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Abstract:

B It 18 shown that double orthoclosed sets in the space of
| type P\X X R real lme, X en arbltrary set, form

a complete orthomodular lattlce.



1. Introduction.

It is well known [3] | thét in an orthogonality space
(Z ,L) where 7 is a non empty set and L is a symmetric,
nonreflexxve biiary relation on Z the famlly of double ortho=-
closed sets ‘((Z— l) SAC Z A= A-L-L }
forms e complete ortholattice. The ‘fam}.ly "(’(Z,-L) is partia.liy
ordered by the set-theoretic inclucion znd equipped with the
‘orthocomplementetion A ';'"7 AL » For any fam.‘ly |
of elements of ~€(Z .L) g.l b. and l.u.be are given res-

Dectlvely by the formulas [‘ij .
(UADT AAL= NA;

in Fenerel ‘f(2 J-) need not be 'orthomoduiar. Thie has been |
discussed in. r3] and condltlons eqtnvalent to orthomodularlty
wers given there. One of them is the “ollcwmg it D is an
ortheogonal su‘oqet of L yif Zf- D ~and Zé D
then D n (z DL)L * ¢

We shall prove this condition in a‘general case where
the space has the form Z=Rx X R is a real line ana X
is non emptly set. In partlcular N‘lnkowskl space has such form.
Orthogonalltg relauon is glven by the famn.ly of maps sat:\.s-

' fymg three cond:.t:.ons whlch have smple p‘lJSLcal meanmg.
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2. Definitions and symbols. .

We begin with some definitions. Let Z = lR X x
and 9 is a subset of the set of functions '@ S—> X
where O is the subset of real line R + It will be denoted
gc Uhf §:i5—>X ]
We define the orthogonalltv relation as follows: 2Z,,Z, € Z ;
2,42, iff there is no ,F_e such that 2,6 + end z,6f
we identify the function -? with the graph of -?
A subset AcZ is s pertisl selector for 8 iff for esch
£e§5  |fnAl< A

" We define some symbols,., For (f/x) e RxX

B&,x): = g.g’.e 87) (t,x) e £y

Let Ac RxX -
:%(tIX)E:[R'XX \7‘@“"\:?5}
, _gepttx) _ .
Ry =R R G0
| =, t1x XD A= }
AL = ) eRxX; ;?:stti)m(( DX ¢

Let geg and AC{RXX

TpAl = fveR ;) (o FN$AL ]
| - [‘Pr;‘Al.‘-:flvéR)' L");(G»%At} |

| qeRxX, £eS 5 1gvhm ek DA S
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1 AL
It is easy to see that A+ M A'b = A and

[eAl v [’ﬁ,A]__ = Szf\raR)‘ (v, f(o)) ¢ A*T .

Now we shall iatroduce the restrictions for the family ‘9 .

We shall assume that g satisfies the followinz conditions:

1/ For eny t, £%, st_; and for any )&4;X,_,} X, € X if
Pl %) A Py, < )#@ ana Plyx) n Plig,xy) #+¢
then f&(.t“x,J f\-ﬁ)(‘bs,’%) =+ ¢ .

2/ For any ’ZeRXX and . for any -@eS the set E'F, ,;/333

is open in [R

G U %; -F 53X } Sis s conne-cv’t.e}d ‘subset
Se
of (R .

The first sssumption is a kind of a causal transitivity condi"cion.
The second assumption says that if we cen signal from a.point ')< |
to another point ’3 ,theﬁ we can signsl from} poiht," X to

the neighbourhood of "3 |

The last condition is & technical one.

3. Dbasic results,

 Lemmel. o
- Let S satz.sfles condluon 1/ and A be & partlal selector

for § ,12fe & -@nA““qﬁgé then .
sup E?,/\]_p‘ < mf[-?,"ﬂ_ ,and -ﬁnA ¢ .



Proof:

First of all we shall shaw that — & £ sup [{3, A]+< oo
Let ('\Tlf(\r)) € f ~AL « Suppose that sup E-?/A]+= oo
then there exists T 2V end g € P&, P such that
'3 @) (C‘t,«OODxX>ﬂA¢ <}5 .From this there exists (5,X>680A
such that © 2>t .But v<t<sSand -?6 P(U).{f’(c))n ﬁ(‘t) -F(-&)) ,
g€ B, £t)) A (s, X) ~ so by 1/ there is M€ Y  such
that (v, @) € h and (s5,x)ehnA |,

This contradicts to the condition (\T; -F(V)>e A‘L .

In & similar way we prove — &2 < inf ['?/ Al_ <&,

- If sup E—?,A:‘_}-'-‘"Oc or inf [-{3, AJ__= C° then the inequa~
- 1lity is obvious, We can assume that sup E‘F/ A1+ end
mf E-F,A]_ are finite. | |
Suppose that sup [_F/A1+> inf [-F/ Al_ »Then there exists
147 inf [-?)Al _ and ft,_( sup [.?/A] Lo 316 ﬁ(t,,}.F(t,,)) ;
g€ F’(tzrﬂ'&z)) end (5,,%,)€ 940 A y (55,%) € 9z (\.A
such that 5,¢ f:,, <‘t2 < S,  «But q4€ PCS,,',X,‘) ~ P(t,,a(‘t,)) )
| —@6-5(“341$&1>> A p('_t'z)?(tz)) > NER R’(tz»'cu‘?)) o [b(sz,vx,_)

- so by 1/ there is 836 'p{s,“x,,) N [3(5,;,‘)‘2_) e

But this contradicts the definition of the partial selector
beceuse S, ¥ S, and C54,7<43 y (s,.,xz) e An 83 .
Ifl\(-se.?nAl thenforany'ae'F’(n) 30A=¢}»_
especieally -?6 P(’a‘) so -F nA = ¢ .
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Lemns 2.

