b y  a n  i n e q u a l i t y *

dQ < TdS (5 -2 )

D e f i n i t i o n  o f  SQ a n d  S£

E x p e r im e n ta l ly  th e  e n t r o p y  d i f f e r e n c e  b e tw e e n  two e q u i l i ­

b r iu m  s t a t e s  i s  fo u n d  by  m e a s u r in g  a n d  summing th e  in c r e m e n ts

36 ) A c y c l i c  p r o c e s s  i s  one i n  w h ic h  th e  s y s te m  i s  e v e n t u a l l y  
r e t u r n e d  to  i t s  i n i t i a l  s t a t e *
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QBt w h ic h  o c c u r  d u r in g  a  r e a l  p r o c e s s  w h ic h  c o n n e c ts  t h e  tw o 

s t a t e s .  T h is  r e a l  p r o c e s s  t a k e s  p la c e  o v e r  t im e s  lo n g  c o m p ared  

t o  th e  r e l a x a t i o n  t im e s  c h a r a c t e r i z i n g  t h e  p h y s i c a l  s y s te m .

In  t h i s  s e n s e  i t  a p p ro x im a te s  a  q u a s i - s t a t i c  p r o c e s s ,  a n d  we 

I d e n t i f y  Se w i t h  th e  sym bol S a p p e a r in g  i n  th e  S eco n d  Law.

L e t  th e  s p e c i f i c  h e a t  C f o r  t h e  p a r t i c u l a r  p r o c e s s  o f  i n t e r e s t  

b e  d e f in e d  by

0 3 H  <5-3)dT

Then th e  e x p e r im e n ta l  e n t r o p y  d i f f e r e n c e  i s

.2
(5 - lf )

TI i
We h av e  l a b e l e d  t h e  e x p e r im e n ta l  e n t r o p y  Sd t o  d i s t i n g u i s h  i t  

fro m  t h e  in f o r m a t io n  e n t r o p y  w h ic h  w i l l  be  i n t r o d u c e d  n e x t .

The in f o r m a t io n  th e o r y  e n t r o p y  i s  d e f i n e d  a s  a  f u n c t i o n a l  

o f  a  d e n s i t y  m a t r i x  j> •

S{Lf] *=- -  77?f  (5-5)

I n  a  r e p r e s e n t a t i o n  w h ic h  d i a g o n a l l z e s  j> ,  E q . ( 5 - 5 )  becom es

t /V s . 7

i s  a  c o n s i s t e n t  m e a su re  o f  th e  am ount o f  u n c e r t a i n t y  i n  th e  

p r o b a b i l i t y  a s s ig n m e n t  o f  J> • The u n iq u e n e s s  o f  t h i s  m e a su re  

i s  d i s c u s s e d  i n  A p p en d ix  A . I n  t h e  c a s e  wherey£> i s  s e p a r a b l e ,  

Sj£ i s  e s s e n t i a l l y  t h e  l o g a r i t h m  o f  th e  num ber o f  s t a t e s  i n  

th e  HPM b e lo n g in g  to y >  We h a v e  d e f in e d  a s  a  d im e n s io n -

37 ) T h is  c o r r e s p o n d s  t o  B o l tz m a n n ^  o r i g i n a l  i n t e r p r e t a t i o n  o f  
lo g  ¥  a s  a  m e a su re  o f  t h e  num ber o f  e x p e r i m e n t a l l y  compa­
t i b l e  s t a t e s .
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l e s s  q u a n t i t y . * ^

The r e l a t i o n s h i p  b e tw e e n  Se  a n d  c a n  b e  i n f e r r e d  fro m  

th e  o b s e r v a t i o n  t h a t  t h e  G ib b s ' C a n o n ic a l  fo rm a l is m  p r e d i c t s  

e x p e r im e n ta l  r e s u l t s • A MEE c o n s i s t e n t  w i t h  t h e  e x p e r im e n ta l  

e x p e c t a t i o n  v a lu e  o f  t h e  e n e rg y  g iv e s  th e  c a n o n ic a l  d e n s i t y  

m a t r i x  o f  G ib b s .  T h e r e f o r e  we c o n c lu d e :  i n  th e r m a l  e q u i l i ­

b r iu m , t h e  e x p e r im e n ta l  e n t r o p y  Se ,  E q . ( 5 - 4 ) * fo rm s  an  

u p p e r  b o u n d  t o  t h e  i n f o r m a t i o n  t h e o r y  e n t r o p y  S ^ , E q . (5 -5 )#  

f o r  a l l  p o s s i b l e  d e n s i t y  m a t r i c e s  c o m p a t ib le  w i t h  t h e  e x p e r i ­

m e n ta l  e x p e c t a t i o n  v a lu e  o f  t h e  e n e r g y . ) p o r  th e r m a l  

e q u i l i b r i u m  i n  w h ic h  SQ d e p en d s  upon th e  v a lu e s  o f  a d d i t i o n a l  

v a r i a b l e s  < F i>  ,  ( e . g .  m ole  n u m b e rs , v o lu m e , u n ifo rm  r o t a t i o n a l  

a n g u la r  v e l o c i t y )  t h i s  same r e l a t i o n s h i p  b e tw e e n  SQ an d  

h o l d s .  L e t  SQ d e p en d  upon  th e  e x p e r im e n ta l ly  m e a su re d  e q u i l i ­

b r iu m  v a lu e s  <‘P i>  .  L e t  f  be  th e  MEE d e n s i t y  m a t r i x  c o n s i s ­

t e n t  w i t h  t h e s e  e x p e c t a t i o n  v a lu e s  ^P j>  .  Then

Se  s  S j£ p J  ( 5 - 6 )

T h is  i s  a n  e x p e r im e n ta l  f a c t  s i n c e  th e  MEE fo rm a lis m  r e p r o d u c e s  

th e  r e s u l t s  o f  e q u i l i b r i u m  s t a t i s t i c a l  m e c h a n ic s  a n d  t h e s e  

r e s u l t s  a g r e e  w i t h  e x p e r im e n t s .  T h is  r e l a t i o n s h i p  b e tw e e n  

Se  a n d  w i l l  now b e  u s e d  to  d e f in e  Se f o r  n o n - e q u i l ib r i u m  

s t a t e s .  T h is  d e f i n i t i o n  h a s  t h r e e  I m p o r ta n t  c o n s e q u e n c e s :

33 ) I n  d i s c u s s i n g  t h e  r e l a t i o n  b e tw e e n  S . and  S_ a  f a c t o r  o f  
k  ( B o l tz m a n n 's  c o n s t a n t )  w i l l  be  n e e d e d .  F o r  c o n v e n ie n c e  
we s h a l l  t e m p o r a r i l y  w ork i n  th e  sy s te m  o f  u n i t s  w here  k  •  1 . 

3 9 ) I m p l i c i t  i n  t h i s  c o n c lu s io n  i s  t h e  a s s u m p t io n  t h a t  Se a n d  
S i  a r e  m e a s u re d  f ro m  t h e  sam e r e f e r e n c e  s t a t e .
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1 )  Se ( t )  I s  a  f u n c t i o n  o f  e x p e r i m e n t a l l y  m e a s u re d  q u a n t i t i e s  

< ^ F ^ (t)^  ; 2 )  f o r  th e r m a l  e q u i l i b r i u m  i t  r e d u c e s  t o  t h e

th erm o d y n am ic  e n t r o p y ;  3 ) Se ( t )  o b e y s  th e  S eco n d  Law a s  we 

w i l l  now show .

The Tim e D ev elo p m en t o f  t h e  E n tro p y

The S eco n d  Law s t a t e s  t h a t  t h e  e x p e r im e n ta l  e n t r o p y  S o f  

a n  I s o l a t e d  sy s te m  i n c r e a s e s  o r  r e m a in s  th e  sam e. Now c o n s id e r  

t h e  tim e  d e v e lo p m e n t o f  th e  I n f o r m a t io n  t h e o r y  e n t r o p y ,  S^«

The S c h r o d in g e r  e q u a t io n  im p l i e s  t h a t  f> d e v e lo p s  i n  t im e  u n d e r  

a  u n i t a r y  t r a n s f o r m a t i o n .  S in c e  i s  d e f in e d  b y  t h e  t r a c e  o f  

a  f u n c t i o n  d e p e n d in g  o n ly  on  ,  i t  re m a in s  c o n s t a n t  i n  t im e .  

T h is  f a c t  h a s  seem ed  p a r a d o x ic a l  when t h e  d i s t i n c t i o n  b e tw e e n  

SQ and  S^ h a s  b e e n  i g n o r e d . H a v i n g  d i s t i n g u i s h e d  b e tw e e n  

S0 a n d  S i  t h e  s e m a n tic  o r i g i n  o f  th e  p a ra d o x  i s  o b v io u s .

S in c e  SQ fo rm s  a n  u p p e r  bound  to  S ^ , t h e  f a c t  t h a t  S^ i s  c o n ­

s t a n t  i n  t im e  d o e s  n o t  c o n t r a d i c t  t h e  S eco n d  Law .

B e fo re  g i v i n g  a n  a n a l y t i c  f o r m u la t i o n  o f  t h e  S eco n d  Law, 

we s h a l l  s k e t c h  a  g e o m e t r i c a l  a rg u m e n t due t o  D r. E . T . J a y n e s .  

T h is  a rg u m e n t i s  b a s e d  upon  t h r e e  fu n d a m e n ta l  n o t i o n s :  1 )  th e

t h e o r i s t  m u s t p r e d i c t  o n ly  e x p e r i m e n t a l ly  r e p r o d u c i b l e  r e s u l t s ;

2 )  t h e r e  e x i s t s  a  HFM o f  s t a t e s  a s s o c i a t e d  w i th  t h e  NEE d e n s i t y  

m a t r i x  c h a r a c t e r i z i n g  t h e  e x p e r im e n ta l ly  a l lo w e d  s t a t e s ;  3 ) 

t h e  t im e  e v o l u t i o n  o f  t h e  sy s te m  i s  d e te rm in e d  by  th e  S c h ro ­

d in g e r  e q u a t i o n .^ 1 ^

lf.0) A c t u a l ly  t h i s  i s  a  s e m a t ic  d i f f i c u l t y  a r i s i n g  fro m  th e  u se  
o f  th e  w ord  e n t r o p y  t o  m ean tw o d i f f e r e n t  t h i n g s .

I l l )  A l t e r n a t e l y ,  we c o u ld  r e q u i r e  th e  s y s te m  t o  o bey  H a m i l to n ^  
e q u a t i o n s .  The i n v a r i a n c e  o f  th e  d im e n s io n s  o f  a. m a n i f o ld  
u n d e r  a  u n i t a r y  t r a n s f o r m a t i o n  w ou ld  b e  r e p l a c e d  b y  
L i o u v i l l e ' s  th e o re m .
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A MEE! g i v e s ,  f o r  t h e  i n i t i a l  d e n s i t y  m a t r i x ,  t h e  b r o a d e s t  

p o s s i b l e  p r o b a b i l i t y  a s s ig n m e n t  c o n s i s t e n t  w i th  t h e  e x p e r i ­

m e n ta l  i n f o r m a t i o n  c h a r a c t e r i z i n g  t h e  i n i t i a l  s t a t e .  The f a c t  

t h a t  e x p e r im e n ta l  r e s u l t s  a r e  r e p r o d u c i b l e  m u st t h e r e f o r e  

m ean t h a t  a lm o s t  a l l  s t a t e s  c o n s i s t e n t  w i t h  t h e  i n i t i a l  i n f o r ­

m a t io n  g i v e  th e  sam e e x p e r im e n ta l  r e s u l t s .  T h ese  e x p e r i m e n t a l l y  

a l lo w e d  s t a t e s  fo rm  th e  HFM a s s o c i a t e d  w i th  t h e  i n i t i a l  d e n s i t y  

m a t r i x .  L e t  t h i s  m a n i f o ld  ^ ( o )  h a v e  d im e n s io n  W(o ) .  One o f  

th e  p r o p e r t i e s  o f  a  s e p a r a b l e  d e n s i t y  m a t r i x  i s  t h a t

X  I f *  7  =  -  7 w / „  - A / .  -  - A

t o  o r d e r  If If v a r i e s  a s  th e  num ber o f  d e g re e s  o f  f re e d o m  

o f  th e  s y s te m . S in c e  t h e  i n i t i a l  d e n s i t y  m a t r ix  i s  o b t a in e d  

by  a  MEE c o n s i s t e n t  w i t h  t h e  e x p e r im e n ta l  c o n s t r a i n t s  a t  t im e  

t e ,  we h a v e  th e  e q u a l i t y

X  & )  -  A A A 1  *  ^  w < 0 }

The S c h r o d in g e r  e q u a t io n  I m p l ie s  t h a t  t h e  s y s te m  d e v e lo p s  

i n  t im e  u n d e r  a  u n i t a r y  t r a n s f o r m a t i o n  U ( t ,  t „ ) .

(  T 7  =  c r i t  ^  X  

The i n i t i a l  m a n i f o ld  d e v e lo p s  i n  t im e  u n d e r  U ,

( t )  =  C r  C ^ - f o )  h f f o )

U r e p r e s e n t s  a  r o t a t i o n  o f  t h e  s t a t e  s p a c e  w h ic h  p r e s e r v e s  

t h e  d im e n s io n s  o f  t h e  m a n i f o ld .  T h e r e f o r e  th e  m a n i f o ld  t y ( t )  

i s  o f  d im e n s io n  VT(o).

S in c e  we a r e  d e a l in g  w i th  a  sy s te m  w h ic h  g i v e s  e x p e r im e n ­

t a l l y  r e p r o d u c i b l e  r e s u l t s  t h e  m a n i f o ld  ^ ( t )  m u s t be  em bedded 

i n  th e  m a n i f o ld  o f  s t a t e s  ^  ( t )  c o n s i s t e n t  w i th  th e  e x p e r im e n ta l
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observations on the system at time t. Therefore the dimen-

e q u a l  t o  W (o ) .  H ow ever, ^ ( t )  fo rm s  th e  HPM o f  th e  MEE d en ­

s i t y  m a t r i x  c o n s i s t e n t  w i th  t h e  e x p e r im e n ta l  o b s e r v a t i o n s  a t  

t im e  t*  T h e r e f o r e j f r o m  ($ -6 )  we i d e n t i f y  Se ( t )  w i t h  l o g  W g(t)« 

w here  Wg(t )  i s  t h e  d i m e n s i o n a l i t y  o f  ^  ( t ) .  T h is  g i v e s  th e  

S econd  Law,

A n a ly t i c  F o r m u la t io n  o f  t h e  S e c o n d  Law

C o n s id e r  a n  e x p e r im e n t  w h ic h  m e a s u re s  th e  e x p e c t a t i o n  

v a lu e s  o f  c e r t a i n  d y n a m ic a l  v a r i a b l e s  F ^ ( i  a  1 , . . . N )  b e lo n g in g

a r e  ^  • The MEE d e n s i t y  m a t r i x  c o n s i s t e n t  w i th  t h i s

in f o r m a t i o n  I s

1)2) T h ro u g h o u t t h i s  d i s c u s s i o n  we s h a l l  assum e t h a t  t h e s e  
m e a su re m e n ts  a r e  o f  m a c ro s c o p ic  q u a n t i t i e s  and  do n o t  
p ro d u c e  I m p o r ta n t  p e r t u r b a t i o n s  on t h e  s y s te m .

s l o n a l i t y  W(t )  o f  t h e  m a n i f o ld  t )  m u s t  be  g r e a t e r  th a n  o r

$ ( • £ ) = ■  ~  \  ^

t o  a  s y s t e m . ^ )  A t th e  i n i t i a l  t im e  t 0 t h e  e x p e c t a t i o n  v a lu e s

A)
(£ -7 )

F o llo w in g  ( 5 - 6 )  we i d e n t i f y  S0 ( t o ) w i th  f/o  1

/f _  v.

5C (to ) J U ifa  = X  £  >,* < n
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The s y s te m  d e v e lo p s  i n  t im e  u n d e r  t h e  H a m il to n ia n  

The t im e  d e p e n d e n c e  o f  M  may b e  due t o  v a r i a t i o n s  o f  e x t e r n a l  

m e c h a n ic a l  p a r a m e te r s  s u c h  a s  e l e c t r o m a g n e t i c  f i e l d  s t r e n g t h s .  

The e q u a t io n  o f  m o tio n  f o r  an  o p e r a t o r  F^ i s

A t a  l a t e r  t im e  t  t h e  e x p e c t a t i o n  v a lu e s  w i l l  b e

=  7 a  f .  Ft m

The MEE d e n s i t y  m a t r i x  c o n s i s t e n t  w i t h  t h e s e  e x p e c t a t i o n  

v a lu e s  i s
-  j £ - \ U ) F l (g _ g j

w i t h
')0(f) r  ^

I

F o r r e p r o d u c i b l e  e x p e r im e n ts ,  t h e  o b s e rv e d  e x p e c t a t i o n  v a lu e s

a t  t im e  t , <  F^ , w i l l  be e q u a l  t o  t h e  c a l c u l a t e d  r e s u l t sts
^ ^ i ( t ) ^ >  ,  i f  M  ( t )  c o r r e c t l y  d e s c r i b e s  th e  d y n a m ic s , a n d y ^ , 

c o r r e c t l y  d e s c r i b e s  th e  i n i t i a l  m a n i f o ld  o f  p o s s i b l e  s t a t e s .  

H ow ever, i t  i s  I m p o r ta n t  t o  k e e p  c l e a r l y  i n  m in d  t h a t  th e  

e x p e c t a t i o n  v a lu e s  ^ F ^ t t ) ^  ,  w h ic h  d e te rm in e  y ^  ,  a r e  

c a l c u l a t e d  n u m b e rs .

4 3 ) The s y s te m  i s  c o n s id e r e d  a s  t h e r m a l ly  i s o l a t e d  f ro m  i t s  
s u r r o u n d in g s  so  t h a t  i t s  t im e  d e v e lo p m e n t i s  c o m p le te ly  
c h a r a c t e r i z e d  b y  a  H a m il to n ia n .
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I d e n t i f y i n g  th e  e x p e r im e n ta l  e n t r o p y  Se ( t )  a t  t im e  t  

w i th  t h e  i n f o r m a t io n  e n t r o p y  o f  th e  MEE d e n s i t y  m a t r i x  we

have

St M = - T a f t  = X IH + HU Fc //)>„

T h is  may be r e c a s t  i n  t h e  c o n v e n ie n t  fo rm

Se M  = -  TAf<-t)^f+ (S' 9)

w here  J> {t )  i a  t h e  tim e  d e v e lo p e d  d e n s i t y  m a t r i x  g e n e r a t e d  

fro m  .

i f  i v  = l f t m , f M l  f c i  = / .  (S - 1 0 )

E q . ( 5 - 9 )  w i l l  b e  ta k e n  a s  t h e  fu n d a m e n ta l  r e l a t i o n  g i v in g  th e  

t im e  d e p e n d e n t  e n t r o p y  o f  a  s y s t e m . I n  th e r m a l  e q u i l i b r i u m  

i t  r e d u c e s  t o  t h e  s t a n d a r d  G ib b s 1 fo rm . I t  p r o v id e s  a  n a t u r a l  

e x t e n s i o n  o f  t h i s  f o r  n o n - e q u i l ib r iu m  s i t u a t i o n s .

