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Chapter 1

Introduction

Statistical Physics B can be seen as a continuation of an introductory course in statistical me-
chanics, such as Statistical Physics A or Termodynamika i fizyka statystyczna R. We assume
that the student is familiar with the foundations of equilibrium statistical mechanics in terms of
the various statistical ensembles. Furthermore, a typical introductory course covers some appli-
cations of ensemble theory to some simple systems, such as ideal (quantum) gases and the Ising
model. The latter is often discussed only in the one-dimensional case or within the mean-field
approximation. Here, we want to expand upon this knowledge to describe the equilibrium prop-
erties of interacting systems and/or systems in an external potential. Finally, we go beyond the
concept of equilibrium systems by considering systems out of equilibrium that are characterized
by non-vanishing fluxes.

1.1 Further reading

These lecture notes are based on various books, lecture notes, articles on this topic. A non-
exhaustive list is shown below:

1. R. A. L. Jones, Soft condensed matter.

2. S. R. de Groot and P. Mazur, Non-equilibrium thermodynamics.

3. J.-P. Barrat and J.-P. Hansen, Basic concepts fot simple and complex fluids.
4. R. Evans, Lecture notes Kramer’s course 2011, DFT: Classical and quantum.
5. D. Chandler, Introduction to modern statistical mechanics.

6. R. P. Feynman, Statistical mechanics: a set of lectures.

7. R. van Roij, Lecture notes for course “Soft Condensed Matter Theory”.

8. P. van der Schoot, Lecture notes for course “Self-organisation in Soft Condensed Maitter”.
9. J.-P. Hansen and 1. R. McDonald, Theory of simple liquids.

10. J. Israelachvili, Intermolecular and surface forces.

11. P. G. de Gennes and J. Prost, The physics of liquid crystals.

12. J. K. G. Dhont, An introduction to the dynamics of colloids.

13. P. M. Chaikin and T. C. Lubensky, Principles of condensed matter physics.



Chapter 2

Many-body theory of classical
interacting systems

2.1 A quick reminder on classical statistical mechanics

The central object that we will study in these lecture notes is the so-called classical partition
function. For example, in the canonical ensemble where the number of (indistinguisable) particles
N, the volume V, and temperature T' are kept fixed, the canonical partition function is

1
Z(N,V,T) = N!hBN/dF e PHT), (2.1)

with A the Planck constant, and 8 = (kgT)~!, with kg the Boltzmann constant and T' (absolute)
temperature. Furthermore, H(I') is the (classical) Hamiltonian of the system. The integral is
over the classical phase space I' which encodes all microscopic degrees of freedom of the particles
in the system. For example, for a system of classical spherical particles they are the positional
degrees of freedom, r" := (ry,...,ry) and their conjugate linear momenta p” := (p1, ..., py) of
the particles. An ensemble is a subset of the phase space as imposed by macroscopic constraints
(e.g. keeping the volume fixed). The general Hamiltonian for such a system is

2

N
HpV V) =" ;’m + o), (2.2)
i=1

with m the mass of a particle, and ®(r") the N-body interaction potential, which gives the
force acting on particle ¢ by all the other particles F; = —Vrzﬁb(rN ). The potential ® can be
decomposed in terms of one-body, two-body contributions, etc

N N
o) = Z%xt(ri) + ZZU(M —rj|) + ...
i=1 i=1 j<i

The one-body contribution Vi (r;) is called the external potential, which can be exerted by,
for example, external objects such as walls, or the earth which provides us the gravitational
field upon which particles respond to. For the pair potential v(r), we assume the system to be
isotropic and translationally invariant, as it only depends on the distance between particles (note
that the external potential breaks this symmetry). Examples, are the van der Waals interaction,
electrostatic interactions, etc. It is straighforward to extend Eq. for systems with internal
degrees of freedom, such as orientational degrees of freedom, which can be parametrised by, e.g.,
the Euler angles. For now, we do not include forces on particles that are non-conservative (i.e.
forces that do not have a description in terms of a scalar potential).



