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Summary. The present paper is a continuation of [2]. In this paper a new kind of semi-Boolean
algebras -— which are here called semi-field of sets — are introduced and investigated. The next
theorem is proved: Every semi-Boolean algebra is isomorphic to a semi-field of sets. Following semi-
Boolean algebras with infinite joins and meets are considered. For these algebras the representation
theorem analogue to the Rasiowa—Sikorski lemma is formulated and proved.

The present paper is a continuation of [2] the knowledge of which is here assumed.
The terminology and notation in this paper are the same as in [2].

Let (13(X),u,n, —, L, C) be a bi-topological ficld of sets i.e. “/J(X) is a field
of subsets of a bi-topological space (X, 1, C) such that for every Ye“)3(X) the
following condition is fulfilled:

IY=CIlY

(s2) cI=IcY.

The algebra B=(G, (B (X)), v, N, =, =] and every its subalgebra will be called
a semi-field of sets (more exactly: a semi-field of subsets of (X, I, C}). On account
of [2] G;(")3(X)) denotes the class of I-open sets in 93(X) the operations =,
= are defined as follows: for every Y, Ze G, (-1 (X))

() YeZ=[((X-Y)UZ)
(2) Y=-Z=C(Yn(X-2).

The following Theorem explains the connection between semi-Boolean algebras
and semi-ficld of sets.

THEOREM 1. For every semi-Boolean algebra W there exists a semi-field of sets
B and an isomorphism of N onto B.

Let W=(4, U, N, =, =) be an arbitrary semi-Boolean algebra. Let us denote
by X the set of all prime filters V of the lattice (4, U, N) and for every ac A let k()
denote the set of all Ve X such that e V. Let ) be the class of all /i (@), aeA ie.
K= {h (‘:")}aEA §
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Let us define an interior operation [ and a closure operation C in X in the
following way: for every YcX

IY= | ha)

h (‘a)e"‘_?e
h(a)=Y

CY= () k(D).
)R
Y<h ()

Let “}J(X) be the field of subsets of X generated by ‘X such that the following
condition is satisfied

if Ye93(X) then IYeR and CYeR.

It is easy to see that the operations 7 and C are conjugate over 93 (X) i.e. for every
Ye N (X) the condition (=) is satisfied. Thus the algebra (W (X),u, N, —, 1, C)
is a bi-topological field of subsets of the bi-topological space (X, I, C). The class
of all -open elements in 13 (X) coincides with 7V, i.e. G; (B (X))="F. In conseque-
nce, the algebra B=(")2, U, N, =, ) where the operations U, N are the set-theore-
tical union and intersection respectively, and =, = are defined by (1) and (2) is
a semi-field of sets. It will be proved that the mapping % is the required isomor-
phism of the semi-Boolean algebra U onto the semi-field of sets 8. It is known
that the mapping 4 is one-to-one and

(2) h{aub)y=h{a)Vh(b)

(3) h{anby=h(@)nh(b).

It is sufficient to prove that the following conditions are satisfied
4) = h(a=b)=h (a)=h (b)

) h(a-—b)=h (a)~h (b)

for a,be A,

On account of (1) and (2) we have to show that

(6) h(a=b)=1I ((X—h (@) Vi (b))

(7 h(@=b)=C(h (@) N (X—h (b))) :

The condition (6) follows from [3].
Clearly the condition (7) is equivalent to the following two conditions:

(8) b (@) (X—h (D))<h (a-b)
® if i (@) (X—h(b))=h(c) then h(a=b)<h(c).
It is easy to verify that for a,be A, a Ub=b VU (a=b). Hence h(a) U h(b)=
=h (b)Y h (a=Db). This implies that & (u) " X—h (@) h (a—-b) which proves (8).
Let us suppose that for some ce 4, h(a) N X—h(b)<h(c). Thus h(ay<h(c)Uh(bh)=
=h(bWec). It is easy to show that

h(x)<h(y) il and only if i (x—y)=0
and

x=(yUz)=(x+y)=z

for any x,y,ze 4.
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Hence we obtain h (a——h)<h (¢), and the condition (9) is fulfiled. We infer from (2),
(3), (4) and (5) that /1 is the required isomorphism of % onto B, which completes
the proof of Theorem 1. ' h

In the sequel, we will consider the semi-Boolean algebras with infinite joins
and meets, Our aim is to give a representation theorem for these algebras.