The a n a l y t i c  f o r m u la t io n  o f  t h e  S econd  Law i s  o b ta in e d  

by c o n s i d e r i n g  t h e  e n t r o p y  d i f f e r e n c e ,

A S  = ^  (+) -  Se ( 4 , ) =  - T A f ( V J » f t  + T A j f , f

A s -  Ta /> /V  ( 5 -1 1 )

Choose a  r e p r e s e n t a t i o n  /n )  w h ic h  d i a g o n a l i z e s  t ) .  The 

c o n ca v e  p r o p e r t y  o f  th e  f u n c t i o n  J mtl im p l i e s

/ m \ A  f a )  ±  ( S - 1 2 >

k k )  H . M o r i , J o u r n .  P h v s . S o c . (^Tapan). 1 1 ,  1029  (1 9 5 6 )*  h a s  
u s e d  t h i s  sam e d e f i n i t i o n  f o r  3 _ ( t ) .' e '
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T h is  I n e q u a l i t y  m a n i f e s t s  I t s e l f  a s  a n  I n c r e a s e  I n  A S . I t  

a r i s e s  f ro m  t h e  p o s s i b i l i t y  t h a t  f>± a n d  f i t )  do n o t  com m ute*k£) 

U s in g  (5 -1 2 )  I n  (5 -1 1 )  we f i n d

^ . < C ( M *  t> - / £ * < * [ (5 -1 3 )

As > JL
/h ‘ £ * \  '

How u s in g  th e  i n e q u a l i t y ^  X t- i t  f o l lo w s  t h a t

/ I s  ? X  { M p I<t)Im} ( ( -  —** j (5-1^)

The r i g h t  h a n d  s i d e  o f  t h i s  I n e q u a l i t y  v a n i s h e s  s i n c e  

Try>t  * T r y * ( t )  = 1 .  The f i n a l  r e s u l t  i s  t h e  S eco n d  Law*

4  5  =  5 e M  -  S *  (-(rJ > O

R e v e r s i b l e  a n d  I r r e v e r s i b l e  P r o c e s s e s

The d y n a m ic a l e q u a t io n s  w h ic h  d e te r m in e  t h e  t im e  d e v e lo p ­

m en t o f  a  sy s te m  a r e  i n v a r i a n t  u n d e r  t im e  r e v e r s a l *  C l a s s i ­

c a l l y  t h i s  m eans t h a t  i f  a l l  v e l o c i t i e s ^ )  a r e  r e v e r s e d ,  and  

t im e  p r o c e e d s  i n  th e  r e v e r s e  d i r e c t i o n ,  t h e  s y s te m  w i l l  move 

b a c k  a lo n g  i t s  p a s t  t r a j e c t o r y  i n  p h a se  s p a c e .  T h is  I s  a  

c l a s s i c a l l y  a l lo w e d  sym m etry  p r o p e r t y  s i n c e  F * ma i n v o lv e s  

o n ly  s e c o n d  d e r i v a t i v e s  w i th  r e s p e c t  t o  tim e *

J4.5 ) The e n t r o p y  I n c r e a s e  c o r r e s p o n d in g  t o  th e  i n e q u a l i t y  (5 -1 2 )  
a r i s e s  f ro m  th e  s t a t i s t i c a l  f e a t u r e s  i n h e r e n t  i n  quan tum  
m e c h a n ic s .  R . C . T o lm an , o p . c l t * ,  r e f e r s  t o  ( 5 - 1 3 )  a s  
K l e i n 's  Lemma* The Im p o r ta n t  p o i n t  i s  t h a t  f o r  m a c ro s c o p ic  
s y s te m s  t h e  i n e q u a l i t y  i n  (5 -1 3 )  I s  n e g l i g i b l e *  The s i g ­
n i f i c a n t  i n e q u a l i t y  E q , ( 5 - I k )  a r i s e s  fro m  A.X z  t-X'1.

4 6 )  A l l  e x t e r n a l  m a g n e tic  f i e l d s  m u st a l s o  b e  r e v e r s e d  i n  
d i r e c t i o n *
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I n  quan tum  m e c h a n ic s  t h e  s t a t e  o f  th e  s y s te m  i s  r e p r e s e n ­

t e d  b y  a  wave f u n c t i o n  ^ ( t ) .  L e t  F ( x ,p )  b e  a  H e r m i t ia n  

o p e r a t o r  d e p e n d in g  upon p o s i t i o n  a n d  momentum. The t im e  r e ­

v e r s e d  s t a t e  f u n c t i o n  ( t )  r e l a t e d  t o  t h e  s t a t e  <^ ( t )  may 

be c h a r a c t e r i z e d  a s  f o l l o w s .

= < Y ^ Cxr p r * )  (5 - 1 5 )

We s h a l l  now g iv e  a n  e x p l i c i t  fo rm  f o r  <^ ( t )  a n d  show t h a t  

i f  <^( t )  i s  a  p o s s i b l e  s o l u t i o n  o f  t h e  S c h ro d in g e r  e q u a t io n  

t h e n  so  i s  < ^ ( t ) .  T h is  i s  t h e  s e n s e  i n  w h ic h  th e  d y n am ics 

a r e  i n v a r i a n t  u n d e r  t im e  r e v e r s a l .  I n  t h i s  a n a l y s i s  we s h a l l  

assum e ^  i s  a  sc a la r^ * ? )  a n d  H i s  a n  e v e n  f u n c t i o n  o f  t h e  momen­

tum .^®  ^

I n t r o d u c e  a  tim e  i n v e r s i o n  o p e r a t o r  T .

<f(+) = T l f ' ( - t )  (5 -1 6 )

£q« (5 -1 5 )  w i l l  be  s a t i s f i e d  i f  T c o r r e s p o n d s  t o  th e  o p e r a t i o n  

o f  t a k i n g  t h e  co m p lex  c o n ju g a t e .  T i s  t h e r e f o r e  a n  a n t i u n i t a r y  

o p e r a t o r .* ^ )  Some u s e f u l  p r o p e r t i e s  o f  T a r e

T ~ ‘ = T

4 7 ) I f  ^  i s  a  s p ln o r  t h e n  th e  t im e  r e v e r s a l  o p e r a t o r  m ix e s  i t s  
c o m p o n e n ts . I t  e s s e n t i a l l y  c h a n g e s  s p ln - u p  t o  sp in -d o w n . 
See. E . P .  W lg n e r . G roup T h eo ry  (A cadem ic P r e s s .  New T o rk . 
1 9 5 9 )#  C h a p te r  2 6 .  c i

4 8 )  I f  a  m a g n e tic  f i e l d  i s  p r e s e n t  t h e  H a m il to n ia n  w i l l  h av e  
a n  odd  te rm  i n  th e  m omentum. H ow ever th e  b a s i c  t im e  i n ­
v a r i a n c e  sym m etry  E q . ( 5 - 1 7 )  i s  m a in ta in e d  s in c e  t h e  e x t e r ­
n a l  m a g n e tic  f i e l d s  m u s t be  r e v e r s e d  i n  d i r e c t i o n  u n d e r  
t im e  r e v e r s a l .

4 9 ) L e t  some s t a t e  $  b e  e x p an d e d  i n  te rm s  o f  a  c o m p le te ,  
o r th o g o n a l  s e t  o f  f u n c t i o n s  Uq, -  2L a n un .  0  i s  a n  a n t i -  
u n i t a r y  o p e r a t o r  i f  f o r  a n y  s e t  a l f  a 2 , . . .  0 f  = X  4 * 0  a
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= < i , i T O

r - ' / s  r  =  - p

The l a s t  r e l a t i o n  f o l lo w s  s im p ly  b y  c o n s i d e r i n g  "p I n  t h e  

x - r e p r e s e n t a t i o n .  U s in g  th e s e  r e l a t i o n s  we s h a l l  now show 

t h a t  E q . ( 5 -1 5 )  i s  s a t i s f i e d  b y  ( 5 - 1 6 ) .

-  ST<f.t--Ol F i K , p >

=  c  {(-+>I t ~' F c x , p >  r i

=  t f H - )  I F < - X , - p )  I

-  <$(-+) I F l ^ - M )  =  F ^ C k , - } , ~ f )

The l a s t  s t e p  f o l lo w s  s i n c e  F I s  H e r m l t la n .

I f  (ji ( t )  s a t i s f i e s  th e  S c h r o d in g e r  e q u a t io n  th e n  so w i l l  

th e  tim e  r e v e r s e d  s o l u t i o n  ^ ( t ) .

£- 1  p a - i  =  i f )

To show t h i s ,  l e t  T o p e r a t e  on  b o th  s i d e s  o f  t h i s  e q u a t io n .  

S in c e  H i s  a n  e v e n  f u n c t i o n  o f  P i t  i s  i n v a r i a n t  u n d e r  t h e  

t im e  r e v e r s a l  o p e r a t o r  T .

T H T ~ '  = H

T h e r e f o r e ,

c i  <L  T f  M  ~  H T  f(-l-)
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C h an g in g  t  t o  - t  one  o b t a i n s  t h e  d e s i r e d  r e s u l t ,

i t  L .  { I H  =  H Q M
H

T h is  dynam ic  r e v e r s i b i l i t y  o f  th e  e q u a t io n s  o f  m o tio n  i s  

i n  c o n t r a s t  t o  t h e  e x p e r i m e n t a l l y  o b s e rv e d  te n d e n c y  f o r  m a c ro ­

s c o p ic  p r o c e s s e s  t o  p r o c e e d  s p o n ta n e o u s ly  i n  o n ly  one  d i r e c t i o n .  

T h is  l a t t e r  b e h a v io r  o f  m a c ro s c o p ic  s y s te m s  i s  r e f e r r e d  to  a s  

I r r e v e r s i b l e .  J u s t  a s  i n  t h e  c a s e  o f  th e  w ord  e n t r o p y  th e  w ord  

i r r e v e r s i b l e  h a s  l e a d  t o  s e m a n t ic  d i f f i c u l t i e s .  T h ese  d i f f i ­

c u l t i e s  h a v e  a t  t im e s  o b s c u re d  th e  p h y s i c s .  Thus we f i n d  

Tolm an^O) s t a t i n g :

"We t h u s  f i n d  t h a t  t h e  p r i n c i p l e  o f  d y n a m ic a l 
r e v e r s i b i l i t y  w ou ld  h o ld  i n  th e  quan tum  m e c h a n ic s  i n  
m uch th e  sam e way a s  i n  th e  c l a s s i c a l  m e c h a n ic s .
H en ce , th e  I n t r o d u c t i o n  o f  th e  quan tum  m e c h a n ic s - -  
a t  l e a s t  i n  i t s  p r e s e n t  fo rm — c a n n o t  b e  r e g a r d e d  a s  
th ro w in g  a n y  new k i n d  o f  l i g h t  on  t h e  p ro b le m  o f  t h e  
a c t u a l  p h e n o m e n o lo g ic a l  I r r e v e r s i b i l i t y  o f  th e rm o ­
dynam ic  p r o c e s s e s .  J u s t  a s  i n  th e  c l a s s i c a l  m e c h a n ic s ,  
t h i s  i r r e v e r s i b i l i t y  w i l l  h a v e  t o  be  e x p la in e d  by  
c o n s i d e r i n g  th e  p r o b a b le  b e h a v io r  o f  a  c o l l e c t i o n  
o r  en sem b le  o f  s y s te m s  r a t h e r  t h a n  f ro m  c o n s i d e r a t i o n  
o f  th e  p u r e l y  m e c h a n ic a l  b e h a v io r  o f  a  s i n g l e  s y s t e m .”

E x p e r im e n ts  a r e  n o t  p e rfo rm e d  on  a n  e n se m b le  o f  s y s te m s ,  b u t  

upon  a  s i n g l e  s y s te m . The f a c t  t h a t  a  p r o c e s s  i s  o b s e rv e d  

t o  go i n  a  c e r t a i n  d i r e c t i o n  m u st im p ly  t h a t  t h i s  i s  t r u e  f o r  

th e  g r e a t  m a j o r i t y  o f  g l o b a l  quan tum  s t a t e s  c o n s i s t e n t  w i th  

.the  e x p e r im e n ta l  c o n t r o l .

A fu n d a m e n ta l  c r i t e r i o n  f o r  I r r e v e r s i b l e  p r o c e s s e s  i s  

t h a t  f o r m u la te d  by  E i n s t e i n ?  A c c o rd in g  t o  E i n s t e i n ,  i r r e v e r ­

s i b i l i t y  a r i s e s  f ro m  a  l a c k  o f  e x p e r im e n ta l  c o n t r o l .  An

5 0 ) H. C. T o lm an , o p .  c i t . ,  C h a p te r  X I, th e  l a s t  p a r a g r a p h  o f  
. S e c t io n  9 5 .

*  W. R i t z  a n d  A . E i n s t e i n ,  P h y s ik .  Z e i t s .  1 0 ,  323 ( 1 9 0 9 ) .
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i r r e v e r s i b l e  p r o c e s s  c a n  be m ade t o  p ro c e e d  r e p r o d u c i b ly  i n  

one  d i r e c t i o n  i n  th e  l a b o r a t o r y ,  w i t h  a  d e g re e  o f  c o n t r o l  o v e r  

i n i t i a l  c o n d i t i o n s  w h ic h  f i x e s  t h e  v a lu e s  o f  o n ly  a  few  

m a c ro s c o p ic  p a r a m e te r s .  The i n v e r s e  p r o c e s s  i s  n o t  p r o h i b i t e d  

by  a n y  la w  o f  p h y s i c s .  H ow ever, i n  o r d e r  t o  r e a l i z e  i t  

r e p r o d u c i b ly  we w ou ld  r e q u i r e  a  f a r  g r e a t e r  d e g re e  o f  c o n t r o l ,  

i n v o lv in g  m ic r o s c o p ic  d e t a i l s  o f  th e  i n i t i a l  s t a t e .  I n  o t h e r  

w o rd s , t h e  i n i t i a l  s t a t e  f o r  th e  i n v e r s e  p r o c e s s  h a s  a  v e ry  

lo w  a - p r i o r i  p r o b a b i l i t y ,  a s  lo n g  a s  we a r e  r e s t r i c t e d  to  

m a c ro s c o p ic  a c c u r a c y  i n  c o n t r o l l i n g  e x p e r im e n ta l  c o n d i t i o n s .

T h is  sam e c r i t e r i o n  f o r  th e  e x i s t e n c e  o f  e x p e r i m e n t a l ly  

o b s e rv e d  i r r e v e r s i b l e  p r o c e s s e s  i s  fo u n d  b y  e x a m in in g  th e  

r e l a t i o n  f o r  Se ( t ) ,  E q . ( 5 - 9 ) .  The c h o ic e  o f  t h e  d y n a m ic a l 

v a r i a b l e s  F^ w hose e x p e c t a t i o n  v a lu e s  a t  t im e  t  a r e  c a l c u l a t e d  

t o  s p e c i f y  d e p e n d s  upon  t h e  s p e c i f i c  e x p e r im e n t .  As we 

i n c r e a s e  t h i s  num ber we f u r t h e r  r e s t r i c t  t h e  fo rm  o f  t h e  MEE 

d e n s i t y  m a t r i x ^ .  I f  i t  w e re  p o s s i b l e  t o  make f  9  f i t )  t h e n  

th e  e n t r o p y  E q . ( 5 - 9 )  w o u ld  re m a in  c o n s t a n t .  H ow ever, t h i s  

e x a c t  e q u a l i t y  w ou ld  r e q u i r e  t h a t  th e  o p e r a t o r s  F^ fo rm  a  

c o m p le te ,  com m uting s e t .  E x p e r im e n ta l ly  we do n o t  h a v e  

t h i s  m ic r o s c o p ic  c o n t r o l  a v a i l a b l e .

From  t h i s  v a n ta g e  p o i n t  i t  i s  c l e a r  t h a t  th e  e n t r o p y  

E q . (5 - 9 )  w i l l  I n c r e a s e  i n  t im e .  I t  i s  n o t  c l e a r  t h a t  t h e r e  

e x i s t  i s e n t r o p i c  e x p e r im e n ta l  p r o c e s s e s  i n  w h ic h  t h i s  e n t r o p y  

I n c r e a s e  c a n  a p p ro a c h  z e r o .  T h is  seem s to  r e q u i r e  th e

5 1 ) A c o m p le te  m ea su re m e n t o f  t h i s  ty p e  w o u ld  v i o l a t e  o u r  
. a s s u m p tio n  t h a t  t h e  a c t  o f  m easu rem en t d o e s  n o t  p e r t u r b  

th e  s y s te m  i n  a n  o b s e r v a b le  m a n n e r .
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e q u a l i t y  = t )  w h ic h  i s  e x p e r im e n ta l ly  u n a t t a i n a b l e *  How 

th e n  a r e  we t o  e x p la in  t h e  e x i s t e n c e  o f  i s e n t r o p i c  p r o c e s s e s ?

The c o n c e p t  o f  a  HPM p r o v id e s  an  a n sw e r to  t h i s  p ro b lem *

In  C h a p te r  I I I  we show ed t h a t  u n d e r  c e r t a i n  p h y s i c a l l y  r e a l i z e d  

c o n d i t i o n s  a  s h a r p ly  d e f in e d  m a n i f o ld  o f  s t a t e s  c o u ld  be  

a s s o c i a t e d  w i th  a  MEE d e n s i t y  m a tr ix *  The sum o f  th e  p r o b a ­

b i l i t i e s  a s s o c i a t e d  w i th  t h e  s t a t e s  i n  t h i s  m a n i f o ld  a p p ro a c h e s  

a r b i t r a r i l y  c l o s e  to  one*  The p r o b a b i l i t y  a s s o c i a t e d  w i t h  

a lm o s t  a l l  s t a t e s  i n  t h i s  HPM i s  e q u a l  t o  w here  W r e p r e ­

s e n t s  t h e  d im e n s io n s  o f  t h e  HPM* F u r th e rm o re ,  t h e  i n f o r m a t i o n  

th e o r y  e n t r o p y  a s s o c i a t e d  w i th  t h e  MEE d e n s i t y  m a t r i x  i s  e q u a l  

t o  th e  lo g a r i th m  o f  V*

I n  te rm s  o f  th e s e  c o n c e p ts  we may now g iv e  a  s im p le  

c h a r a c t e r i z a t i o n  o f  a n  e x p e r i m e n t a l ly  r e v e r s i b l e  p ro c e s s *  A 

r e v e r s i b l e  p r o c e s s  i s  o n e  I n  w h ic h  s u f f i c i e n t  c o n t r o l  c a n  b e  

m a in ta in e d  so  t h a t  t h e  d i m e n s i o n a l i t y  o f  th e  HPM a s s o c i a t e d  

w i th  i s  e q u a l  to  t h a t  o f  th e  HPM a s s o c i a t e d  w i t h y ^ *  The 

HPM o f  m u s t ,  o f  c o u r s e ,  sp a n  t h e  same m a n ifo ld  o f  s t a t e s  

t h a t  th e  HPM o f y * ( t )  s p a n s .  H ow ever, t h i s  l a s t  r e q u ir e m e n t  

i s  a  c o n se q u e n c e  o f  t h e  f a c t  t h a t  we a n a ly z e  o n ly  r e p r o d u c i b l e  

e x p e r im e n ts .  The p o s s i b i l i t y  o f  i s e n t r o p i c  e x p e r im e n ta l  

p r o c e s s e s  i s  th u s  d i r e c t l y  a s s o c i a t e d  w i th  th e  e x i s t e n c e  o f  

a  HPM.