The Hamiltonian provides the complete time evolution of a microstate as denoted by a
trajectory in classical phase space (p'¥(t),r™V(¢)), via the Hamilton equations of motion,
. OH | OH

r; = , ;= — , 1=1,...,N,
% api Pi 81’1‘

together with 6V initial conditions. Note that classical phase space trajectories do not intersect.
Obviously, it is very difficult to solve such a system of coupled differential equations, especially
considering that N ~ 10?%. Here is where Eq. comes into play: often we are not interested
in the precise microstate of a system and its time evolution, but instead we are interested in
the macroscopic state (that we observe in daily lives by performing a meaurements). Statistical
mechanics provides the link between the accessible microstates and the macrostates (as described
by thermodynamics), by relating the partition function to the relevant thermodynamic potential.
The thermodynamic potential quantifies for given constraints as set by the ensemble, how much
work the system can perform. In the canonical ensemble, the partition function is related to the
Helmholtz free energy

BF(N,V,T)=—log Z(N,V,T), (2.3)

which gives a complete thermodynamic description of the system. Furthermore, in ergodic
systems —systems that are able to explore their whole phase space on the time scale of interest—
measurable observables are given by ensemble averages. In the canonical ensemble, it is defined

(o) = M/dr(...)e—ﬁﬂm,

where the dots denote any observable. Note that ergodicity implies that ensemble averages are
equal to the more “practical" time averages that one obtains in experiment. Furthermore, we
recall some of the thermodynamic relations in the canonical ensemble,

oF oF oF
S(N,V,T):(aT> ) p(N’V’T):(W> ; M(N,V,T):(aN) ;
NV N,T v,r

which follow from the fundamental relation df' = —SdT — pdV + udN. Here, p is pressure, S is
the entropy, and p is the chemical potential.

Other ensembles can be obtained via the Legendre transformation which can be used to
“exchange" in the macroscopic constraints intensive variables with their conjugate extensive
variables, or vice versa. Recall that a product a conjugate pair of intensive and extensive
variables denote a form of work, such as mechanical work —pV or chemical work uN. For
example, the thermodynamic potential of the grand-canonical ensemble as characterized by
(1, V, T') —the so-called grand potential - can be obtained from the canonical ensemble, by the
Legendre transformation

Qu, V,T) = F(N),V,T) = p(N), Q= —logE(u, V,T), (2.4)

with grand-canonical partition function
o0
2= exp(BuN)Z(N,V,T). (2.5)

We also list the useful relation (derive it!), dQ2 = —SdT — pdV — Ndpu, from which various
thermodynamic relations follow.

Other ensembles are the microcanonical ensemble (N, V,U), where U is the internal energy
and with entropy S the thermodynamic potential; the isobaric-isothermal ensemble (N, p,T')
with the Gibss free energy the thermodynamic potential; and the (N, p,S) ensemble described
by the enthalpy H (apologies for the unlucky standard notation).



Having given a brief reminder on statistical mechanics that we need in this course, we
investigate Eq. a little bit more detail. For example, we note the factor N! which stems
from the indistinguishability of the particles (making the thermodynamic potential extensive),
and the factor containing A which is there for dimensional reasons. It comes perhaps as a surprise
to see a remnant of quantum mechanics in a classical mechanics. In the next section, we will
show how Eq. can be obtained from the quantum-mechanical partition function. People
that are unfamiliar with quantum many-body theory can skip this section. For now, however,
we stress that classical macroscopic observables do not depend on quantum mechanics, and h
drops out from calculations.

2.2 The classical limit

Asis derived in an introductory course of classical statistical mechanics, the quantum-mechanical
canonical partition function is given by

Z(N,V,T) = Tele 1) = S, e 7 w,) = 3 e 0P, (2.6)
14 14
Here, Tr|...] is a trace over a full set of states, which can be found by solving the equation

H|V,) = E,|U,), with H the (quantum-mechanical) Hamiltionian. Note that {|¥,)} forms a
complete set spanning the N-particle Hilbert space H (v is here a multi-index enumerating the
many-body wave functions). For illustration purposes, we consider spinless particles, for which

we take for H
N . N

. 2 al
H=>" 21)7; ) Ve(B) + YD o([#i — £)),

i=1 i=1 i=1 j<i

The momentum operators p; and position operators r; satisfy the canonical commutation rela-
tions [f, p;] = 4kl for ¢ = 1,...N. Furthermore, we denote the position and momentum kets,
which are eigenstates of the position and momentum operator, respectively. E.g., ¥;|r;) = rj|r;)
and p;|pi) = pi|pi) for i = 1,...,N. Here v(|f; — 1;|) should be viewed as an “effective" inter-
action potential where electronic degrees of freedom are integrated out, so that we are only left
with the degrees of freedom of the nuclei. See also Chapter 5.