Let 9 gatisfies conditions {1/ ané 2/ and A be = subset

o RxX .1t £eS EAA=¢
sup E-?,A]+=Q, é‘ b = inf [_@)Al_ then
[ﬁ,A]_._:(—m,oﬂr\dom £, L, Al_= (5,2 aom £

where dox -? is the domain of -F .

Procf: , B
Let us notice that (—9‘: o) A dom -? < E‘?;Al-\- .
Since if tel &) o) A dom {f then there is J€ Ct,,a)

such that V& E'?)A34 But £t<€VY t,VE don ? ~ so by ‘l/

we h.amsT tE E‘F)Al-i-' we shall prove that [.-?, /-\-5 +C("0°,c\‘)r\dom-F'

If a=-o0° or @ =0 it is obvious because SVUP hte R}' ‘teA}=-0"

ire A=¢ . R A o

It is enough te prove,that if =0 <A< P iheﬁ' o ¢ LF) Al*- .

if oe [-?}A]+ then ex.is'ts ge P (Q/'F(“")) and Lt,x) €90 A

such that a <t .But -?f\A:?s, so o<t . By virtue of 2/

E-f;) &(t,.xﬂ:\ is open set in R therefore exist %é (Q,t) |

ant e P, EG)) sueh that (£X)eh,ss G, e(MELEOYY -

On the other hand 7g?&.band U:)X)G:A so that we have. contra~

diection to the definition of o . , o _ :

In the snalogous way we prove C-(:)Al'_.f-’-(b,&Jv N dom -F .
Kow,we are able to prove the main result,the condition equj.w

valent to orthomodularity.



 Theorem.

Let 9 satisfy 1/,2/,3/ and A is a partiel seiector,for
§ .1 @)eRxX , (tx) ¢ A" , (1,x) ¢ AL
wn Ao Bt AR . -

Proof:
We rewrite the thesis in our lenguage. By the property of

orthogonality relation we have

R AU AAY S e AMA (StxUAY 4=¢

i/ ze A 28 ~ A
/1i/ 1ff ge [bCz. 'F ¢
1l AL = '
A/11./ ze(‘n‘,x}u/\) ife "v/‘ & X}UA) /‘8 “75 iff
' g€ F)Cz.)
N 3v4 g [(‘tx)éh or hﬂA#¢J
3513(2) (uJ 8(‘»0))58 he l?_\(po 8[@)) o
From the sssumption (‘l: X) ¢A it follows that (‘t X) %A.‘. or
(tm)f A . We consider only the case (T x}¢ A+ « The proof
-in the aecond case goes in the s:unlar waye ‘ |
From the assumption ('L x) ¢ A it follows that there
 exists -Fe PH%X) such that -FGA‘L*'QS »yS0 there exists
(s {(S))G A e« By virtue of lemma 1 and 2 we get [—?,A] -—*b‘w\(\dom -{
and so t<a <SS . ‘Now by condition 3/ of § “the domam of.{:
iz a connected set and 80 O.€ dom -f-

From lemme 1 end 2 it also follows that O‘,é L-F}A] L [{,Aj

so (a.) %(&,\) 3 A
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e shall ﬁrbve that (a,.{(q,))eAn(’pt)xSuA) .o o
Let 36 Fb(o.,-(:(oﬂ) and (@;3(”)>63 ..“We have two possi=-

bilities:

oWz | ,.
~ Since t <o €O then by condition 1/ of 9 there exists
‘1 such that \’1'615(“3/3(@)), (t,x)? N ana fulfils the first

part of condition /ii/e

2, WO <O | A | o
Then by virtue of condition 2/ of G there exist 36(00,‘&)
end K€ P(%){L(fy)) such that (CQ, 3(&.3.))6‘( - Since 5 < O. and
%e dom{- and Gb’,a—) a) do’m-FCl:‘glA].;. s0 gé‘ [-{,A].}. .
Becausev ) <% and. 3 (= E‘F/A‘]-l- so by condition 1/ of S _
exists N € ﬁ(@,ﬂr(«J))such'that h f\A#¢ . This 'fu_lfils»' :
the second part of condition /ii/e '
4., Example. | , |
Finally we give an emp,l'e'.of thve»sp;c_e L= (RXX ~ and |
the i‘amiiy 9 » Let Z be a ;pace-tigie identified with IRX‘RB
~ and SJ\ be the famxly of functions J_#atisfjing_ .Lipéchitz" o
) con&ition _v‘itﬁ"conatant, A O< od £0° . R

g i RR el <klx-yl}
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In this case of course the cohditions 1/,2/43/ of 9 are
satisfied. | _ h |

For o=/ we get the light conevin Minkowski Space considered
.in.[zj.. For o= ©° ,the Galilean logic considered ianZq].
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