A m ore d e t a i l e d  u n d e r s t a n d in g  o f  th e  r e l a t i o n s h i p  

b e tw e e n  i s e n t r o p i c  p r o c e s s e s  a n d  HFM’s  i s  o b t a i n e d  b y  e x a m in in g  

th e  m a t r i x  e le m e n ts  o f  t h e  d e n s i t y  m a t r i x .  The e x i s t e n c e  o f  

HPM‘ s  im p l i e s  t h a t  th e  o n ly  Im p o r ta n t  m a t r ix  e le m e n ts  o f
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a n d j > ( t )  a r e  g iv e n  by

< * / / ’/+)!*>  = f o r  Jn>  i n  t h e  HPM o f  f { t )

~  f o r  Jn»> i n  t h e  HPM o f

I f  V  e q u a ls  W, and t h e  HPM* s o v e r l a p  t h e n

< { a \ I  f l + l l A * y  ( £ h  < *  I f  M l * * )  - / € * < *  I  f t  l * > )  ~  0

-o v e r  t h e  o n ly  r e g i o n  i n  w h ic h  th e  m a t r ix  e le m e n ts ,  a p p e a r in g  

i n  t h e  e x p r e s s io n  ( 5 - 1 3 )$ g iv e  im p o r ta n t  c o n t r i b u t i o n s *  O u t­

s i d e  t h i s  HPM we do n o t  m ake a n y  r e q u ir e m e n ts *  P u r  th e  m o r e ,  

we do n o t  m ake an y  p h a s e  r e q u i r e m e n ts  o n  o f f  d i a g o n a l  m a t r i x  

e le m e n ts *  As p r e v i o u s l y  n o t e d ,  th e  r e q u i r e m e n t  t h a t  t h e  HPM*s 

o v e r l a p  i s  a lw a y s  s a t i s f i e d  f o r  r e p r o d u c i b l e  e x p e r im e n ts *  

T h e r e fo r e  th e  c o n d i t i o n  t h a t  a  p r o c e s s  b e  i s e n t r o p i c  i s  

s im p ly  W s  W ' . ^ ^

The r e q u i r e m e n t  = v/ >( t )  w o u ld  in d e e d  h a v e  m ea n t t h a t

m ic r o s c o p ic  c o n t r o l  w o u ld  be n e c e s s a r y  t o  o b t a i n  a n  i s e n t r o p i c

p r o c e s s  a c c o r d in g  t o  o u r  d e f i n i t i o n  o f  Se ( t ) »  H ow ever, th e  

m uch w e ak e r r e q u i r e m e n t  upon th e  d i m e n s i o n a l i t y  o f  c a n  b e  

m a in ta in e d  u n d e r  s u i t a b l e  e x p e r im e n ta l  s i t u a t i o n s *  One su c h  

i s e n t r o p i c  p r o c e s s  w i l l  b e  a n a ly z e d  i n  th e  n e x t  s e c t io n *

E xam ple o f  a n  I s e n t r o p i c  P r o c e s s

We s h a l l  a g a in  c o n s i d e r  th e  s p in  s y s te m  c h a r a c t e r i z e d  b y

a  H a m il to n ia n  Mx.  •t

^  +7>

£ 2 ) See th e  f o o t n o te  num ber c o n c e rn in g  K l e i n 's  Lemma*
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L e t  t h e  s y s te m  be  I n i t i a l l y  I n  e q u i l i b r i u m

_ / 3 o ^ .
/>. =    X  = - H . M + ' b

P.

w h ere  I s  d e te rm in e d  by

< - * .> .  S  - -  (£ - 1 7 >

Now l e t  th e  m a g n e tic  f i e l d  c h a n g e  I n  t i m e .  A c c o rd in g  t o  E q . 

( 5 - 9 )  t h e  e n t r o p y  a t  t im e  t  i s

S f f )  sr — J~ap(t-) J+\

w here

A  -  e

2, - Th e T ? 1"**  (5. l8 )

3 n i  t5 _ 1 9 )
T Z f W M t  -  -

a n d  j>  ( t )  i s  t h e  t im e  d e v e lo p e d  d e n s i t y  m a t r i x

fiO r) =- O W  /«

L v  (H  = ^  t"« >  = '  £ ‘ l

I t  i s  c o n v e n ie n t  t o  s h i f t  t h e  t im e  d e p e n d e n c e  t o  th e  

dynam ic  v a r i a b l e s  a n d  w r i t e  E q . ( 5 -1 9 )  a s

< j i m \  z T a / .  I 'M * )  m i + ) + i > w )  <S' 2 0 )
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where M  1+) -  O^f+i  Aj U t + )  3)1+) = O i (+) D V H )

U sin g  t h i s  n o t a t i o n

s  u )  = Ah 2+ + < 91 M \

T a k in g  th e  t im e  d e r i v a t i v e  we f i n d

i-s/t) - t p i t x m O  +/3t+) J - < # t t ) \ (5-21)
Jt Jt * ° ' Jt

Prom  Eq* (5 -1 8 )

jL  / u ? t = - p  It) <31 - t f l l r l  fit*) (5-22)
3 +

w h e re

< AJ)^ s  Ta  fa n

F u r th e r m o re  t h e  c h a n g e  i n  t h e  i n t e r n a l  e n e r g y  o f  th e  s p i n  

s y s te m  i s  r e l a t e d  t o  t h e  w ork  done by  t h e  e x t e r n a l  f i e l d *

= -  < n M \ J H

T h e r e f o r e

d -  t # i + ) \  -  - H l + )  < W \  
J-h ($-23)

U sin g  ( 5 - 2 2 )  a n d  ( 5 -2 3 )  i n  E q . ( 5 -2 1 )  we h a v e

5  =  p ( + )  f {  (+) ( -  < M H ) \  )  (5-214-)

F i r s t  c o n s i d e r  t h e  c a s e  i n  w h ic h  H <  0 o v e r  a  f i e l d  r a n g e  

H i t o  Hg (H i >  E g ) ,  F u r th e rm o r e  assum e H g »  w here  H^ i s

th e  l o c a l  d i p o l a r  f i e l d  d e f i n e d  by
D'

T r l ?
g2  B T r  D2
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L e t T  (H) be t h e  r e l a x a t i o n  t im e  c h a r a c t e r i z i n g  t h e  e x c h a n g e  

o f  Zeeman a n d  d i p o l a r  e n e r g y . £ 3 ) Then we may o b t a i n  t h e  

f o l lo w in g  e s t i m a t e  f o r  th e  r i g h t  h a n d  s i d e  o f  E q . (5-2ij.)#

< A 0 ,  -  <Atf*>> *  —  V2- A m  < : * >  (5 -2 5 )
£ 6 H ( H  +

The t im e  r a t e  o f  c h an g e  o f  t h e  e n t r o p y  i s

J_ S H - t  «r / * ' »  *  < * h
^  f f f t )

F u r th e r m o r e ,  i n  t h e  h ig h  te m p e r a tu r e  a p p ro x im a t io n

S H - )  *  N f i y  C 7 I - H )  -  (5 _ 2 6 )

T h e r e f o r e

j  S ^  2  f  H  J £
 *  ~ Z —  I T  ( 5 -2 7 )s ^ - 5  U K

w here

^  ^  c i x + n  

From (5 -2 7 )  t h e  c o n d i t i o n  t h a t  th e  p r o c e s s  b e  i s e n t r o p i c  i s

— t L  C 1  ( 5 -2 8 )
V

F o r t h e  c a s e  In  w h ic h  H -  E ^ , E q . (5 -2 5 )  a n d  E q . (5 -2 6 )  

m ust b e  m o d i f i e d .

53 ) B lo e m b e rg e n , S . S h a p i r o ,  P . S . P e r s h a n ,  J .  0 .  A rtm an , 
P h y s . R ev . l lJ j . ,  41j5  (1 9 5 9 ) h a v e  c a l c u l a t e d  t ' ( H ) .  W ith in  
t h e i r  a p p ro x im a t io n  a

J
w here  f o r  H » H L,  <3 i s  t h e  l i n e  w id th  due to  t h e  n o n - s e c u l a r  
te rm s  i n  D. F o r H £ H t t h e y  f i n d  ' t ( H )  a p p ro a c h e s  th e  
s p i n - s p i n  r e l a x a t i o n  t im e  a n d  i s  in d e p e n d e n t  o f  H.
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-  <v*t/0 >(x *
T  H( +)  

r  //V f-; +

^ ■ /f; ^  / V / ^ f z x - f / ;  -  /3 W  f  ?-/•/* 7  <Ai y 

T he e x p r e s s i o n  f o r  t h e  e n t r o p y  c h a n g e  becom es

-5c 2 T  H  H  J t f  ( 5 . 2 9 )

S  l H l + Hu ) * -

F o r  H £  Hl ,  “7“ a p p ro a c h e s  t h e  s p l n - s p i n  r e l a x a t i o n  t im e  a n d  I s  

in d e p e n d e n t  o f  H , A ssum ing  H i s  c o n s t a n t  we i n t e g r a t e  E q . 

( 5 - 2 9 ) ,

(  s ' -  sc iT )  ( h \ 2.) + Kl -) '< -  ( H ’- o t + # ? ) * ]r\ y

I n  t h e  low  f i e l d  r a n g e  t h e  i s e n t r o p l c  c o n d i t i o n  i s  t h e r e f o r e

I L L  1  ( 5 -3 0 )
Ml
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CHAPTER VI 

The D ynam ics o f  I r r e v e r s i b l e  P r o c e s s e s

I n t r o d u c t i o n

I n  t h i s  c h a p t e r  we i n v e s t i g a t e  c e r t a i n  a s p e c t s  o f  t h e  

d y n am ics o f  i r r e v e r s i b l e  p r o c e s s e s .  One a s p e c t  o f  i r r e v e r ­

s i b i l i t y  i s  th e  te n d e n c y  o f  m a c ro s c o p ic  sy s te m s  t o  a p p ro a c h  

a  s t a t e  o f  e q u i l i b r i u m .  We d e f in e  e q u i l i b r i u m  o p e r a t i o n a l l y  

by  th e  r e q u i r e m e n t  t h a t  th e  v a lu e s  o f  m a c r o s c o p ic a l ly  m e a su re d  

q u a n t i t i e s  s h a l l  n o t  ch an g e  i n  t im e .  M ore s p e c i f i c  t y p e s  o f  

e q u i l i b r i u m  a r e  f u r t h e r  c h a r a c t e r i z e d  by  th e  r e q u i r e m e n t  t h a t  

d i f f e r e n t  p a r t s  o f  t h e  sy s te m  h a v e  th e  same v a lu e  o f  some 

i n t e n s i v e  p r o p e r ty  ( e . g .  t e m p e r a tu r e ,  th e rm a l  e q u i l i b r i u m ;  

p r e s s u r e ,  m e c h a n ic a l  e q u i l i b r i u m ;  c h e m ic a l  p o t e n t i a l ,  ch em i­

c a l  e q u i l i b r i u m )  • One o f  th e  fu n d a m e n ta l  p ro b le m s  o f  i r r e ­

v e r s i b i l i t y  i s  t h e  d e t e r m i n a t i o n  o f  th e  p r o p e r t i e s  o f  th e  

H a m i l t o n i a n ^  ,  t h e  i n i t i a l  s t a t e ,  a n d  th e  o b s e r v e d  dynam ic  

v a r i a b l e s  w h ic h  a r e  n e c e s s a r y  a n d  s u f f i c i e n t  t o  im p ly  t h a t  

t h e  sy s te m  a p p ro a c h e s  e q u i l i b r i u m .

A se c o n d  a n d  r e l a t e d  a s p e c t  o f  i r r e v e r s i b i l i t y  i s  th e  

t im e  d e ca y  o f  th e r m a l  e q u i l i b r i u m  f l u c t u a t i o n  c o r r e l a t i o n s .

L e t  F be  a  dynam ic v a r i a b l e  w hose t im e  d e v e lo p m e n t i s  d e t e r ­

m in e d  b y  th e  H e is e n b e rg  e q u a t io n  o f  m o tio n .

( t - i )

L e t  j> r e p r e s e n t  th e  e q u i l i b r i u m  d e n s i ty  m a t r ix  f o r  t h e  s y s te m . 

An a u t o c o r r e l a t i o n  f u n c t i o n  c a n  be d e f in e d  by  t h e  r e l a t i o n
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Ta  p F F K )  

Ta/> F ^

< F  F « f> (6- 1 )
< F *>

w h ere  F s t a n d s  f o r  F ( 0 ) .  F o r a  m a c ro s c o p ic  sy s te m  we e x p e c t

v e ry  s m a l l  f o r  t  lo n g  com pared  t o  some c h a r a c t e r i s t i c  t im e  Yc 

c a l l e d  t h e  c o r r e l a t i o n  t im e  o f  F .

T hese  tw o a s p e c t s  o f  I r r e v e r s i b i l i t y  a r e  c l o s e l y  r e l a t e d .  

The t im e  d e p en d e n ce  o f  a  dynam ic  v a r i a b l e  c a n  be r e l a t e d  t o  

c o r r e l a t i o n  f u n c t i o n s  o f  th e  i n t e r a c t i o n  r e s p o n s i b l e  f o r  I t s  

t im e  d e v e lo p m e n t. I n  t h e  n e x t  s e c t i o n  we s h a l l  d i s c u s s  t h i s  

r e l a t i o n s h i p .  We w i l l  t h e n  ex am in e  some o f  th e  p r o p e r t i e s  o f  

th e  c o r r e l a t i o n  f u n c t i o n s  when t h e  e n e rg y  s p e c tru m  o f  th e  

s y s te m  i s  d i s c r e t e .  As an  exam ple  o f  t h i s  c a s e  we e v a l u a t e  

a n  a u t o c o r r e l a t i o n  f u n c t i o n  f o r  a  r i n g  o f  N e x c h a n g e -c o u p le d  

s p i n s .  We t h e n  ex am in e  th e  d e p e n d e n c e  o f  t h i s  c o r r e l a t i o n  

f u n c t i o n  on  N a n d  t .  F o r  f i n i t e  N th e  t im e  d e p en d e n ce  Is  

a l m o s t - p e r i o d i c . ^ )  However I f  we ta k e  t h e  l i m i t  N->«> b e f o r e

5I4.) I n  g e n e r a l  C ( t )  s h o u ld  a p p ro a c h  a  c o n s t a n t  v a lu e  f o r  l a r g e  
t .  I f  0 a n d  T r /F  s  0 ,  t h e n  we e x p e c t  th e  c o r r e l a ­
t i o n  f u n c t i o n  to  v a n i s h  e v e n t u a l l y .  I f  T r /F  * <F> f  0 ,  
t h e n  c o n s id e r  th e  c o r r e l a t i o n  f u n c t i o n  o f  th e  o p e r a t o r  
F -  .  I t  i s  p r i m a r i l y  t h i s  c l a s s  o f  th e r m a l  e q u i l i ­
b r iu m  f l u c t u a t i o n  c o r r e l a t i o n  f u n c t i o n s  w h ic h  we s h a l l  
b e  i n t e r e s t e d  i n .

5>5) A s e t  o f  r e a l  n u m b ers  f f ;}  i s  c a l l e d  r e l a t i v e l y  d e n se  i f
t h e r e  e x i s t s  a  num ber T s u c h  t h a t  e v e r y  i n t e r v a l

t  + T o f  l e n g t h  T c o n t a i n s  a t  l e a s t  one member o f
t h e  s e t .  A c o n t in u o u s  f u n c t i o n  f ( t )  I s  c a l l e d  a lm o s t -  
p e r i o d i c  i f  f o r  a n y  € > 0 t h e r e  e x i s t s  a  r e l a t i v e l y  
d e n se  s e t  o f  n u m b ers  f t e} s u c h  t h a t  | f ( t  + 2 \ ) - f ( t ) / < £  £ 
f o r  -<*>< t  < .  S ee  H a r a ld  B o h r, A lm o s t - P e r lo d lc  F u n c t io n s ,
(C h e ls e a  P u b l i s h in g  C o . ,  New Y ork  (1^1*.?) ) ,

C ( t )  t o  v a n is h  f o r  l a r g e  t . - ^  A c t u a l ly  G ( t )  s h o u ld  becom e
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t h e  l i m i t  t - * 00 ,  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  g o e s  t o  z e ro  

i n  t h e  l a t t e r  l i m i t .  I n  th e  l i m i t  th e  e n e rg y  s p e c tru m

o f  t h e  sy s te m  becom es c o n t in u o u s .  T h is  i s  r e s p o n s i b l e  f o r  

t h e  q u a l i t a t i v e  d i f f e r e n c e  b e tw e e n  th e  a s y m p to t ic  t im e  b e ­

h a v i o r  o f  a  f i n i t e  a n d  a n  i n f i n i t e  s y s t e m . ^ )

The p r o p e r t i e s  o f  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  a r e  th e n  

e x a m in e d  f o r  th e  c a s e  o f  a  c o n t in u o u s  e n e rg y  s p e c tru m . As 

a n  ex am p le  o f  t h i 3  c a s e  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  

^E -g E x ttjX )^  c a l c u l a t e d  f o r  a  th e r m a l  e q u i l i b r i u m  r a d i a t i o n  

f i e l d .  Ex  s t a n d s  f o r  Ex ( 0 , 0 ) .  We c o n c lu d e  b y  a p p ly in g  some 

o f  t h e  r e s u l t s  o b t a in e d  fro m  o u r  a n a l y s i s  o f  th e  t im e  b e h a v io r  

o f  c o r r e l a t i o n  f u n c t i o n s  t o  t h e  fu n d a m e n ta l  p ro b lem  o f  tb s  

a p p r o a c h  to  e q u i l i b r i u m  o f  m a c ro s c o p ic  o b s e r v a b l e s .

Some E x am p les o f  t h e  R e la t i o n s h i p  B etw een  C o r r e l a t i o n  F u n c t io n s  
a n d  th e  Time D ev elo p m en t o f  D ynam ic V a r i a b l e s

The G r e e n 's  f u n c t i o n s ,  o r  p r o p a g a t o r s ,  a s s o c i a t e d  w i t h  a  

m any body  s y s te m  h a v e  th e  fo rm  o f  c o r r e l a t i o n  f u n c t i o n s .  T h is  

i s  t h e  fu n d a m e n ta l  r e l a t i o n s h i p  b e tw e e n  th e  t im e  e v o l u t i o n  o f  

a  s y s te m  a n d  th e  c o r r e l a t i o n  f u n c t i o n .  R a th e r  th a n  r e v ie w  

t h i s  fo rm a lis m ^ 7 > we w i l l  p r e s e n t  some e x am p le s  w h ic h  i l l u s ­

t r a t e  t h i s  r e l a t i o n s h i p .

5 6 )  T h is  i s  a s s o c i a t e d  w i th  th e  P o i n c a r i  r e c u r r e n c e  phenom enon 
o f  a  f i n i t e  s y s te m . P o in c a r e  r e c u r r e n c e  m eans t h a t  a  g iv e n  
i n i t i a l  s t a t e  w i l l  r e c u r ,  n o t  e x a c t l y ,  b u t  to  a n y  d e s i r e d  
d e g re e  o f  a c c u r a c y ,  i n f i n i t e l y  o f t e n .  C l a s s i c a l l y  th e  
i n i t i a l  s t a t e  i s  s p e c i f i e d  b y  a  p o in t  i n  p h a se  s p a c e .  
Q uantum  m e c h a n ic a l ly  i t  c a n  b e  s p e c i f i e d  by th e  e x p e c ta ­
t i o n  v a lu e s  o f  a  c o m p le te  s e t  o f  com m uting o b s e r v a b l e s .