From single-particle kets we can construct N-body kets using (tensor) product states. To
rewrite Eq. in terms of a trace over positions and momenta, we need the many-body
position and momentum kets.

1
1, ..., TN) = 7 > Flrpairpe)--lree);

" PeSn

with Sy the permutation group of N elements, and ¢ = 1 for identical bosons, and ¢¥ = sgn(P)
for identical fermions. The reader is invited to write the above expression for N = 2 for fermions
and bosons to understand the notation. We recall that for one-body position kets, we have the
properties,

[ = 1 i) = o),

with 1; the identity operator in the single-particle Hilbert space. The N-body generalisations
are

1
ﬁ /drN |I‘1, ...,I‘N)(I‘l, "'arN| = ]lNa (27)
(r1,...,rN|r), o Ty) = Z s <r1 - r&;(l)> .0 (rN - IJP(N)) ,
PESN



with 1, the identity operator in the Hilbert space of properly symmetrised N-body wave func-
tions. We obtain similarly many-body momentum kets |p1, ..., pn) by replacing in above formu-
las r; by p;. Inserting the completeness relation (2.7) two times in Eq. (2.6]) gives

Z(N,V,T) = (¥ |/dr Ty, .t ><r1,...,rN|e—/3ﬁ/dr'N|r'1,...,r3v><r’1,...,er
N‘ /dr /dr (ri,..,ryle” BH]rl,..., )Z(r'l,...,rﬁv\\I/l,><\Il,,\r1,...,rN>

= (N!)2 Z /dr /drN<r1, ...,rN\e*BH|r’1,. et <r1 - rP( )) .0 (rN — r};(N)> .

Let us work out

/dr'N Z It} ..., T\ )¢ 5(r1—rp(1)> 6(rN—r33(N)) (2.8)

PeSn
/dr'N > Y Pl o) om)d (11 = Thy) 8 (rv = o))
PeSn QeESN

/dr’N Z Z CPCQ|rQP >\r'QP_1(2)>...\r’QP_1(N))6 (r1—r}) .0 (ry —1y)
PeSn QeSN

/dr'N Z Z cer 1|I'QP 1)>\rQP >...\r'QP,1(N)>(5 (r1—r}) .0 (ry —1y)
PeSn QeSy

/dr’N Z Z §R|rR M) [TR(n))0 (r1—r}) .6 (ry —rly) = Nljry, ..., rn).
PeSn ReESN
Therefore,

1 oz
Z(N,V,T) = N'/drN(rl,...,rN\e ’BH\rl,...,rN>.

Using the identity eAeB = eATB+1/2ABI+ e can write

e=PH — o=BXiB}/(@m) —BIE; Ve B+ s 018851 | o(py),

we find

Z(N’ V7 T) ]\1” /dI‘ <I’1, . I‘N|€_ﬂ > 1512/(2771)6*5[21' Vext (F5)+>; Zj<i o(|;—14]]) |I‘1, o I'N> + O(h)

o 1 /dI'Ne B[Z Vext(rz)'f'z Zg<z ¢(|ri— I‘]”)< ry, I‘N‘e 52 pz /@2m) ‘rl >+O(h)

gV N 8IS Vo ()5 Sy 60r =i ) pv by piv)

dp

dp™
><<p1, o pNleTPEP pi/ Cm)|pt PP, PN, e eN) 4 O(R).
We note that (r|p) = e®*/"/(27h)3/? (with Dirac constant i = h/(27)) and that
(ri,...,rN|P1, -, PN) = @) 3N/2 Z (FPeP1Tr) PN TP(N)
PeSy

we find using the same algebraic steps as in Eq. 1) that

VIR
<r17"'>rN|p1a"-7pN><p,17"'7p3\7’r1a"'; N 27Th To-F\3N Z C ip1— pl)rp(l) (sz PN)I'P(N)‘