Tueorem 2. Let B=(B, U, N, -, —. 1, C) be a bi-topological Boolean algebra.
Denote by N=(4, Y, N, =, ) the semi-Boolean algebra such that A=G, (B). For
every teT let a,e A. Then the join | )% a, exists if and only if the join | J®a, exists and

teT teT
a B
U a="q,.
teT teT
. 9 . v . 9 -
Similary the meet (\“a, exists if and only if the meet ﬂ"i a, exists and
teT B - teT
(V=" -
teT teTl

The proof of this theorem is omitted.
Let A=(A4, U, N, =, —) be a semi-Boolean algebra and let Q be a set of
infinite joins and meets in 2 ie. elements of the form
a,=| J)%a,, (se8)

tET;
b= b, (se8).
teTg
We will say that an isomorphism / from a semi-Boolean algebra U into a semi-
Boolean algebra 8'=(B, U, N, =, =) is a Q-isomorphism of A into B’ provided
it preserves all the infinite joins and meets in Q ie. if

(9) h (as) == U‘H’ h (as, t) (S € S)
(10) h(b)= (¥ h(b,) (€5,

THEOREM 3. For every semi-Boolean algebra U=(4,V, N, =, =), if the set
O is at most enumerable, (i.e. if the sets S and S' are at most enumerable) then there
exists a semi-field of sets B and a Q-isomorphism h from U onto B such that the
infinite joins and meets on the right-hand sides of the equations (9) and (10) coincide
with the set-theoretical unions and intersections respectively.

Let 9U=(4, U, N, =, —) be a semi-Boolean algebra. On account of theorem
2 [2] we can assume that 4 =Gy« (B) where B is the set of all elements of a bi-
topological Boolean algebra B =(B, U, N, =, —, I*, C*). Denote by B,=
=(B, U, N, -, —) the Boolean algebra of B. It is known [1] that there exists
a Boolean Q-isomorphism # of the Boolean algebra B, into the field B (X) of all
subsets of space X. We define an interior operation I in X and a closure operation C

in X as follows: IY= | J h(a)
h(a)=Y
a=I*a

cYy= ) k().
n(b)>Y

b=C*b
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It is easy to verify that these operations are conjugate over /i (B). Thus the algebra
(h(B),u,n, —,I,C) is a bi-topological ficld of subsets of the bi-topological
space (X, 1, C). Let G;(h(B)) denotes the class of all Iopen elements of h(B).
The algebra SB=(GI (lz (B), v, N, =, ;) where the operations =, = are defined
by (1) and (2) is a semi-field of sets of the bi-topological space (X, I, C). We will
prove that the mapping % is the required Q-isomorphism of the semi-Boolean
algebra U onto the semi-field of sets B. It is sufficient to prove that the equations
corresponding to (9) and (10) — where the sets S and S’ are at most enumerable
and the infinite joins |_J*® /(a, ,) and meets N¥ h(bs,,) on the right-hand sides of
teTs 1eTg
equations coincide with the set-theoretical unions and intersections, respectively —
are satisfied. Suppose that a,=|( ¥ ds,, for every teTy, a, ,€A4. By Theorem 2 we

teTs

can write that a,=(_J¥a,,. Since % is a Boolean QO-isomorphism of the Boolean
tETy

algebra By =(B, U, N, -, —) into the field B (X) of all subsets of X we infer that

h(a)=\_J h(a,), where | ) h(a,,) denotes the set-theoretical union. It remains to
teTs teTy

show that | A (ay,) is an I-open element in 4 (B) ie. | J A (a0 e Gy (h(B)).
teTy teTy

This follows immediately from the fact that for every se S and 1€ T, h (a,.) is an

I-open set. Thus the condition (9) is satisfied. The condition (10) can be proved

in a similar way.
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L. Payiop, Teopema o mpefcrasienmu ams noxy-Byneesrx amre6p. 1T users

Conepmanne. Ipencrasnennas pabora SBISETCS IPOLOIGKEHWEM pabotsr [2]. B sroii pabote
PaccMaTPUBACTCS CIENUATBHEIE THIT anrebp, Tak Ha3bIBAEMBIX MOY-TONS MHOKECTB. LIOKA3aHO
TAKKE YTO KakAas Hoiy-bymesa anredpa w3oMopdHA C HEKOTOPBIM IOIY-TIONEM MHOMKECTE,
Kpone Toro, uccenorarsr Taxke nony-Byiessl anreGper ¢ ONEpaiismMy GecKoHeqHoN CYMMBI 7
GeckonewHoro yacTHoro. s anreGp TAKOrO THIA chopMymHpoBana W JOKa3aHA TCOPEMA O IPEN-
CTABIEHUH, KOTOPas aHanorwyHa memme Pacesa—CHKOpPCKH.