5 7 )  C. M a r t in  a n d  J .  S c h w in g e r , P h y s . R e v . 1 1 5 . 131*2 (1 9 5 9 ) 
L . D. L an d a u , JETP 3j±, 262  ( 1 9 5 8 ) .
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C o n s id e r  a  sy s te m  o f  i n t e r a c t i n g  s p in s  h a v in g  a  H a m ilto n ­

i a n

L e t  D r e p r e s e n t ,  f o r  i n s t a n c e ,  t h e  d i p o l e - d i p o l e  i n t e r a c t i o n *  

Suppose t h e  i n i t i a l  s t a t e  o f  th e  sy s te m  i s  c h a r a c t e r i z e d  by  

a n  a v e r a g e  v a lu e  o f  e n e r g y ,  a n d  an  e x t e r n a l  m a g n e tic  f i e l d  

He + A H. A t t  s  0 l e t  A H  v a n is h *  W hat i s  t h e  t im e  d e v e lo p ­

m en t o f  t h e  Z -com ponen t o f  m a g n e t i z a t io n ?

(6- 2 )

w here

E x p an d in g  t h e  d e n s i t y  m a t r i x  we o b t a i n  i n  lo w e s t  o r d e r

r
(pi ( I - * . M t \  )

w here

Z U p l  -  n  e - / 3 ^ *

=  T t c r P * ' ^  

( fi 'l
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Substituting (6-3) into (6-2) we obtain, in this order

< /y*) <*£ \j * [ y>.
S in c e  com m utes w i th  e x p ( - ^ # , )  we may w r i t e  th e  e x p e c ta ­

t i o n  v a lu e  ^M z ( - i s ) M z ( t ) ^  i n  t h e  fo rm  o f  a  c o r r e l a t i o n  

f u n c t io n - * ^

The h ig h e r  o r d e r  c o r r e c t i o n s  i n v o lv e  h i g h e r  o r d e r  c o r r e l a t i o n  

f u n c t i o n s .  F o r  exam ple  th e  n e x t  o n i e r  c o r r e c t i o n  t o  E q . (6 —1*.) 

c o n ta in s  th e  t h i r d  o r d e r  c o r r e l a t i o n  f u n c t i o n

{  Afj. A/g. ( - t ' S 3L+ i S t ) A I t f a + i S ^ y  

As a  s e c o n d  e x a m p le , c o n s i d e r  t h e  p ro b lem  o f  th e  i n t e r ­

a c t i o n  o f  a  m a g n e tic  moment w i t h  a  th e rm a l  e q u i l i b r i u m  r a d i a ­

t i o n  f i e l d .

£8 ) S in c e  Txj^l* ^ 0 a n d  0 we do n o t  e x p e c t  t t t i s  c o r r e l a ­
t i o n  f u n c t i o n  to  d e c a y  t o  z e r o .  H ow ever, we do e x p e c t  i t  
t o  e v e n t u a l l y  a p p ro a c h  a n  e q u i l i b r i u m  v a l u e .
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w h ere  we h a v e  q u a n t i z e d  t h e  r a d i a t i o n  f i e l d  i n  a  b o x  o f  volum e 

V, G oing  t o  th e  f i e l d  i n t e r a c t i o n  r e p r e s e n t a t i o n  we h a v e

(7 ^  -  -  J tfr )  • ) ^ 7  (6 -5 )

w h e re  H ( t )  « e  H e*" . C om puting  th e  c o m m u ta tio n  r e l a t i o n  

i n  (6 -5 )

ej(W = ZM.LHjMtftC) -f l tMOfM')  <6- 6>

The e q u a t io n s  f o r  ^ ( t )  a n d  i? ~ ( t )  f o l l o w  by  c y l i c  p e r m u ta t io n
cr

cr^l+) ~  XyUo ( ( 4 - )  -  Hr) q  (4 ))  ( 6 - 7 )

if? m  = (  My H-) U )  -  ^  M  < ^ / { )  )  (6_8)

I n t e g r a t i n g  E q s . ( 6 - 7 )  and  ( 6 - 8 )  t o  o b t a i n  f o r m a l  r e l a t i o n s

5

p e f a ,  f  M t W t f i f o i q f t )  -  t / x t t ) f t v t Q  *£(+ ,}  ( 6 - 9 )

- t f j H - )  f y l h )  f t )  + t f f ( U  # * . « ) } < £ ( * , )  /

Assum e t h a t  th e  i n i t i a l  s t a t e  o f  th e  r a d i a t i o n  f i e l d  i s  d e s ­

c r i b e d  by  t h e  th e r m a l  e q u i l i b r i u m  d e n s i t y  m a t r i x

f w  = r- = T s ,* - ? *
J  2 u c p )

M u l t ip ly in g  E q . ( 6 - 9 )  by  ^  a n d  t r a c i n g  o u t  t h e  r a d i a t i o n  f i e l d  

one  o b t a i n s
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d — 14-) ^  -  YyX* ( ^ 1  (6 -1 0 )at ' Je>

w h ere  / 0 > w g T r fa O ,  The a p p r o x im a t io n  m ade i n  o b t a i n i n g  

(6 - 1 0 )  c o n s i s t s  i n  t h e  r e p la c e m e n t

< h  h* « ,)  u , ) \  < u *  i »  h *  <£ ( V

T h a t i s ,  we i n c l u d e  o n ly  t h a t  p a r t  o f  th e  t r a c e  I n  w h ic h  H ^ t )  

e m i t s  o r  a b s o r b s  a  qu an tu m  a b s o r b e d  o r  e m i t t e d  b y  H ^ t ^ ) .

T h is  i s  t h e  lo w e s t  o r d e r  c o r r e l a t i o n  a p p ro x im a t io n *

I n  o b t a i n i n g  E q . ( 6 - 1 0 )  we f u r t h e r  n o te  t h a t

<■ « x > w  =  < r H * f u  =  0

t h  t t , ) ) w -  a-,)  y w

The t im e  d e p e n d e n c e  o f  ^H x ( t ) H x ( t ^ )  ^  c a n  be  s i m p l i f i e d  

s i n c e  e x p ( iW t)  com m utes w i t h  j ? w •

< A r W A x W > w = '<?-*,) A* X ,  ~  ^ > W ^ M ) (6 ' U )

U sin g  t h i s  i n  E q . ( 6 -1 0 )  we h a v e  th e  l o w e s t  o r d e r  c o r r e l a t i o n  

f u n c t i o n  r e l a t i o n

( ^
<h w = - r ^ c  < ^>„ ) W * '* 'i t V  <6-i2)

O

The L a p la c e  t r a n s f o r m  o f  E q . (6 -1 2 )  g i v e s

s  5 j  (5) -  t o  =  _  ^  / / * ) w f ( 3) f~  ,sJ

w here
— s-f(S) ^ -4̂  e" (7r (t*-)

o
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Solving this equation one obtains

^ « s )  =  _ _ £ L ^ ------------------ = _  <6 - « )

S  +  8 '/* ? ' ^ > w

T h e re fo r e  i n  t h i s  a p p ro x im a t io n  th e  t im e  b e h a v io r  o f  <r~z ( t )  

i s  d e te r m in e d  by  th e  z e r o s  o f

5  -  £ [ s )  (6 -lij.)

- t /F o r exam ple i f  f ( t )  s  e  T

f ( 5 )  =

and  E q . (6 -llj .)  h a s  z e r o s  a t

S in c e  t h e r e  i s  no z e ro  a t  s  = 0 ,  <T^(t) v a n i s h e s  a s  t  g o e s  t o  

i n f i n i t y .

L a t e r  we s h a l l  e x p l i c i t l y  e v a l u a t e  f ( t ) f o r  t h e  b l a c k -  

body  r a d i a t i o n  f i e l d .  I t  d o es  n o t  h a v e  th e  fo rm  o f  a  s im p le  

e x p o n e n t ia l  d e c a y .  F u r th e r m o re ,  u s in g  th e  c o r r e c t  f ( s ) ,  E q .

{6—11*.) i s  fo u n d  to  h a v e  a  z e ro  a t  s  = 0 ,  T h e r e f o r e ,  i n  t h i s  

lo w e s t  o r d e r  a p p ro x im a t io n  (Tz ( t )  r e m a in s  f i n i t e  a s  t  g o e s  to
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i n f i n i t y . ^ ) H ig h e r  o r d e r  a p p ro x im a t io n s  i n v o lv i n g  c o r r e l a ­

t i o n  f u n c t i o n s  o f  t h e  fo rm  ar©

r e s p o n s i b l e  f o r  t h e  lo n g  t im e  d e c a y  o f  <Tz ( t ) *

C o r r e l a t i o n  F u n c t io n s  f o r  S y stem s H av ing  D i s c r e t e  E n e rg y  S p e c t r a  

I n  g e n e r a l  we may d e f in e  a n  n t h  o r d e r  c o r r e l a t i o n  f u n c t i o n ,

(  Fi U t ) F  ‘ (’£ « ) '}  (6 - 1 5 )

< F t Fi  ••• Fk >

The e x p e c t a t i o n  v a lu e  may be t a k e n  f o r  a  s i n g l e  quan tum  s t a t e  

o r  a s  a n  a v e r a g e  o v e r  a  m a n i f o ld  o f  s t a t e s *  The t im e  d e p en d e n ce

5 9 ) C o n s id e r  t h e  c a s e  i n  w h ic h  th e  s p i n  s t a t e s  a r e  s e p a r a t e d  by  
some e n e rg y  £  • S u p p o se  t h e  s p i n  i s  i n i t i a l l y  i n  t h e  u p p e r  
s t a t e *  The t r a n s i t i o n  p r o b a b i l i t y  to  t h e  lo w e r  s t a t e  i s  
g iv e n  i n  t h e  lo w e s t  o r d e r  B o rn  a p p ro x im a t io n  by

WW'

< = z r & k i i > [ J * L  v / s m ? ) ( a )  
1 t i n •)» 1 ak v r

The e n e rg y  d e p e n d e n c e  i s  t h e r e f o r e

S C e - t A . )  -  
1 C*

a n d  t*r- v a n i s h e s  a s £ - » 0 .  T h is  i s  e x a c t l y  t h e  s i t u a t i o n  
f o r  a  s p i n  i n t e r a c t i n g  w i t h  a  r a d i a t i o n  f i e l d  (no e x t e r n a l  
m a g n e tic  f i e l d ) *  The e x p o n e n t i a l  c o r r e l a t i o n  f u n c t i o n  
e x p t - t / r  )# w h ic h  im p l i e d  r e l a x a t i o n ,  g r o s s l y  m is r e p r e ­
s e n t s  th e  low  e n e r g y  b e h a v io r  o f  th e  r a d i a t i o n  sp e c tru m *  
T h l3  i s  th e  d a n g e r  i n h e r e n t  i n  a r b i t r a r i l y  r e p l a c i n g  a  
c o r r e l a t i o n  f u n c t i o n  b y  a n  e x p o n e n t i a l  decay*

The a c t u a l  r e l a x a t i o n  m ech an ism  a p p e a r s  i n  h i g h e r  
B o rn  a p p ro x im a t io n s *  F l u c t u a t i o n s  i n  th e  b la c k -b o d y  
r a d i a t i o n  f ie ld ^  p ro d u c e  a  f l u c t u a t i n g  e n e r g y  s e p a r a t i o n  
a  o f  o r d e r  D u r in g  t h e s e  f l u c t u a t i o n s ,  t r a n s i ­
t i o n s  c a n  o c c u r ,  w h ic h  i n  lo w e s t  o r d e r  p ro d u c e  a  t r a n s i ­
t i o n  p r o b a b i l i t y  g iv e n  by  E q . ( a )  i n  w h ich fi s^ < h| ^ ® *
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of the are determined by the Heisenberg equations of motion

Fc = <• t H ,  Fc ]  ( k  =■ X )

The a u t o c o r r e l a t i o n  f u n c t i o n  f o r  a  dynam ic  v a r i a b l e  F i s  ob ­

t a i n e d  a s  a  s p e c i a l  c a s e  o f  (6-l£>)

C F t t . l  F t-W )}  ( 6 -1 6 )

^ r 2>

I f  t h e  e x p e c t a t i o n  v a lu e  i s  t a k e n  w i th  r e s p e c t  t o  a n  e n e r g y  

e i g e n s t a t e  o r  a s  a n  a v e r a g e  o v e r  a  d e n s i t y  m a t r i x  w h ic h  com­

m u te s  w i t h  th e  H a m il to n ia n ,  E q . (6 -1 6 )  i s  a  f u n c t i o n  o f

t g  "  ^ i •

£(+)  -     *  *= ^  (6 -1 7 )

L e t  th e  e i g e n s t a t e s  o f  H h a v e  a  d i s c r e t e  s p e c tru m

/ /  //m> = (6- 18)

w here  n  s t a n d s  f o r  th e  c o m p le te  s e t  o f  qu an tu m  n u m b ers  n e e d e d

to  s p e c i f y  th e  s t a t e  o f  th e  s y s te m . We s h a l l  a ssu m e t h a t  a l l

o f  t h e s e  quan tum  num bers a r e  d i s c r e t e .  The n o r m a l i z a t i o n  i s  

t h e n
^/K  | /M ' )  “  1

w here  t h e  X -s y m b o l r e p r e s e n t s  a  p r o d u c t  o f  K ro n e c k e r  £  ' s  

f o r  a l l  t h e  q u an tu m  n u m b ers  n e e d e d  to  s p e c i f y  t h e  s t a t e .  L e t  

C ( t ) ,  E q . ( 6 -1 7 )  h e  d e f i n e d  w i th  r e s p e c t  t o  a  d e n s i t y  m a t r i x

C. (H = (6-18)
7 y  r 1-
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T a k in g  th e  t r a c e ,  E q . ( 6 - l 8 ) ,  i n  t h e  e n e r g y  r e p r e s e n t a t i o n  

one o b t a i n s

£ m \p \*t>  f <6*1 I F //* t) I c - 
c l +) g  ^  r _________________________________________ (6 - 1 9 )

^ \ f f / v C y  f ^ A  I I 7'

w here

Take t h e  L a p la c e  t r a n s f o r m  o f  E q . ( 6 - 1 9 )

OD

l-

^  j < * i f

J i  e T 5* t t t - )  -  Z ' c u * * *
I < a  l Fr //m> I

/*IA*

T h is  h a s  p o l e s  a lo n g  t h e  Im a g in a ry  a x i s  o f  th e  s - p l a n e .

*5 -  t H * « /i

T h e r e f o r e ,  u n l e s s  ^ n lF (m ')  « 0 w hen td mrt f  0 t h e  l o n g  t im e  

b e h a v io r  o f  t h e  c o r r e l a t i o n  f u n c t i o n  i s  o s c i l l a t o r y *  M ore 

p r e c i s e l y ,  C ( t )  i s  a n  a l m o s t - p e r i o d i c  f u n c t i o n .  I f  ^ n |F |n i )  = 

when ^ m n  f  0 ,  t h e n  th e  c o r r e l a t i o n  f u n c t i o n  i s  i d e n t i c a l l y  

e q u a l  t o  u n i t y  f o r  a l l  t im e .

The lo n g  t im e  o s c i l l a t o r y  b e h a v io r  seem s i n  d i r e c t  c o n ­

t r a s t  t o  t h e  e x p e r i m e n t a l l y  o b s e r v e d  ( i r r e v e r s i b l e )  d e c a y  o f  

th e  c o r r e l a t i o n  f u n c t i o n .  We may u n d e r s t a n d  t h e s e  two

60) We c o n s i d e r  th e r m a l  e q u i l i b r i u m  f l u c t u a t i o n  c o r r e l a t i o n s .
*  We assum e C/w I^/<h> o . » 82  -



a s p e c t s  o f  C ( t )  b y  c o n s i d e r i n g  E q . ( 6 - 1 9 ) .  I n i t i a l l y  a t  

t  = 0 a l l  p h a s e s  a r e  z e r o  a n d  t h e  m a t r i x  e le m e n ts  a d d  up i n  

a  c o n s t r u c t i v e  m an n e r t o  g iv e  C ( t )  = 1 .  T h is  r e p r e s e n t s  a n  

u p p e r  bound  o n  C ( t )  s i n c e

^  < « i / i * y k « i F I ‘'> l'~  ( 6 - 2 0 )
/Yu a* /****»

As t  i n c r e a s e s ,  t h e r e  o c c u r s  a  d e p h a s in g  o f  t h e  v a r i o u s  te rm s  

o f  t h e  l e f t  h a n d  sura, E q . ( 6 - 2 0 ) .  I t  i s  t h i s  d e p h a s in g  w h ic h  

c a u s e s  t h e  c o r r e l a t i o n  f u n c t i o n  t o  d e c a y  i n i t i a l l y .  I n  f a c t ,  

d e p h a s in g  i s  t h e  dynam ic  c a u s e  o f  i r r e v e r s i b i l i t y .  F o r a  

s u f f i c i e n t l y  l o n g  t im e  a s s o c i a t e d  w i t h  t h e  d i s t r i b u t i o n  o f  

^ m n  v a l u e s ,  C ( t )  w i l l  a g a i n  a p p ro a c h  a r b i t r a r i l y  c l o s e  to  

o n e .  JR oughly, one  may s a y  t h a t  t h i s  t im e  i s  g iv e n  by  t h e  

i n v e r s e  f r e q u e n c y  w h e re  £o I s  co m m en su rab le  w i t h  th e

e n e r g y  d i f f e r e n c e s  t o mri o f  t h e  d o m in a n t m a t r i x  e le m e n ts  

o c c u r ln g  i n  t h e  sum on  t h e  l e f t  h a n d  s i d e  o f  E q . ( 6 - 2 0 ) .  T h is  

P o in c a r e  r e c u r r e n c e  i s  a  w e l l  know n p r o p e r t y  o f  a l m o s t - p e r i o d i c  

f  u n c t i o n s . ^ )  We t h u s  s e e  t h e  r e l a t i o n s h i p  b e tw e e n  t h e  p o s ­

s i b l e  t im e  d e c a y  o f  c o r r e l a t i o n s  an d  th e  a l m o s t - p e r l o d i c  n a t u r e
621o f  t h e i r  t im e  d e p e n d e n c e .  A c c o rd in g  t o  S m o lu ch o w sk i, 1 a n  

i r r e v e r s i b l e  p r o c e s s  i s  one  w hose i n i t i a l  m a c ro s c o p ic  s t a t e  

h a s  a  r e c u r r e n c e  t im e  lo n g  c o m p ared  t o  l a b o r a t o r y  t i m e s .  We 

now c o n s i d e r  a n  I l l u s t r a t i o n  o f  t h e s e  i d e a s .

6 1 )  H a r a ld  B o h r ,  o p . c i t .
6 2 )  M. von  S m o lu c h o w sk i, P h y s ik .  Z . 1 3 ,  1069  (1 9 1 2 ) ;  l k ,  

261 ( 1 9 1 3 ) •



E xam ple o f  a  C o r r e l a t i o n  F u n c t io n  f o r  a  R in g  o f  N E x c h a n g e - 
C o u p led  S p in s

C o n s id e r  a  r i n g  o f  N e x c h a n g e -c o u p le d  s p i n s .  The H am il­

t o n i a n  I s
At

^  y_, (6 -2 1 )
/**■ -f

x
/*i ,M-+l

/  +- 1

I n i t i a l l y  a l l  s p i n s  a r e  s p in -d o w n  e x c e p t  f o r  t h e  kfi— one which, 

i s  s p i n - u p .  We s h a l l  s tu d y  t h e  t im e  e v o l u t i o n  o f  t h i s  s t a t e .  