PeSy



Doing the remaining algebraic steps in similar manner to perform the integral over p’" (giving
an extra factor of N!), we find (omitting O(h))

1
Z(N.V.T) = 5y / dp™ / deN e BHEY ) (2.9)

with H the classical Hamiltonian. One can generalise this calculation also to particles with
internal degrees of freedom, from which we conclude that indeed Eq. is the classical
partition function with a prefactor that is consistent with the quantum-mechanical partition
function (even in the presence of interactions and/or an external potential).

2.3 The virial expansion

Let us consider the classical Hamiltonian (2.2)), for which we have found the classical partition
function Eq. . The momentum part factorises and can be computed by the Gaussian
integral [ dxzexp(— = +/7/a, for Re(a) > 0, and we find

QN V.T)

Z(N’V7T): N'A3N

. QINV,T) = / drN e BPRY),

with A = h(2rmkgT)~'/? the thermal de Broglie wavelength and Q(N,V,T) is the so-called
configurational integral. For example, for an ideal system in the absence of an external potential
® =0and Q(N,V,T) = V. We then obtain the Helmholtz free energy of an ideal gas using
Eq.

Fo(N,V,T
ﬂd(v) = pllog(pA3) — 1], (ideal system),

with p = N/V the overall number density and fiq the Helmholtz free energy density of an ideal
system. Furtermore, we used extensivity of F. We invite the reader to check that this free
energy results in BE = 3/2, Bp = p, and Bu = log(pA3) using thermodynamic relations.

For @ # 0, there are only few occasions where we can calculate Q(N,V,T) analytically. We
explore one such example in the problems. However, there are some approximative schemes that
can be constructed when p is small for pair-wise interacting particles ®(r'V) = vaz 12 j<i O(Ti)s
with 7;; = |r; — r;|. Our scheme is most readily derived in the grand-canonical ensemble, with

partition function (2.5|)

Bfld(pa )

> _N
—_ z
N_

with z = exp(Bu) /A3 the fugacity and we introduced the notation Qn(V,T) = Q(N,V,T). We
will not express the grand potential  in terms of Qxn(V,T') assuming implicitly that the Taylor
expansion In(1 4+ z) = Y °° ((—1)"T12" /n exists. Using Eq. (2.4), we define

o0

BU= -V bp2",

n=1

and we find for the first few coeflicients,

Q1 Q2 — Q} by = Q3 — 3Q2Q1 + 2Q3 by = Q1 —4Q3Q1 — 3Q3 + 12Q2Q% — 6Q4

b = =—=. by =
=y 2 oy ENY% 4V

with @1 = V. In principle, it is possible to derive a general expression for the b; coefficients, see
e.g., the book of Pathria for a discussion. However, it will not lead to any additional physical



insights for our current purposes, so we will omit it here. Recall that Q(u, V,T) = —p(u, T)V
because of extensivity and the relation

Wi == (89(%7#‘/’ T)>V,T - <89(22‘/7 T>>v,T7

Bp(z,T) = i bz, p(z,T) = inbnz".
n=1

n=1

that

Our goal now is to express p in terms of p. We expand z = Zivzl anp™ and insert in the equation
of p(z,T). Equating both sides gives the relations for the first few coefficients

alp = 1, a9 = —2b2, az = —3b3 + 85%

Inserting the expansion p(z) in the equation for p(z,7T), we obtain the virial expansion of the
pressure,

Bp(p,T) = p+ Ba(T)p* + B3(T)p’ + ..., (2.10)

with first few coefficients By(T) = —by and B3(T) = 4b3 — 2bs. Explicitly writing out gives for
the second virial coefficient

~ov [ [drsfesl-gutra) - 13 = = [ v fulo).