I n  p a r t i c u l a r  we e v a l u a t e  th e  s p ln - u p  c o r r e l a t i o n  f u n c t i o n  f o r  

t h e  s p i n

d l H = -i *fK I ̂  + <T£- (T ^ tf I f£-l+) I <fK > (6-22)
The e x p e c t a t i o n  v a lu e  i s  t a k e n  w i t h  r e s p e c t  to  t h e  i n i t i a l  

s t a t e

(6 -2 3 )

w here  J3 r e p r e s e n t s  a  sp in -d o w n  s t a t e  a n d  << r e p r e s e n t s  a  

s p in - u p  s t a t e .  The o p e r a t o r + Y < J £ - ) g i v e s  1 i f  t h e  k ~  s p in  

i s  up a n d  0 i f  i t  i s  down. L e t  t h e  o p e r a t o r  o p e r a t e

t o  th e  l e f t  i n  (6 -2 2 )  t o  g iv e

c u r )  =

a n d

( . ( + )  =  l <n; + i (6 - 2^ )
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where U(t) ■ exp(-î £jfc) and

We s h a l l  now c a l c u l a t e  ^ ( t )

L e t /v
( 6 -2 5 )

T h is  i s  a  c o n s t a n t  o f  t h e  m o tio n

f-Za./'J =<>
T h e r e f o r e ,  t h e  t im e  d e v e lo p m e n t o f  a n  e i g e n s t a t e  o f  t a k e s

p l a c e  o n ly  I n  th e  m a n i f o ld  o f  s t a t e s  w i t h  t h e  same e ig e n -

v a l u e .  The m a n i f o ld  w i t h  e ig e n v a lu e  ^ Z z  * 1  -  N i s  sp a n n e d  

b y  t h e  b a s i s

■ P* ( 6 -2 6 )

p i  "  P *

i„  = p< p * • •• Ph-> AJ

From  t h i s  b a s i s  we o o n s t r u c t  a n o th e r  o r th o g o n a l  b a s i s ,

*  (6- 27)
X-O /V /*t -( -h*\ Tf

M ' b
F o r  t h i s  b a s i s  we h a v e ,

t 2 ( 6- 28)
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Therefore, are eigenstates of energy with e i g e n v a l u e s ^ )

£  *= k CA'-x') -h (6-29)jz yv

V s1 /)  * , • • • j **

The i n i t i a l  s t a t e  o f  th e  sy s te m  i s  assum ed  t o  b e ,

jrK •* p >  ( * ■ > ■ ■ ■ '  A - /  <  A + ,  ' • • A
I n  o r d e r  t o  f i n d  th e  t im e  d e v e lo p m e n t o f  t h i s  s t a t e  we ex p an d  

i t  i n  te rm s  o f  th e  b a s i s .

f i J Z  t 2  TT-U fc _

^  = JTr e  N i  K //**- >•=. / ^
I t s  t im e  d e v e lo p m e n t i s  g iv e n  b y

. . . .  u  ;  -  E j’t ',
(L (■(-) = £ . -J— A. e ^ t  (6-30)
la  /k /i/*L p

Now we e v a l u a t e  th e  e x p e c t a t i o n  v a lu e  o f  

E q . (6-2^)•

j y  c y r [ u ( K v )  i

_ , J  C < * » - £ ■ *

$ = , e  *  ( 6 - 3 1 )

s in c e

F or  t  8  0 we h a v e  a s  e x p e c te d

f e c i  -  2

63) T h is  s o l u t i o n  was f i r s t  g iv e n  b y  H« B e th e ,  Z s . f .  P h y s . 
I I ,  20 5  (1 9 3 1 ) .
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Prom  E q . ( 6 - 2 9 )  i t  f o l l o w s  t h a t

I n s e r t i n g  t h i s  i n t o  E q . ( 6 - 3 1 )  we p r o c e e d  t o  c a l c u l a t e

Af
—  I

U sin g  th e  r e l a t i o n
a  t- / u x n v

- j -  - £ • e  "  =  ^  4 ,  >/v

we o b t a i n ^  ̂

£* {■£) — i f  M l  ( 6 - 3 2 )

J °  t- alhA
- f l - t )  -  ^ 2  ^  (xvoir)  ( 6 -3 3 )

A -

F o r a  f i n i t e  num ber o f  s p i n s ,  C{t ) i s  a n  a l m o s t - p e r i o d i c  

f u n c t i o n .  S p e c i f i c a l l y ,  f o r  t h e  c a s e  N “ 2  we f i n d

■ f-M  = J l  e ' " " ' *  Z .  (=<*>*> ■= < ^ 3 w f
A -  -  <*>a n d

£  # -/ -  d ^ 3- U  u> ±)

Now c o n s i d e r  th e  l i m i t i n g  c a s e  f o r  N —^  ©&

•f- i’H  — oT̂ C z ^ ^ ~ )
flj —*» oo

61+.) I t  i s  i n t e r e s t i n g  t o  n o te  t h a t  E . S c h r o d in g e r  f o u n d  a  
s i m i l a r  B e s s e l  f u n c t i o n  r e l a t i o n  f o r  a  r i n g  com posed  o f  
N e q u a l  m ass  p o i n t s  c o u p le d  b y  i d e n t i c a l  s p r i n g s .
A nn. d .  P h y s . 1 ^ ,  1916  (1911+).



a n d  th e  c o r r e l a t i o n  f u n c t i o n  h a s  an  I r r e v e r s i b l e ,  o s c i l l a t o r y  

d e c a y  t o  z e ro *

C M  =  { 6 ~ M

I n  t h i s  l i m i t  t h e  e n e r g y  s p e c tru m  h a s  becom e c o n t i n u o u s .  I n  

t h e  n e x t  s e c t i o n  we s h a l l  e x am in e  c o r r e l a t i o n  f u n c t i o n s  f o r  

s y s te m s  h a v in g  c o n t in u o u s  e n e rg y  s p e c t r a *  The p o s s i b i l i t y  o f  

a n  a s y m p to t ic  t im e  d e c a y  i s  d i r e c t l y  a s s o c i a t e d  w i t h  t h e  e x i s ­

t e n c e  o f  a  c o n t in u o u s  sp e c tru m *

F or l a r g e ,  b u t  f i n i t e  N we s h a l l  ex am in e  t h e  b e h a v io r  o f  

f  a s  a  f u n c t i o n  o f  Z * 2  w t .

t f irn  _  cajjl
f t* )  = T. i t )  + e -  T„(i) + e  *- j  n)

At

- iV T T
+  e  +  e  + ‘ "

Assume H i s  e v e n ,

f O )  = J0 C*) +  2 C TMC9r) + 7^0 (Zr) + ' " )

F o r  l a r g e  v a lu e s  o f  N a n d  Z we h a v e  th e  a s y m p to t ic  r e l a t i o n s ,

Tv Ci> ~  _  —-  ^ 4  f \ -  (£-)'
V 7 TrN~tk^A

Z - - *  T ^ L t )  ~  r l __________

6£) P .  M. M orse a n d  H. F e s h b a c h ,  M ethods o f  T h e o r e t i c a l  P h y s ic s *  
V o l .  I ,  (M cG raw -H ill Hook Company, I n c • ,  New " fo rk , 1 9 5 3 ) 
p* 6 3 1 .
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Therefore, for Z < N
-  ***>

4 - C 2 r ) ~ 7 c t e )  ^  £ ;________  r* > °
N * -

F o r  Z ~-N

-  Z  -  j f t

I n  o r d e r  f o r  t h e  i n f i n i t e  s e r i e s  J j j (Z )+ J 2 j j (Z )+ .  . .  t o  g iv e  a  

c o n t r i b u t i o n  o f  o r d e r  1 we m u st t h e r e f o r e  assum e Z > N . In  

t h i s  c a s e  we h a v e

T„ <*> ~  J i .

We w i l l  n e e d  a t  l e a s t  Z^ te rm s  l i k e  t h i s  t o  o b t a i n  a  c o n t r i b u ­

t i o n  o f  o r d e r  o n e .  We s h a l l  r e q u i r e  t h a t  Z be  g r e a t e r  t h a n  

th e  o r d e r  o f  th e  Z ^ ^  te r m .  T h is  i m p l i e s

2 - V  *  F  = ^ >  £  > *V X

T h e r e fo r e  t h e  t im e  w h ic h  m u st e l a p s e  b e f o r e  f ( t )  d e p a r t s

a p p r e c i a b l y  f ro m  Je (2  to t )  i s  g iv e n  b y ,

>  £  ( 6 -3 5 )

F i n a l l y ,  we c o n s i d e r  an  a l t e r n a t i v e  m e th o d  o f  e s t i m a t i n g  

t h i s  P o in c a r e  r e c u r r e n c e  t im e .  I t  g iv e s  e s s e n t i a l l y  th e  same 

r e s u l t  a s  E q . (6 -3 5 )*  F u r th e rm o re  i t  show s th e  r e l a t i o n s h i p  

b e tw e e n  ' t f  a n d  t h e  I n v e r s e  f r e q u e n c y  com m ensurab le  w i th  a  

m a j o r i t y  o f  th e  e n e rg y  d i f f e r e n c e s  i n  t h e  sum , E q . (6 -3 1 )*
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F o r  l a r g e  N th e  e n e rg y  l e v e l  s e p a r a t i o n  becom es

^  ~ == z£u> ££E.J~p

A l a r g e  n u m b e r ^ )  o f  th e  e n e rg y  d i f f e r e n c e s  a p p e a r in g  i n  th e

sum ?
J -  J L  e  --------- --------
N*- yt M ~i  

a r e  v e ry  n e a r l y  m u l t i p l e s  o f

T h e r e f o r e  th e  P o in c a r e  r e c u r r e n c e  t im e  f o r  C ( t )  I s  g iv e n  b y

a/ x
~  - £ r r  <6 -3 6 )r ^7T  Co

F o r  ^ l e . v ,  a n d  N '* - 1 0 ^  we hav e

. a* ■?£
'v- - s=- i°  s e c - 10  ^  y e a r s

P / o ' - 1-

A c t u a l l y ,  t h i s  i s  s h o r t  a s  f a r  a s  m o s t P o in c a r e  r e c u r r e n c e  

t im e s  f o r  sy s te m s  w i t h  10^3  p a r t i c l e s . ^ ^  T h is  i s  a  c o n s e ­

q u e n ce  o f  th e  r e l a t i v e l y  s im p le  s t r u c t u r e  o f  ( i . e ,  i t  o n ly  

c o u p le s  n e a r e s t  n e ig h b o r s )  a n d  th e  s p e c i a l  c h o ic e  o f  t h e  

i n i t i a l  s t a t e  h a v in g  £  •  N -  1 ,  S in c e^ g *  i s  a  c o n s t a n t  o f  

th e  m o t io n ,  when t h e  k—  s p i n  i s  s p in - u p  th e  r e m a in in g  102 3 -1  

s p in s  a r e  a u t o m a t i c a l l y  s p in -d o w n .

66) L a rg e  m eans o f  o r d e r  f o r  ci jf 0 ,
6 7 ) F o r m u l t i p l y  p e r i o d i c  H a m il to n - J a c o b i  s y s te m s ,  H , F r i s c h  

show s t h a t  Tr ^  4 ” N, g, i s  t h e  e r r o r  o f  r e c u r r e n c e  a n d  N 
i s  th e  num ber o f  d e g re e s  o f  f re e d o m  o f  th e  s y s te m ,
P h y s , R ev , lO iu  1 ( 1 9 5 6 ) ,
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F o r t h i s  s im p le  exam ple  we h av e  h e e n  a b le  t o  f i n d  th e  

t im e  d e v e lo p m e n t o f  th e  i n i t i a l  s t a t e  an d  e x p l i c i t l y  c a l c u ­

l a t e  t h e  c o r r e l a t i o n  f u n c t i o n  <Vg+ 0 £ + ( t)  t f £ - ( t ) ^  • F o r 

f i n i t e  N i t  e x h i b i t s  an  a lm o s t  p e r io d i c  s t r u c t u r e .  F o r i n -  

f i n i t e  N i t  d e c a y s  t o  z e r o  l i k e  J 0 ( 2 w t ) ,  F o r l a r g e  N th e

c o r r e l a t i o n  f u n c t i o n  b e h a v e s  l i k e  J  2 ( 2 w t )  f o r  t im e s  l e s s  
w2th a n  -£L_ ,  T h is  c l e a r l y  show s th e  r e l a t i o n s h i p  b e tw e e n  t h e  

d e ca y  and  th e  a l m o s t - p e r i o d i c  s t r u c t u r e s  o f  C ( t )  f o r  d i s c r e t e  

e n e rg y  l e v e l s .  We s e e  t h a t  t h i s  b e h a v io r  i s  a s s o c i a t e d  w i th  

two p r o p e r t i e s  o f  t h e  s y s te m ;

1 ) The l a r g e  num ber o f  c l o s e l y  sp a c e d  e n e rg y  l e v e l s  
f o r  l a r g e  N,

2 )  The l a r g e  num ber o f  e n e rg y  e i g e n s t a t e s  n e e d e d  i n  
th e  e x p a n s io n  o f  th e  I n i t i a l  s t a t e .

We c a n  f u r t h e r  s e e  fro m  t h i s  exam p le  t h a t  t h e  dynam ic c a u se

o f  i r r e v e r s i b l e  b e h a v io r  i s  r e l a t e d  t o  a  d e p h a s in g  o f  m a t r ix

e le m e n ts  p ro d u c e d  by th e  u n i t a r y  tim e  t r a n s f o r m a t i o n .

C o r r e l a t i o n  F u n c t io n s  f o r  S y stem s w i th  C o n tin u o u s  E n e rg y  S p e c t r a  

We s h a l l  c o n s i d e r  a  s y s te m  h a v in g  a  c o n tin u o u s  e n e rg y  

s p e c tru m . L e t t h e  e i g e n s t a t e s  o f  th e  sy s te m  be r e p r e s e n t e d  

b y  IE ,

/ / / £ ■ * >  =  l e * > £  (6 -3 7 )

Where K  r e p r e s e n t s  t h e  s e t  o f  a d d i t i o n a l  quan tum  num bers 

n e c e s s a r y  t o  s p e c i f y  a n  e i g e n s t a t e  o f  th e  sy s te m . F o r  c o n ­

v e n ie n c e ,  we s h a l l  a ssum e t h a t  t h e s e  a d d i t i o n a l  quan tum  num­

b e r s  a l s o  h a v e  a  c o n t in u o u s  s p e c tru m . The n o r m a l i z a t i o n  i s
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th e n

< e * 4 ' l  ~  <fC £ '- e )  t T ^ '- o O  (6 -3 8 )

w here  S r e p r e s e n t s  a  p r o d u c t  o f  D ir a c  / - f u n c t i o n s  f o r  

th e  s e t  o f  quan tum  num bers c o n ta in e d  I n  *  • I n  th e  c a s e  w h e re  

some o f  t h e  oC quan tum  num bers a r e  d i s c r e t e  ( e . g .  p o l a r i z a t i o n  

o r  s p in )  we m u st r e p l a c e  th e  D ira c  £ - f u n c t i o n  by  a  K ro n e c k e r  <T 

a n d  th e  c o r r e s p o n d in g  i n t e g r a t i o n  b y  a  sum m ation*  O n ly  th e  

c o n t in u o u s  n a tu r e  o f  th e  e n e rg y  s p e c tru m  i s  germ ane t o  th e  

f o l lo w in g  d i s c u s s io n *

W r i t in g  th e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  P I n  t h i s  r e p r e ­

s e n t a t i o n  we f i n d

C I W .  < F F M >
£ f %>

< F F M )  = f a 'k f J e J * '  <£*!/>/£■(> l<£‘H F Ie 's > r e ‘C

T a k in g  th e  F o u r i e r  t r a n s f o r m  o f  C ( t )  we o b t a i n

£(U}') -  ^  £(■&) £
.—  *4

JJ±<Lt<JeJe'<?E<.lfle*>lie*IFIe'«‘>l''£(£'-£-u) ( 6 _ 3 9 )

I n  th e  c a s e  w here  F ( t )  i s  a  random  v a r i a b l e ,  G(&j ) i s  c a l l e d  

th e  " s p e c i a l  d e n s i t y "  o r  "pow er s p e c tru m "  o f  th e  c o r r e l a t i o n  

f u n c t i o n  C ( t ) ;  a n d  E q . (6 -3 9 )  i s  t h e n  th e  W ie n e r -K h in tc h in e

- 92



th eo rem *  I n  th e  p r e s e n t  c a s e  F ( t )  i s  d e te rm in e d  by  th e  

H e is e n b e rg  e q u a t io n s  o f  m o tio n *  Q{ i o )  r e p r e s e n t s  t h e  n o r ­

m a l iz e d  t r a n s i t i o n  p r o b a b i l i t y  d e n s i t y  f o r  th e  sy s te m  t o  

a b s o r b  a n  e n e rg y  quan tum  dito  i n  a  t r a n s i t i o n  p ro d u c e d  by  F*

T h is  i s  c l e a r  f ro m  th e  f o l lo w in g  c o n s i d e r a t i o n s *

Z 7 r  I  </ E  /  f  \  r  <f ( e ' - E - t * )  (6-li-O)

i s  t h e  t r a n s i t i o n  p r o b a b i l i t y  ( p e r  u n i t  t i m e ) ,  f i r s t  o r d e r  

B orn  a p p r o x im a t io n ,  f o r  t h e  sy s te m  to  go  fro m  s t a t e  J e « ^  

t o  s t a t e  JE 1 acO  w i th  t h e  a b s o r p t i o n  o f  e n e rg y  die-* • L e t  

ot f f  I E be  t h e  p r o b a b i l i t y  t h a t  t h e  s y s te m  i s  i n i t i a l l y  

i n  th e  s t a t e  / E « 0  . Then th e  t o t a l  t r a n s i t i o n  p r o b a b i l i t y
iilA i_

f o r  t h e  a b s o r p t i o n  o f  e n e r g y  i s  o b t a i n e d  b y  a v e r a g in g  E q .

( 6 —14.0 ) o v e r  i n i t i a l  s t a t e s  a n d  summing o v e r  f i n a l  s t a t e s *

£77 I < £ U ‘ J I *  & ( £ ' -  E - c *  )  <E<\f>lpSy

N o rm a liz in g  t h i s  we o b t a i n  0 ( ^ o ) *

I n  o r d e r  t o  s tu d y  th e  lo n g  tim e  b e h a v io r  o f  t h e  c o r r e l a ­

t i o n  f u n c t i o n  we c o n s i d e r  i t s  L a p la c e  t r a n s f o r m .

(*CS)  «= } e *” 5 C t + ) d t
4

"  1 Z  ( d l c L c j u ' I ' E o t }  f>l£*> l < E 4 t F l G e ' ) l *
/  a  ] * “  ( 6 - k l )
< f X> )  f - i C Z ' - E )

I n  t h e  l i m i t  s -* 0  we hav e
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Replacing this in Eq. (6-i|l) we have

CIS) =  3JL U*J<.''lcJ£'(rSi‘-£’>-<r-J-,X ^ le i> \^ lF iB U > >r  
< r ^ >  1 *~E

S in c e  C( s )  i s  r e a l ,  t h e  p r i n c i p l e  v a lu e  c o n t r i b u t i o n  m u s t  

v a n is h *  T h is  i s  e v i d e n t l y  t h e  c a s e  s i n c e  we may r e p l a c e

\ f  l £ * )  U £ *  I F l e ' * ' ) / 3 '

i n  t h e  i n t e g r a l  E q . (6 -3 9 )  by  th e  s y m m e tr iz e d  fo rm

1 <Hzdl//E‘<>UE°ilFfE'a( ' )l3' t  < t£U \f l E U ' y j ^ E U / F l E - t ' y i * ' )  

T h e r e f o r e  we h a v e

2
dcs)  ^  < e 4 l f la t>  l< £ ‘t / f r f £ /«'?l U * '* ' )  ( M 2 )

I f  Ke«L i s  a  w e l l  b e h a v e d  f u n c t i o n  o f  E an d

E f t h e n  l im  C ( s )  i s  f i n i t e . ^ ® )  T h is  i m p l i e s  t h a t  C ( t )  v a n is h e s  
y-» o

a s  t  g o e s  t o  i n f i n i t y .  T h is  r e s u l t  i s  i n  m ark e d  c o n t r a s t  t o  

t h e  r e c u r r e n c e  p r o p e r t y  o f  C ( t )  f o r  s y s te m s  w i t h  d i s c r e t e  

e n e r g y  s p e c t r u m s .  I t  i s  e x a c t l y  th e  r e s u l t  one w o u ld  e x p e c t  

f ro m  th e  p r e v io u s  ex am p le  o f  e x c h a n g e -c o u p le d  s p i n s .  As a n  

ex am p le  o f  a  c o r r e l a t i o n  f u n c t i o n  f o r  a  s y s te m  h a v in g  a

6 8 ) T h is  i s  a n  im p o r ta n t  r e q u i r e m e n t ,  a n d  e s s e n t i a l l y  c h a r a c ­
t e r i z e s  t h e  c l a s s  o f  o p e r a t o r s  a n d  d e n s i t y  m a t r i c e s  f o r  
w h ic h  c o r r e l a t i o n s  e v e n t u a l l y  d e c a y .  We s h a l l  r e t u r n  to  
i t  i n  t h e  l a s t  s e c t i o n  o f  t h i s  c h a p t e r .



c o n t in u o u s  e n e r g y  s p e c tru m  we c o n s i d e r  ^ E x Ex ( t , x ) ^  f o r  a  

th e r m a l  e q u i l i b r i u m  r a d i a t i o n  f i e l d .

E le c t r o m a g n e t i c  F i e l d  C o r r e l a t i o n  F u n c t io n s

The H a m il to n ia n  o f  t h e  e l e c t r o m a g n e t i c  f i e l d  i n  a  c u b ic

b o x  o f  vo lum e V = may be  w r i t t e n

: ( 6 - W )
k>

w h ere  a k ^ a n d  a ^ *  s a t i s f y  t h e  c o m m u ta tio n  r e l a t i o n s

r  . + 7 ( ( ( 6 -i|ii-)
L J -  K y

~ I , 4^, >f ] - O 
k  s t a n d s  f o r  a  v e c t o r  (k x , k y , k z ) . A ssum ing  p e r i o d i c  b o u n d a ry

c o n d i t i o n s

A *  ~ o , 1 r  I ,  ± z ,
A*

The e l e c t r o m a g n e t i c  f i e l d  o p e r a t o r s  a r e  g i v e n  i n  te r m s  o f  

a n d  b y  th e  r e l a t i o n s ^ )

— f  ~Tf -tuI *   . / *'K*X ~f- — ifc'* .
E " c ir> I'

H * { 2 -  J ^ F  ( t o f  ) ( a k * i kK-  )  ( 6 - W
k *  V \/  COK K

T he t im e  b e h a v io r  o f  a ^  i s  d e te r m in e d  by

6 9 ) We a r e  u s in g  th e  wave g a u g e ^ 'S  -  0 ,  ■ 0,

-  9$  -



d k> -

F or th e r m a l  e q u i l i b r i u m ,  th e  s t a t e  o f  t h e  r a d i a t i o n  f i e l d  

i s  c h a r a c t e r i z e d  by  th e  d e n s i t y  m a t r i x

C - —  2 - ( A )  = T a  e - P *
1 2  ( p i  1

We now c a l c u l a t e  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  f o r  th e  e l e c t r i c  

f i e l d .  S in c e  i t  i s  a  f i e l d  q u a n t i t y  t h i s  c o r r e l a t i o n  f u n c t i o n  

w i l l  d e p e n d  upon  s p a c e  a s  w e l l  a s  t im e .

£ ( * + )  -  ^  ^ x  , - f ) ^  „  7 ^ /  (6-1*8)

<£$>  ”  Tnf>
Ex  s t a n d s  f o r  Ex ( 0 , 0 ) ,  U s in g  E q s .  (6-1*5) and  (6 —i|-7) th e  

n u m e ra to r  becom es

< £ * £ „ ( *  ( i f )  = - J L  J  ( ? k>- » K \ y  * )  (6-14.9)
K>kO'  * V 1 V  

x  Ta ^  a t y

5  (p )

I n  o r d e r  f o r  th e  t r a c e  n o t  to  v a n i s h  we m u s t p a i r  th e  c r e a t i o n  

a n d  a n n i h i l a t i o n  o p e r a t o r s .  The o n ly  t e r n s  t o  c o n t r i b u t e  h a v e  

t h e  fo rm

( « « > < ■ > '  )  
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Taking the trace we find

a U

7 7> e ' P * *  ^ k >

2<p)
=

w h ere
_ /

'*’* ~  e p ^  - i  < 6 - s o )

The e x p e c t a t i o n  v a lu e  ^ E ^ E ^ X j t ) ^  i s  t h e r e f o r e

k > v
So f a r  we h a v e  a c t u a l l y  b e e n  t r e a t i n g  a  s y s te m  w h ich  h a s  

a  d i s c r e t e  s p e c t r u m . Now a l lo w  t h e  volum e V to  b e  i n f i n i t e  

a n d  make th e  r e p la c e m e n t

/ <*  »- f d3A_
V y J  0 " f

We a r e  now d e a l in g  w i th  a  c o n t in u o u s  s p e c t ru m . E q . (6 -5 1 )  

c a n  be w r i t t e n

(  JJA  + * +
) LW* ) J

The a n g u la r  i n t e g r a t i o n  i s  c o n v e n ie n t ly  p e rfo rm e d  by  c h o o s in g  

th e  p o l a r  a x i s  a lo n g  th e  x - d i r e c t i o n .  The p o l a r i z a t i o n  sum 

becom es
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*

a n d  th e  p la n e  wave c a n  b e  e x p an d e d

e < K X ^  * jn  J L  t *  ^  ! ^ ' l )
£ ' °

The Yjpm a r e  s p h e r i c a l  h a rm o n ic a .  -0~x  r e f e r s  t o  t h e  a n g u la r  

c o o r d i n a t e s  o f  x  a n d  r e f e r s  to  t h e  a n g u la r  c o o r d i n a t e s  

o f  IE . N ote  t h a t  th e  x - a x i s  h a s  b e e n  c h o s e n  a s  t h e  p o l a r  a x i s ,  

j f  a r e  s p h e r i c a l  B e s s e l  f u n c t i o n s  and r  = (x ^  + y ^  + z ^ ) ^ .

L e t  H ( k r )  be d e f in e d  a s  th e  a n g u la r  i n t e g r a l

= f v e 'K" ? ̂  (6-53)

=  -j. ( Kr )  -  { ' & / ’' f x  

The e x p e c t a t i o n  v a lu e  ^ E ^ E ^ a ^ t )  y  i s  t h e r e f o r e ,

<£x £* <?,«> = fjK K>[ + e ilK* ]IK M  (6-53)

70 ) E q . ( 6 -5 3 )  i l l u s t r a t e s  why i t  i s  so m e tim es  c o n v e n ie n t  t o  
d e f i n e  a  sy m m e tr iz e d  c o r r e l a t i o n  f u n c t i o n  
^ < ’ExEx ( x , t )  + Ex ( X ,t ) E x > .  T h is  d o e s  n o t  e l i m i n a t e  t h e  
s i n g u l a r i t y  i n  th e  c o r r e l a t i o n  f u n c t i o n ,  b u t  i t  d o e s  
rem ove i t s  im a g in a ry  p a r t .
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The se co n d  t e r n  in  Eq, (6 -5 3 )  c o rr esp o n d s t o  sp o n ta n eo u s  

e m is s io n .  I t  i s  s i n g u l a r .  C o n sid er  an atom  g o in g  from  an  

e x c i t e d  s t a t e  J ê (x )  t o  i t s  ground  s t a t e  ^ 0 (x )  by th e  sp on tan ­

eo u s e m is s io n  o f  a quantum &(*> • The t r a n s i t i o n  p r o b a b i l i t y  

f o r  t h i s  p r o c e s s  h a s th e  form7 1 )

j j i r  <  £ *  t *  (7 ,iST> e "
— 04

C a r ry in g  o u t  t h e  t  i n t e g r a t i o n  b e f o r e  t h e  k  i n t e g r a t i o n  i n  

/ E ^ E ^ x . t ) )  we o b t a i n  a  f i n i t e ,  m e a n in g fu l  r e s u l t .

For th e  rem ain d er  o f  t h i s  a n a ly s i s  we s h a l l  c o n s id e r  o n ly  

th e  f i r s t  (n o n -s in g u la r )  p a r t o f  <(ExEx (x > t} ^  ,  E q , (6 -5 3 )*  We 

s h a l l  d en o te  t h i s  by th e  s u b s c r ip t  ”1 ” , L et t/pfi9 

7 = r/p'iic and y  = yg-hck, th en
06

1 3Tr<Q^-k /  e ? - I3 r r j3 '  ~

F o r  t  3 x  3 0 we h a v e  th e  n o r m a l i z a t i o n  i n t e g r a l

I
c& v

3 7T
^ 3  — c t

>  - /  /•*" 

The c o r r e l a t i o n  f u n c t i o n  i s  t h e r e f o r e ,

£ <*,/) = <Ex E' (X l+)>1 = f a j f e M W  <6-5W
* ^  I e»-/

I n s e r t i n g  H ( y y )  f ro m  E q , ( 6 -5 2 )  t h i s  becom es

7 1 ) We h av e  assu m ed  a n  i n t e r a c t i o n  o f  t h e  fo rm  ytc»E



oO

=  F b $ - Z  £> ,*> >
* 1 (6 -5 5 )

w hore

2 ,  ^  -  i  <-3 * ' - i ' >

F ~ l V '  -  ~  j / /  ^  (6. 56)

The i n t e g r a l s  PQ an d  P£ a r ® e v a l u a t e d  i n  A p p e n d ix  C. The 

r e s u l t s  a r e

p  ( r ±\ ~  Z£ / J   -  ĉ 7r̂ t _ ( o*Ai\C \ ( f .^7 )
F° r‘°  j n j  l n>r* ^uvi? tr*r.‘ ~& Tc )

F (r.-f-) -  jiF - I j__ _ <ifdM~n 12 i \
Hn3‘7J I 7"7- x n c  n r . ) <6-58>

-  i f l  I - J— 3 -  +  w /:  ■)i t i3 f j  n*r.-> ^ V i r J

, '
V j (  i — —!— -—-  -f- — _  i  ■ 2 a7i f~2

t/rr^i- [ A f r xIZ

w here

r± = r ± 7  -  p : F c i r ± r '
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The b la c k - b o d y  c o r r e l a t i o n  f u n c t i o n  f o r  v a n is h in g  sp a c e  

s e p a r a t i o n  becom es

(j ( b . t )  -  t s  f  — - —u~ : r  ■+■ ~ — —— — 7  ( 6 -^ 9 )

T h is  i s  p l o t t e d  i n  G rap h  1 .  I t  d e c a y s  t o  z e ro  a s  e x p e c te d  

fro m  o u r  p r e v io u s  d i s c u s s i o n , ? ^ )  The o r d e r  o f  m a g n itu d e  o f  

t h e  d e c a y  t im e  i s  2 fi/kT  = w here  -fi to  a  ^-kT* F o r  t  = 0 ,

we h a v e  th e  s p e c i a l  c o r r e l a t i o n  f u n c t i o n  o f  b la c k - b o d y  r a d i a ­

t i o n .

£  C y ,  © I  =  Fc Cr/ D ) -  J F1 t<r,o')

T h is  i s  a x i a l  sy m m e tr ic  a b o u t  t h e  x - a x i s .  F o r •©■ 8 0 i t  

b e co m es ,
£  cX} o)  *=■ /T < % o ?  -  Fi W ) 0)  

f o r  £  = 7F/2, x  — 0 , ^  — (y ^  + z ^ ) ^  i t  i s ,

C, Ip, o )  =  f c  ( f , o )  +  {  F  Ip,  o )

T h ese  s p a & la l  c o r r e l a t i o n  f u n c t i o n s  a r e  p l o t t e d  i n  G rap h  2 ,

7 2 ) The L a p la c e  t r a n s f o r m  o f  ( ^ ( O j t )  h a s  no  s " 1 p o l e .  I n  
f a c t ,  I t  a c t u a l l y  v a n is h e s  i n  t h e  l i m i t  s —> 0 ,

<V»>- - 5  f a +
j

i C , ( s )  = t J L C p - k F s  - c

• C ' " '
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F u r t h e r  s e c o n d  o r d e r  c o r r e l a t i o n  f u n c t i o n s  f o r  t h e  

f i e l d  v a r i a b l e s  E a n d  H c a n  be  c a l c u l a t e d  i n  t h e  same m a n n e r . 

The m a jo r  d i f f e r e n c e s  o c c u r  a s  a  r e s u l t  o f  th e  p o l a r i z a t i o n  

sum . We c o n c lu d e  t h i s  s e c t i o n  b y  n o t in g  s e v e r a l  o f  t h e s e .

'v. li ' T  ) ~  K

For x  = 0 t h i s  e x p e c t a t i o n  v a lu e  v a n i s h e s .  We s h a l l  t h e r e ­

f o r e  n o r m a l iz e  t h i s  c o r r e l a t i o n  f u n c t i o n  w i t h  r e s p e c t  t o

K & % Ej. ( x i "f) y
---------   & _________ — /O+it e? if ( rt?)

*  >* *

In  a  s i m i l a r  m an n e r we f i n d

^ £y E*. < K

^  f* -> *

The polarization sum for ('H^HxCxjt)^ is sin̂ -Ĝ . This has 
the same angular dependence as the polarization sum for 
/EgExCxjt)^ . Therefore their correlation functions are Iden­
tical. The polarization sum for^HxEx(x,t)^ vanishes. The 
polarization sum for ^HyEx(x,t)̂ > is

< ~  I k * * - , , )  - f  < ^ > i )  =

and we find the correlation function

* _ _ _ _ _ _ _ i  =  3 .  4 ^ -  «■ f )  ( n + )

<  > i
- 10l|. -



where

The Approach to Equilibrium of Macroscopic Obaervablea
Prom the preceding discussion of correlation functions 

we have seen that the dynamic cause of their irreversible 
decay is a dephasing, and consequent destructive interference 
among the terms of a sum of matrix elements. For a system 
having a finite number of degrees of freedom the character of 
this interference will eventually become constructive and the 
system will return arbitrarily close to its initial state. 
However, for large systems this Poincare recurrence time is 
many orders of magnitude larger than any laboratory time of 
interest. Formally it may be mathematically convenient to 
consider the asymptotic time behavior. If this is the case 
we have seen that one must take the limit before taking
the limit t -*> . In this way the almost-periodic structure
of the matrix element is eliminated. We shall now use these 
notions to investigate the Irreversible tendency of macro­
scopic systems to approach equilibrium. In particular we 
shall be interested in the properties o f  M and F- which

Let tie time development of a system be determined by <# . 
We initially consider the case of a discrete spectrum

are necessary in order to approach equilibrium.
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x  l » >  = ( 6 " 6 0 )

' |/M> -

If th© Initial state of the system is if0 , the time evolution
of the dynamic variable P is

^( [ j r / HIV  = i t - n

-  ^  e ' ^ f  I M)  </*) Fl-«1> e r '* 1*
/UA*1

< 4 * 1 * }  <M I F I m }  h )  e e mAm
/HMl ( 6 -6 1 )

where At t 3 0 all the terms in Eq. (6-61)
will add in a constructive manner. As t increases we are 
interested in the interference which causes | P ( t ) / t o  
change from its initial value to a final equilibrium value*
The long time character of this interference depends upon the
distribution of energy level spacings £0^ which contribute 
to the sum (6-61). For initial states and operators P 
such that (6-61) consists of only a small number of terms, 
the interference effects will give rise to oscillations on 
a laboratory time scale* For the alternate case in which the 
sum (6-61) consists of a large number of exponential terms 
the interference effects are observed as an irreversible
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c h a n g e  o n  a  l a b o r a t o r y  t im e  s c a l e .  N e c e s s a r y  c o n d i t i o n s  f o r  

t h i s  l a t t e r  e f f e c t  a r e :  1 ) t h e  e x p a n s io n  o f  4  i n  te rm s  o f

t h e  e n e r g y  e i g e n s t a t e s  -)n> c o n t a i n s  a  l a r g e  num ber o f  t e r m s  

2 )  F h a s  a  l a r g e  num ber o f  o f f  d i a g o n a l  m a t r i x  e le m e n ts  i n  t h e  

e n e r g y  r e p r e s e n t a t i o n ; * ^ ^  3) t h e  e n e r g y  l e v e l s  a r e  c l o s e l y  

s p a c e d .

I n  o r d e r  t o  o b t a i n  a  m ore  q u a n t i t a t i v e  c r i t e r i o n  f o r  

i r r e v e r s i b l e  c h a n g e , c o n s i d e r  th e  L a p la c e  t r a n s f o r m  o f  E q . 

(6- 6 1 ).
°o /  ^  <«/j /n > < /n in /w > <>«/O

  C6 - 6 2 )
O ^

F ( s )  h a s  a  s e r i e s  o f  p o le s  l o c a t e d  a lo n g  th e  im a g in a r y  s - a x i s .  

/ 4 l F ( t ) l 4 i >  i s  a n  a l m o s t - p e r i o d i c  f u n c t i o n .  As p r e v i o u s l y  

n o t e d ,  t h e  p h y s i c a l l y  r e l e v a n t ,  a s y m p to t i c ,  t im e  b e h a v io r  i s  

m o s t e a s i l y  fo u n d  b y  g o in g  t o  t h e  l i m i t i n g  c a s e  o f  a  c o n t i n ­

u o u s  s p e c t r u m . I n  t h i s  c a s e  th e  p o le s  becom e c o n t i n u o u s l y  

d i s t r i b u t e d .  The t im e  b e h a v io r  i s  t h e n  d e te r m in e d  by th e  

d e n s i t y  o f  p o l e s .  We i l l u s t r a t e  t h i s  b y  some e x a m p le s .

C o n s id e r  t h e  c a s e  i n  w h ic h  t h e r e  a r e  2N+1 p o le s  u n i f o r m ly  

d i s t r i b u t e d  a lo n g  t h e  I m a g in a r y  s - a x i s  b e tw e e n  + i .

73 ) I n  a c t u a l  p r a c t i c e  th e  I n i t i a l  s t a t e  o f  t h e  s y s te m  i s  
o f t e n  r e p r e s e n t e d  by a  d e n s i t y  m a t r i x .  T h i3  i m p l i e s  a n  
a d d i t i o n a l  su m m atio n  a n d  th e  p o s s i b i l i t y  f o r  a n  i n c r e a s e  
i n  t h e  num ber o f  e x p o n e n t i a l  t e r m s  c o n t r i b u t i n g  t o  t h e  
sum E q . ( 6 - 6 1 ) •

7 4 )  M ost m a c ro s c o p ic  o b s e r v a b l e s  c o n s i s t  o f  t h e  sum o f  a  
l a r g e  num ber o f  one  o r  tw o p a r t i c l e  o p e r a t o r s .  T h is  i s  
th e  r e a s o n  th e y  s a t i s f y  c o n d i t i o n  ( 2 ) .
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t
J _  J g :  — —

s - ' $ -  <6- 6 3)

The i n v e r s e  L a p la c e  t r a n s f o r m  o f  t h i s  I s

*  f  ( " i r
• f  I H  -  - 2 -  e

I n  t h e  l i m i t  o f  l a r g e  N we f i n d

+ M  V +) " * \ J *
— I

a n d  f ( t )  d e c a y s  a s  t ” 1 *

N ex t c o n s i d e r  t h e  d i s t r i b u t i o n  g e n e r a t e d  b y  p r o j e c t i n g  

o n to  th e  im a g in a r y  a x i s  a  u n i fo r m  d i s t r i b u t i o n  o f  N p o i n t s  

on  t h e  u n i t  c i r c l e .

£ t s > =  aT  (6-& W

The i n v e r s e  L a p la c e  t r a n s f o r m  o f  t h i s  I s

as ) i -

I n  t h e  l i m i t  o f  l a r g e  N we f i n d

S f t i - )  ~  = i n  j J * c ‘ J „ M
OH O

w h ere  J 0 ( t )  i s  t h e  z e r o  o r d e r  B e s s e l  f u n c t i o n ,  

s & tn  T e l * )  ^  (  ~ f ^ ) ^ Cri' ( ^  ~ ^
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T h e r e f o r e  f ( t )  d e c a y s  l i k e  t ~ ^ .  The d i f f e r e n c e  b e tw e e n  t h i s  

c a s e  a n d  th e  p r e v io u s  one  c a n  be s e e n  by  e x a m in in g  t h e  d i s t r i *  

b u t i o n  o f  p o l e s .  L e t  s  * x  + i y ,  t h e n  f o r  t h e  f i r s t  c a s e  th e  

d i s t r i b u t i o n  o f  p o l e s  i s

f

-  -

' Jt  0  , „ / > f

F o r  t h e  s e c o n d  c a s e  i t  i s

( t - y
/ H C J )  = i 3

o  V ' w

The s lo w e r  t im e  d e c a y  a s s o c i a t e d  w i t h  th e  l a t t e r  d i s t r i b u t i o n  

a r i s e s  fro m  t h e  s i n g u l a r i t i e s  a t  y  ■ + l .

F i n a l l y ,  c o n s i d e r  th e  d i s t r i b u t i o n  o f  p o l e s

( p - t ) * _ ( J J J J
to ex*- (6 — 65)

/y)(H ) = _ _______— -h    -  cA < H < «»
z n ^  z  n * * -

The i n v e r s e  L a p la c e  t r a n s f o r m  i s

0(1 . -a ( '£* •}’*-
$ ( H  = \  -  C: *  ^

The d e c a y  tim e  o f  f ( t )  v a r i e s  a s  a “ ^ .  I n  th e  l i m i t  a - > 0 ,  

f ( t )  d o e s  n o t  d ecay *  I n  t h i s  l i m i t  th e  d i s t r i b u t i o n  o f  p o le s  

becom es

- f & t y - i )  ) (6 -6 6 )
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T hese  e x a m p le s  i l l u s t r a t e  t h e  im p o r ta n c e  o f  th e  s i n g u l a r i ­

t i e s  w h ic h  o c c u r  i n  t h e  d e n s i t y  o f  p o le s  d i s t r i b u t i o n  f u n c t io n *

th e  a s y m p to t ic  t im e  b e h a v io r  o f  an  e x p e c t a t i o n  v a lu e *  The

v a n i s h  i n  th e  a s y m p to t ic  t im e  l i m i t .  We s h a l l  now c o n s t r u c t  

th e  d e n s i t y  o f  p o le s  d i s t r i b u t i o n  f u n c t i o n  w h ich  d e te r m in e s  

th e  t im e  d e v e lo p m e n t o f  t h e  e x p e c t a t i o n  v a lu e  o f  a  dynam ic 

v a r i a b l e  F*

We assum e t h e  e n e rg y  s p e c tru m  o f  t h e  s y s te m  i s  c o n t in u o u s .  

L e t  th e  i n i t i a l  s t a t e  b e  ^  .  U sin g  t h e  b a s i s ,  E q . (6-37)>

I t  i s  th e  & - f u n c t i o n  s i n g u l a r i t i e s  w h ic h  a r e  r e s p o n s i b l e  f o r

e f f e c t s  o f  s i n g u l a r i t i e s  w h ic h  a r e  w e a k e r  th a n  a  $ - f u n c t i o n

we h a v e

(6-67)

The L a p la c e  t r a n s f o r m  o f  E q . (6- 67 ) i s

F ( S )  =

F IS) — 'cloidoL

The der 

w h e re .

' F ( E +E l £ ' )
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From  th e  d i s c u s s i o n  e x am p le s  I t  a p p e a r s  t h a t  one  c an  i m p l i c i t l y  

s t a t e  r e q u i r e m e n ts  ( 1 ) ,  (2 )  a n d  (3 )  ( p .  1 0 ? )  i n  te rm s  o f  th e  

b e h a v io r  o f  F (E ,E * ) * ^ ^  I f  F ( E ,E ')  h a s  no  s i n g u l a r i t i e s  a s  

s t r o n g  a s  a  $  - f u n c t i o n ,  t h e n  ^ F ( t ) ^  a s y m p t o t i c a l l y  d e c a y s  t o  

z e r o .  I f  F (E ,E * )  h a s  th e  fo rm

r ( E , E ’ ) = F; ( £ )  U e - F ' )  -f Fz (6 -6 9 )

w here  F £ ( E ,E ')  h a s  no s i n g u l a r i t i e s  a s  s t r o n g  a s  a  /  - f u n c t i o n ,

t h e n  < f F ( t) ^  a s y m p t o t i c a l l y  a p p ro a c h e s  th e  e q u i l i b r i u m  v a lu e

=  \ S e f 7 C * )
T '  J

I f  F ( E ,E ')  h a s  a  s i n g u l a r i t y  o f  t h e  ty p e

j -  (  g C F - S ' i - c i )  +  /  d e )  ( 6 -7 1 )

th e n  < f F ( t ) )  w i l l  h a v e  a  te rm

(6- 7 2 )

U n le s s

= 6  (6 -7 3 )

th e  lo n g  t im e  b e h a v io r  o f  ^ F ( t ) >  w i l l  be  o s c i l l a t o r y *

I n  g e n e r a l  we e x p e c t  th e  d e n s i t y  o f  p o le s  f u n c t i o n  f o r  a  

m a c ro s c o p ic  sy s te m  t o  h a v e  t h e  fo rm  shown i n  E q . ( 6 - 6 9 ) .  The 

/  -  s i n g u l a r i t y  a r i s e s  fro m  t h e  g ro u p  o f  m a t r i x  e le m e n ts

75 ) See H. L o n g u e t-H ig g in s  a n d  S , G o ld e n , J o u r n .  o f  Chem. P h y s . 
li*.79 ( I 9 6 0 ) .
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h a v in g  E e q u a l  t o  E ' .  I t  i s  j u s t  t h i s  g ro u p  o f  m a t r i x  e l e ­

m e n ts  w h ic h  m a i n t a i n  t h e i r  p h a se  r e l a t i o n s h i p  i n  t im e .  The 

o t h e r  te rm s  i n  th e  s e r i e s ,  E q , ( 6- 6 7 )$ becom e d e p h a se d  due 

to  t h e  t im e  d e p e n d e n t  e x p o n e n t i a l  p h a s e  f a c t o r s  e x p fK E -E *  ) t )  •
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APPENDIX A

T h re e  F u n d a m e n ta l T heorem s o f  I n f o r m a t io n  T h eo ry

I n  t h i s  a p p e n d ix  we w i l l  s t a t e  t h r e e  th e o re m s  o f  i n f o r -
761m a tio n  t h e o r y  o r i g i n a l l y  g iv e n  b y  C* E . S h an n o n * ' T hese  

th e o re m s  p r o v id e  a  b a c k g ro u n d  f o r  th e  I n f o r m a t io n  th e o r y  c o n ­

c e p t s  u s e d  i n  t h i s  t h e s i s *  The f i r s t  th e o re m  i s  c o n c e rn e d  

w i th  th e  u n iq u e n e s s  o f  t h e  e n t r o p y  f u n c t i o n a l  a s  a  m ea su re  

o f  th e  u n c e r t a i n t y  a s s o c i a t e d  w i th  a  p r o b a b i l i t y  d i s t r i b u t i o n *  

The n e x t  tw o th e o re m s  a r e  r e l a t e d  t o  th e  e x i s t e n c e  o f ,  a n d  

t h e  p r o b a b i l i t i e s  a s s o c i a t e d  w i th ,  a  c e r t a i n  c l a s s  o f  s e q u e n ­

c e s  g e n e r a t e d  by  a  H ark o v  p ro c e s s *

S hannon o r i g i n a l l y  f o r m u la te d  in f o r m a t i o n  t h e o r y  to  

p ro v id e  a  m a th e m a t ic a l  t h e o r y  o f  c o m m u n ic a tio n . The b a s i c  

p ro b le m s o f  c o m m u n ic a tio n  t h e o r y  a r e  c o n c e rn e d  w i t h  th e  

t r a n s f e r  o f  i n f o r m a t i o n  by  m eans o f  m essa g es*  K h in c h ln ? ? )  

h a s  s in c e  g iv e n  a  d i s c u s s i o n  o f  S h a n n o n 's  w ork i n  w h ic h  some 

o f  t h e  p r a c t i c a l  d e t a i l s  a s s o c i a t e d  w i th  c o m m u n ic a tio n  p r o ­

b lem s h a v e  b e e n  a v o id e d *  The f o l lo w in g  d i s c u s s i o n  w i l l  draw  

h e a v i l y  f ro m  b o th  t h e s e  s o u ro e s *

C o n s id e r  a  s y s te m  w h ic h  h a s  o n ly  two p o s s i b l e  s t a t e s  s^  

a n d  S£* L e t  px a n d  pg r e p r e s e n t  th e  p r o b a b i l i t y  t h a t  t h e  

sy s te m  i s  i n  th e  s t a t e s  s-^ a n d  s ^  r e s p e c t i v e l y .  F o l lo w in g  

K h in c h ln  we s h a l l  c a l l  t h i s  a  f i n i t e  schem e a n d  d e n o te  i t  by

7 6 ) C* E , S h an n o n , op* c l t *
7 7 ) A. I*  K h in c h ln ,  M a th e m a tic a l  F o u n d a t io n s  o f  I n f o r m a t io n  

T h eo ry  (D over P u b l i c a t i o n s ,  I n c . ,  New Y o rk , 1 9 5 7 )*
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M l  °2  \  

' Pi P2 /
One c h a r a c t e r i s t i c  o f  a  f i n i t e  schem e i s  t h e  u n c e r t a i n t y  i t  

r e p r e s e n t s .  To i l l u s t r a t e  t h i s  c o n s id e r  th e  two schem es

G iv e n  t h e  f i r s t  schem e one f e e l s  u n c e r t a i n  a s  to  th e  s t a t e  i n  

w h ic h  th e  s y s te m  w i l l  be  f o u n d .  G iv en  th e  s e c o n d  schem e one 

f e e l s  q u i t e  c e r t a i n  t h a t  th e  sy s te m  w i l l  b e  fo u n d  i n  s t a t e  s ^ .  

T h is  same p r o p e r t y  can  be d e s c r i b e d  by s a y in g  t h a t  th e  r e s u l t  

o f  a  m easu rem en t d e te r m in in g  th e  s t a t e  o f  t h e  s y s te m  co n v ey s 

m ore in f o r m a t io n  i n  t h e  f i r s t  c a s e  th a n  i n  t h e  s e c o n d .

The f i r s t  th e o re m  o f  i n t e r e s t  i s  c o n c e rn e d  w i t h  p r e ­

s c r i b i n g  a  u n iq u e  m e a su re  f o r  th e  u n c e r t a i n t y  ( o r  i n f o r m a t io n  

o b ta in e d  by  a  m ea su re m e n t)  a s s o c i a t e d  w i th  th e  f i n i t e  schem e S ,

I f  su c h  a  m e a s u re , H fp ^ , p g , , . . p j j ) ,  ( c a l l e d  t h e  e n t r o p y )  

e x i s t s ,  I t  s h o u ld  s a t i s f y  c e r t a i n  c o n s i s t e n c y  c o n d i t i o n s .

The m o s t im p o r ta n t  o f  t h e s e  i s  th e  c o m p o s i t io n  law  w h ich  

r e s u l t s  fro m  th e  r e q u i r e m e n t  t h a t  th e  e n t r o p i e s  o f  e q u i v a l e n t  

f i n i t e  schem es s h o u ld  be  e q u a l .  I n s t e a d  o f  g iv in g  t h e  f i n ­

i t e  schem e S d i r e c t l y ,  one m ig h t g iv e  a  f i n i t e  schem e SQ c o n ­

s i s t i n g  o f  a  s e t  o f  c o m p o s ite  s t a t e s  ( e . g .  The f i r s t  c o m p o s ite

( A - l )
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s t a t e  c o n s i s t s  o f  th e  s t a t e s  A^, Ag and  A^ a n d  t h e  p r o b a b i l i t y  

o f  t h i s  c o m p o s ite  s t a t e  i s  th e  sum o f  t h e  p r o b a b i l i t i e s  o f  

t h e  sy s te m  b e in g  i n  th e  i n d i v i d u a l  s t a t e s  A^, Ag o r  A^« The 

s e c o n d  c o m p o s ite  s t a t e  c o n s i s t s  o f  th e  3 t a t e s  A^ a n d  A^ e t c . )  

L e t  th e  e n t r o p y  a s s o c i a t e d  w i t h  S0 be H(S0 ) .  Now su p p o se  i n  

a d d i t i o n  to  SQ one h a s  a l l  t h e  c o n d i t i o n a l  schem es c o n t a i n ­

in g  th e  c o n d i t i o n a l  p r o b a b i l i t i e s  f o r  t h e  i n d i v i d u a l  s t a t e s
t l i ” t i l

m ak in g  up th e  i —  c o m p o s ite  s t a t e  g iv e n  t h a t  t h e  i-== c o m p o s ite  

s t a t e  h a s  o c c u r r e d .  L e t  th e  e n t r o p y  o f  5^ be  H (S ^ ) ,  The 

m u tu a l ly  d e p e n d e n t schem es S0 ,S ^ ,  , , ,  c o n ta in  t h e  sam e i n f o r ­

m a t io n  a s  t h e  o r i g i n a l  schem e S , They a r e  t h e r e f o r e  e q u iv a ­

l e n t  schem es and  we o b t a i n  th e  c o m p o s i t io n  law

H(S) = H(SC) + P^HCS-l ) + pgHCSg) + . . .

t t i lw here  p^ r e p r e s e n t s  th e  p r o b a b i l i t y  a s s o c i a t e d  w ith  t h e  1—  

c o m p o s ite  s t a t e  a s  g iv e n  by  S0 . The w e ig h t f a c t o r s  p^ o c c u r  

b e c a u s e  th e  a d d i t i o n a l  e n t r o p y  a s s o c i a t e d  w i th  th e  i —  com­

p o s i t e  s t a t e  schem e i s  e n c o u n te r e d  o n ly  w i th  p r o b a b i l i t y  p ^ .

A n o th e r  c o n s i s t e n c y  c o n d i t i o n  n e c e s s a r y  to  p r o v id e  a g r e e ­

m ent w i th  common s e n s e  i s :  i f  a l l  p^ a r e  e q u a l ,  p^ s  t h e n

H i s  a  m o n o to n ic  i n c r e a s i n g  f u n c t i o n  o f  N, The f i n a l  r e q u i r e ­

m en t on H i s  t h a t  i t  be a  c o n t in u o u s  f u n c t i o n  o f  t h e  p ^ .  We 

a r e  now i n  a  p o s i t i o n  t o  s t a t e  th e  f i r s t  th e o re m .

Theorem  I  The U n iq u e n e s s  T heorem : The o n ly  H s a t i s f y i n g  th e

t h r e e  c o n s i s t e n c y  c o n d i t i o n s  h a s  t h e  fo rm

73) T heorem s I ,  I I  a n d  I I I  o f  t h i s  A p p en d ix  c o r r e s p o n d  t o  
S h an n o n ’ s th e o re m s  2 ,  Ij., a n d  3 r e s p e c t i v e l y .
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N
H = - k  P i  lo g  p i  

i  = 1

where k is a positive constant*

In  t h e  f o l lo w in g  d i s c u s s i o n  we s h a l l  s e t  k  e q u a l  t o  one  a n d  

u se  n a t u r a l  lo g a r i th m s *

S h a n n o n 's  f i r s t  p a p e r  i s  c o n c e rn e d  w i th  m e s sa g e s  g e n e r ­

a t e d  b y  a  s t a t i o n a r y ,  f i n i t e ,  M arkov c h a i n .  A s t a t i o n a r y ,  

f i n i t e ,  M arkov  c h a in  i s  c h a r a c t e r i z e d  b y  a  s e t  o f  p o s s i b l e  

s t a t e s  s ^ ,  s £ ,  a n d  a  t r a n s i t i o n  p r o b a b i l i t y  m a t r i x  P ^ *

Where p ^  d e n o te s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  Sjj. w i l l  

be th e  n e x t  s t a t e  i n  t h e  c h a in  i f  t h e  p r e s e n t  s t a t e  i s  s ^ .

L e t  th e  p r o b a b i l i t y  o f  th e  s t a t e  s^  b e  d e n o te d  b y  P^* I f  

th e  s y s te m  i s  i n  s t a t e  s ^ ,  t h e n  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  

P lk  fo rm  a  f i n i t e  schem e

/  s i  s 2  • • •  Sisr

'  P i l  P i2  PiN

The e n t r o p y  o f  t h i s  schem e i s

N

Hi  = “ P ik  lo g  P ik  
k  = 1

The a v e r a g e  e n t r o p y  p e r  s t a t e  i n  t h e  c h a in  i s

N
H = P iH i (A- 2 )

i  = 1
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The a p p l i c a t i o n s  o f  Theorem  I  i n  c o m m u n ica tio n  th e o r y  a r e  

b a s e d  upon  th e  r e l a t i o n s h i p  b e tw e e n  H a n d  a  s p e c i a l  c l a s s  o f  

h i g h  p r o b a b i l i t y  s e q u e n c e s .  S e q u e n c e s  a r e  fo rm ed  b y  t a k i n g  

c o n s e c u t iv e  s t a t e s  o f  a  M arkov c h a i n .  F o r  a  M arkov c h a in  

h a v in g  N d i f f e r e n t  s t a t e s  t h e r e  a r e  Nr  d i f f e r e n t  s e q u e n c e s  

c o n ta in i n g  r  s t a t e s .  T hese  s e q u e n c e s  h a v e  th e  fo n a

s k ^  ®kg • • •  s k r  (A -3 )

w here  k ^  t a k e s  on  th e  v a lu e s  1 t o  N. The p r o b a b i l i t y  a s s o ­

c i a t e d  w i t h  t h e  se q u e n c e  (A -3) i s

P ( r )  ■ ^ k ^ k j k g  • • •  Pkr _ i k r

I n  S h a n n o n 's  w ork th e  e x i s t e n c e  o f  a  s p e c i a l  c l a s s  o f  

s e q u e n c e s  i s  p ro v e d  f o r  th e  c a s e  i n  w h ic h  t h e  M arkov p r o c e s s  

i s  e r g o d io ,? 9 ) * 8 0 )  E rg o d lc  m eans t h a t  t h e  M arkov p r o c e s s  

o b e y s  t h e  la w  o f  l a r g e  n u m b e rs . T h at i s ,  t h e  f r a c t i o n  o f  

t im e s  a  g iv e n  s t a t e  s^  o c c u r s  i n  a  s e q u e n c e  o f  l e n g t h  r  w i l l  

d i f f e r  f ro m  Pi  b y  a n  a r b i t r a r i l y  s m a ll  am ount w i t h  a  p r o b a b i l i t y  

a r b i t r a r i l y  c lo s e  t o  u n i t y  f o r  s u f f i c i e n t l y  l a r g e  r .

A rra n g e  th e  N* d i f f e r e n t  s e q u e n c e s  o f  t h e  fo rm  (A -3 ) i n  

o r d e r  o f  d e c r e a s in g  p r o b a b i l i t y  (A -lf ) , S e l e c t  i n  o r d e r ,

79 ) A p r o c e s s  i s  e r g o d ic  i f  i t  i s  p o s s ib l e  t o  make a  t r a n s i ­
t i o n  fro m  a n y  s t a t e  t o  a n y  o t h e r  s t a t e  i n  a  f i n i t e  num ber 
o f  s t e p s ,

8 0 ) H. N e ls o n  ( o p . c i t , )  h a s  i n v e s t i g a t e d  t h e  e x i s t e n c e  o f  t h i s  
s p e c i a l  c l a s s  o f  s e q u e n c e s  f o r  m ore g e n e r a l  p r o c e s s e s .  He 
h a s  a l s o  p ro d u c e d  a  c o u n te r  ex am p le  o f  a  p r o c e s s  f o r  w h ic h  
th e  s p e c i a l  c l a s s  d o e s  n o t  e x i s t .
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s t a r t i n g  fro m  th e  m o st p r o b a b le ,  a  s e t  o f  s e q u e n c e s .  L e t  

Nr ( ) d e n o te  t h e  s m a l l e s t  num ber o f  s e q u e n c e s  s u c h  t h a t  

t h e i r  t o t a l  p r o b a b i l i t y  P s a t i s f i e s  ( 0 < ? l < l ) ,  T h ese

s e q u e n c e s  fo rm  th e  " h ig h  p r o b a b i l i t y "  c l a s s .  The " h ig h  p ro ­

b a b i l i t y "  c l a s s  i s  s h a r p l y  d e f in e d  i n  th e  f o l lo w in g  s e n s e #

Theorem  I I ;  F o r  an  e r g o d ic  M arkov c h a in

l im  lo g  Hjp( A J . = h  (>  i  1 ,0 )
r-=» oo r  1

w here  H i s  in d e p e n d e n t  o f  ^  ,  a n d  i s  d e f in e d  by  E q . (A -2 )*

Thus i n  th e  l i m i t  o f  lo n g  s e q u e n c e s  ( l a r g e  r )  t h e  num ber o f  

s e q u e n c e s  i n  t h e  " h ig h  p r o b a b i l i t y "  c l a s s  i s  a p p ro x im a te ly  

e rH  in d e p e n d e n t  o f  how we ch o o se  t o  d e f in e  " h ig h  p r o b a b i l i t y "  

( e . g ,  w h e th e r  we c h o o se  A ~ ,0 1  o r  , 9 9 ) .

A r e l a t e d  th e o re m  d e a l s  w i t h  th e  p r o b a b i l i t i e s  a s s o c i a t e d  

w i th  t h i s  s e l e c t e d  c l a s s  o f  " h ig h  p r o b a b i l i t y "  se q u e n c e s#

T heorem  I I I ;  G iven  an y  €  > 0 a n d  £>  0 , we c a n  f i n d  a n  r Q

s u c h  t h a t  t h e  s e q u e n c e s  o f  a n y  l e n g t h  r  2- r 0 f a l l  i n t o  tw o

c l a s s e s :

1 .  A s e t  w hose t o t a l  p r o b a b i l i t y  i s  l e s s  t h a n  € ( th e  

" lo w  p r o b a b i l i t y "  c l a s s ) ,

2 ,  The re m a in d e r  ( t h e  " h ig h  p r o b a b i l i t y "  c l a s s ) ,  a l l  

o f  whose m em bers hav e  p r o b a b i l i t i e s  P ( r ) ,  E q . ( A - 3 ) ,  

s a t i s f y i n g  tb s  i n e q u a l i t y
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l o g  g<>)  - H  i  I
r

T hus th e  p r o b a b i l i t y  a s s o c i a t e d  w i th  a lm o s t  a l l  h i g h  p ro b a ­

b i l i t y  s e q u e n c e s  i s  v e ry  c l o s e  to  e “ H* ,  when r  i s  l a r g e .

T hese  tw o th e o re m s  im p ly  t h a t  f o r  m o st p u rp o s e s  i t  i s  

p o s s i b l e  t o  t r e a t  t h e  lo n g  s e q u e n c e s  o f  r  s t a t e s  a3  th o u g h  

t h e r e  w ere  j u s t  22x1 o f  th em , e a c h  w i th  a  p r o b a b i l i t y  2 " H r .
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APPENDIX B

The E n e rg y  P e n a l t y  o f  S t a t e s  F u n c t io n  f o r  a  S p in  S y stem

L e t N (E )^  E b e  th e  num ber o f  g l o b a l  quan tum  s t a t e s  l y in g  

i n  t h e  e n e rg y  i n t e r v a l  (E , E + A E ) .  N(E) i s  c a l l e d  th e  

e n e rg y  d e n s i t y  o f  s t a t e s  f u n c t i o n .  We w is h  t o  c a l c u l a t e  N(E) 

f o r  a  sy s te m  o f  N s p i n s  l o c a t e d  I n  a  r i g i d  l a t t i c e .  F i r s t  

c o n s id e r  t h e  c a s e  o f  n o n - i n t e r a c t i n g  s p i n s .  I f  t h e  l a t t i c e  

i s  l o c a t e d  i n  a n  e x t e r n a l  f i e l d  H, t h e  e n e rg y  o f  t h e  s p in  

s y s te m  i s
j r

E  = J L  A','**' (B-i)
/t** c - X

Nm r e p r e s e n t s  t h e  num ber o f  s p i n s  h a v in g  a  z -c o m p o n en t o f  

a n g u la r  momentum dun. m t a k e s  on  th e  21+1 v a lu e s  - I  t o  + 1 .

The m a g n e tic  m oment o f  a  s p i n  i s  / t l .  For a  s y s te m  com posed 

o f  N s p in s

^  = ^  (E -2 )
/ w  ~ - X

The e n e rg y  d e n s i ty  o f  s t a t e s  f u n c t i o n  f o r  t h i s  s y s te m  o f  n o n ­

i n t e r a c t i n g  s p in s  i s

p i s ' )  =  —  J ? '  / v !  [  a [ J  '  (B-3)
/- " r

The sum i s  o v e r  th e  s e t s  (1 ^ )  w h ic h  s a t i s f y  E q s . ( B - l )  a n d  

( B - 2 ) .

The sum , E q . (B -3 ) ,  c a n  b e  e v a l u a t e d  u s in g  t h e  D a r v in -
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F o w le r  m e t h o d .^ )  D e f in e  th e  g e n e r a t i n g  f u n c t i o n

j  :r
•T - /  f l* .)  L i m I L )  /*> i.\

WIX,J) = A /f  77- #M l ]  X l~ *  ' (B' U)
(AW /**~ z  d

w h ere  th e  sum m ation  i s  u n r e s t r i c t e d .  Now im a g in e  t h a t  t h e  

g e n e r a t i n g  f u n c t i o n  W (x ,y ) i s  e x p e n d e d  i n  a  pow er s e r i e s

The sum i n  E q . (B -3 ) i s  g i v e n  b y  th e  c o e f f i c i e n t  f o r  w h ic h  
A EV = N a n d  A U sin g  th e  t h e o r y  o f  co m p lex  v a r i a b l e s  we

h a v e

U/ ~  )*" ^ (B -5 )
> ,  *  V . -  '  3  *  3  „  ( £ « >

w here  t h e  c o n to u r s  a r e  t a k e n  c o u n te r c lo c k w is e  a b o u t  t h e  o r i g i n ,  

I t  i s  a ssum ed  t h e y  l i e  w i t h in  t h e  c i r c l e s  o f  c o n v e rg e n c e  o f  

W (x ,y ) .

Summing E q . (B-ij.) we o b t a i n

\*l ( - * , %)

w here

_  / \ t l  e x (B -6 )

8 l )  R . H . F o w le r , S t a t i s t i c a l  M e c h a n ic s  (C am b rid g e  U n iv . P r e s s ,  
L ondon , 1 9 3 8 ) .
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The x - i n t e g r a l  I n  Eq* (B -£ ) c a n  be  done b y  I n s p e c t i o n  a n d  we 

o b t a i n

W „  E  -  —  <£</y ^1*) - ^ r  Znc  1  d  i * - n )
yUH ( j  ^aTh '

N (B -8 )

T h is  i n t e g r a l  i s  e v a l u a t e d  by th e  m e th o d  o f  s t e e p e s t  d e s c e n t .  

D e f in e  g ( y )  b y  th e  r e l a t i o n ,

e ^ .h __ ^ (B -9 )

3
T hen

w here  y 0 i s  d e te r m in e d  by t h e  c o n d i t i o n

= 0  (B-1X)

I n  t e n s e  o f  f  Eq* ( B - l l ) becom es

u  ■f (B-1 2 )

r  r i f  H

U sin g  Eq* (B -7 ) t h i s  becom es
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X  8 X £ 7 « ) ^  H

w here  B j(  ^ Q) i s  t h e  B r i l l o u i n  f u n c t i o n

(B-13)

R?x  ( %  )  = t i l l  ^  ( * f ± L v  - J -  (B -1 W
7L X  *X

%  =

F o r s m a ll  VJQt B-j-( ^ Q) may be e x p an d e d

B j. <-).'> i  j -  r  ( r + D ^ .

S u b s t i t u t i n g  (B - l£ )  i n t o  (B -1 3 ) we o b ta in ^ & y Q *

3 *

(B -1 5 )

/ i t y u H  £  ( T + n
(B -1 6 )

F o r t h e  m a g n e tic  f i e l d  s t r e n g t h s  o f  i n t e r e s t  T h e re ­

f o r e  y 0 ^ 1 an d  th e  e x p a n s io n  (B -1 5 ) i s  a n  e x c e l l e n t  a p p ro x i*  

m a t io n •

The c a l c u l a t i o n  i s  c o m p le te d  by e v a l u a t i n g  g ( y 0 ) an d  

g ” (y 0 )* We f i n d

^  -  q  C H o  ) sr f j  / h 1 —  J ?    — --------- - / b h o
^  f l  v  a  t x + n  *

r i * '

, _ ai^ n  r  Lx+n

~ ~ 3  e J ’
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S u b s t i t u t i n g  t h e s e  e x p r e s s io n s  i n t o  E q . (B -1 0 ) a n d  d i v i d i n g  

b y  yUH we o b t a i n  th e  e n e rg y  d e n s i ty  o f  s t a t e s  f u n c t i o n

* r_ 3 B—  7
j y ( e )  ^  L Z Z  + l )  J i ^ f l  % T ( X - f t )  J (B -17)

j ’ fiJ  /iA."*- I  ( T + J )  j  '/l-

We n o te  t h a t  N (E) i s  c o r r e c t l y  n o rm a l iz e d

oO
< N

A f i £ ) j E  =r C Z T  + t)

s i n c e  we have a ssu m e d  t h a t  t h e  i n d i v i d u a l  s p i n s  can  b e  d i s t i n ­

g u i s h e d  by t h e i r  l a t t i c e  s i t e s .

We c an n o t u se  t h i s  p ro c e d u re  to  d e te r m in e  N(E) w hen th e  

s p i n s  a r e  c o u p le d  b y  a  d i p o l e - d i p o l e  i n t e r a c t i o n .  F o r  t h i s  

c a s e  i t  i s  c o n v e n ie n t  t o  d e f in e  th e  e n e r g y  d e n s i ty  o f  s t a t e s  

i n  te rm s o f  th e  p a r t i t i o n  f u n c t i o n .

M (£) e " ^ 3 J e  -  77) &
( b - 1 8 )

where
j t c f f M  +T> (B_ 1 9 )

tv , 1

Tlxe p a r t i t i o n  f u n c t i o n  c a n  be  f o r m a l ly  e x p a n d e d  i n  p o w ers  o f  

• T h is  c o r r e s p o n d s  t o  th e  " h ig h  t e m p e r a tu r e "  a p p ro x im a t io n
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a n d  w i l l  l e a d  t o  p h y s i c a l  r e s u l t s  w h ic h  a r e  v a l i d  when t h e  

e n e rg y  p e r  s p in  i s  s m a l l  com pared  t o  k T . N o tin g  t h a t  T rJ ( -  0 ,  

we o b t a i n  i n  lo w e s t  o r d e r

f fl/ce) -  Ta z t ± + i  Tn£L) (b-20)
J '  Ta ±

S in c e  TrMD -  0 ,

=  JL<L I H ' - f  H ' )  ( B - 2 1 )

Ta 1
w here  C i 3  C u r i e 's  c o n s t a n t

T t  m  J a *■ J - ^ Z  +  / )
£  -  J _  /  ^ ___________  (B -2 2 )

A Ta 1 3  A

a n d  Hl  i s  t h e  l o c a l  d i p o l e - d i p o l e  f i e l d  d e f in e d  b y

7a D'
V l = 1a  M ' -

We 3 o lv e  E q . (B -2 0 ) by  th e  A n a a tz

The I n t e g r a l  becom es

P * A

(B -2 3 )

,  /V. (B-2lj.)

1 \* -

(B -2 5 )

E xpand  t h i s  i n  pow ers o f  ^  , a n d  e q u a te  c o e f f i c i e n t s  w i t h  t h e  

r i g h t - h a n d  3 id e  o f  E q , ( B - 2 0 ) .  We f i n d  t o  o r d e r
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/\J„ '  Tn i

& -z= ZL/k C- t ( I *  + Ml. )
(B-26)

We c o n c lu d e  b y  n o t in g  s e v e r a l  p r o p e r t i e s  o f  N (E ) , E q s . 

a n d  (B -2 6 )*  U sin g  G ibbs*  s e c o n d  a n a lo g y  d e f i n i t i o n  o f  

te m p e r a tu r e

I
A T  J e

T h erefore, the energy i s  g iv en  in  ter n s  o f  T and H by,

= ~  i  C H ^ i -  # l )

This i s  ju s t  the energy r e la t io n s h ip  ob ta in ed  from the d en sity  

m atrix

[  2  l f »

u s in g  th e  " h ig h  te m p e r a tu r e "  a p p ro x im a tio n *  I n  t h e  l i m i t i n g  

c a s e  Hl - » 0 , N(E) f o r  th e  i n t e r a c t i n g  s y s te m  r e d u c e s  to  t h e  

e n e rg y  d e n s i t y  o f  s t a t e s  f u n c t i o n  f o r  t h e  n o n - i n t e r a c t i n g  

s y s te m , E q . ( B - 1 7 ) .  I n  t h e  a p p r o x im a t io n  u s e d ,  t h e  s p i n - s p i n

l e v e l si n t e r a c t i o n  m e re ly  Jjproadens t h e  d i s t r i b u t i o n  o f  e n e rg y  

b y  a  f  i ‘ ~  _ - - - - - -

shape*

b y  a  f a c t o r  (1  + ) . I t  d o es  n o t  a f f e c t  I t s  G a u s s ia n
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APPENDIX C

Black-Body Correlation Function Integrals

The in te g ra ls  o ccu rring  in  th e  e lec trom agnetic  f i e l d  co r­

r e la t io n  fu n c tio n s  can be ob ta ined  by d i f f e r e n t ia t in g  1 (a ) .

OO

J o . )  ^ [jy - =  JL ( Kt*.-------- )
I  e ? - /  *  7Te" 1

This in te g ra l  i s  eva lua ted  by expanding the denominator

*»

carry ing  out the y in te g ra t io n

o *

£  (a.) -

and summing the s e r ie s

X<r-i = --- 2 t c s t k  7 7 * .-  JL. \
/Hj— ^  T T ^ y

The s e r ie s  i s  summed by converting  i t  to  an in te g ra l  in  

the complex p lane . -

C<3

^  ^  -- e  x  r  ^  -  ±  7
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G*

- Oj

<&

©
r to .

^  1 G>J z  y * L ___ c A z n -----<-—

* wi I  a ? + e -
c

*■> -
" £

f -C 0.

The contour C can be con tinuously  deformed in to  c i r c le s  

around the po les + ia .

L_ ^  Tftx. C o^ 2:^ /) ■ 7T tX <Lerf 7T 5?

-=? t o-
7J(X CdfftZ 

2  + c'cv. ~ Z-C aT—y£Ct+-1 
^  ->■ — £

r= -- (L er f i 7T A- 
C

The in te g ra ls  appearing In  /E xEx (x,t)^> a re :

06

ro  = £  J *  i ^ p  =  ( - j V * 7 > + j - ^ r ) ;
y* e * - /  ^7 7  y

=  i * ~  / _ t^JcnK  /

2*1  ' /^ U iirr  ̂ ir=r}3 /Â A3nr. 7rsr 5

^  = = ^  ( n * l ) - K * v )

—  /  *“
f - Z  Lt+y'i+X U'-l)') -  ( Z* (P+i) -t x ‘ C ^ ) )

* n i *l X T T * ^
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^  ~  ~ r  .  (  _  (La A  ttC
¥ S ~ ( d0>A- 7T Q

' A^yj\ TTCj.

, r -  i
f — <L&±sA, ̂  /+

ZTT  A? 1
f* IJ.

^  (
1

— ------------------ _J-

*} 7T̂ *I x |

V and  I '  (a )  =
aa

(
n r + 7TO

+■ —I—  + <Lcrt^\Tf€. __ _t

Tf ’ C 5; 

+ JL
r r * r ^  71 *■ p *

<4fcl '  v aeo  r  •• U
only th e  f i r s t  in te g r a l  c o n tr ib u te s . I t  becomes

o*->

W i \ J H = «-/_=_ ,
0 € ■ + ]  . y^xJ^TT^ ■
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