By(T) =
where we used translational invariance in the second equality and we introduced the Mayer
function fy(r) = exp|—pv(r)] — 1. That is why sometimes the virial expansion is also called
the Mayer expansion. Furthermore, for r large fy(r) ~ —fv(r). Note that depending on the
temperature depence of fyi(r), there is the possibility that B2(T') changes sign. We define the
so-called Boyle temperature T as Bo(Tg) = 0. Furthermore, we find an expression for the
third-virial coefficient,

B3(T) = ?j//dﬁ/drz/dr:s u(ri2) fa(ris) fum(res)-

Expressions for higher-order virial coeflicients can be obtained with the recipe above.
We can also express the Helmholtz free energy in a virial expansion, which will turn out to

ex i ‘7k T n i

for the so called excess (i.e., over ideal) Helmholtz free energy density fex(p, 7). Using the

thermodynamic relation
OF 9Bf
v N,T f+e p )

and comparing with Eq. (2.10) gives C,, = B,,/(n — 1) for n > 2. Therefore, we have for the
Helmholtz free energy density

f= 7F = pllog(pA®) = 1] + Bo(T)p* + BgéT) PP

It is interesting to note that Bo(T') is only convergent for interaction potentials ¢(r) ~ r—"

with n > 3. Therefore, Coulomb fluids and dipolar fluids consisting of point particles cannot



be treated in the virial expansion. An example of a “model" potential for which By(T') is well
defined, is the so-called Lennard—Jonesﬂ potential

vy (r) = 4e [(‘;)u - <:>6} . (2.11)

Eq. is a widely used model potential in classical fluids because it captures the Born
repulsion and Pauli exclusion at short distances (~ r712) and the van der Waals attraction
(~ r75) at larger distances. Here, € is the “well depth", and ¢ is a characteristic size. A
simplification of the Lennard-Jones potential is the hard-core Yukawa potential

0o, 1 <o,

vy (r) = _(rﬁa) exp [_)\ (g _ 1)] , r>o0.

An even further simplification is the square-well potential

oo, r<o,
vsw(r) =< —€, o <r<M\o,
0, r> Ao

Finally, one of the simplest model pair potentials is the hard-core or hard-sphere potential

oo, r <o,
vae(r) =

0, r>o.

Note that this potential ultimately stems from the Pauli exclusion principle. In the context of a
hard-core potential, ¢ is called the hard-core diameter. For vpc(r) the virial coefficients By, (T')
are analytically known up until n = 4,

2 572 89 2192 4131 1
BSIC = 57'['0'37 BZI;IC = T 6 B}l‘IC = [ — 4+ f + Ir'CCOS <\/§>

om™ _ pHcC 3'
18 7 280 22407 224()7ra ( 2 )

Furthermore, note that B};IC are independent of temperature. Higher-order virial coefficients can
be computed numerically. To accurately describe the hard-sphere fluid up until the liquid-solid
phase transition 1 ~ 0.5, with = (7/6)03p the volume fraction, we need up until the eight
virial coefficient. Numerically, we find

Bpp = 1+4n+107° +18.365n" +28.2250" +39.740° +53.50° + 70.87" + .. & 1+ _(n*+3n)n".

n=1

In the last equality sign we made an approximation to the virial expansion for hard spheres. We

can sum the resulting approximate geometric series, and find the so-called Carnahan-Starling
(CS) equation of state,

Brcs _ L+n+n> =0

p (I—m3? 7

(2.12)

with free energy
BEcs 4n — 3
N (1—np?
The CS free energy turns out to be a very good approximative equation of state. The deviations
from computer simulations are at most 1% in the entire fluid range.

= log(pA®) — 1+

! Although the name suggests that two people contributed in developing this model potential, it is actually
named after one person. Namely, it has been devised by Sir John Edwards Lennard-Jones (1894-1954), who made
important pioneering contributions to the development of modern computational chemistry.

10



2.4 Correlation functions in classical systems

We introduce the density operator

N

p(r) = Zé(r —r;).

i=1

The corresponding one-point correlation function, is called the one-body density p(r) = (p(r)).
In the presence of Vi (r) # 0, p(r) is spatially varying. However, for Viey(r) = 0 the system is
translationallly invariant and the one-body density is constant p(r) = p. Furthermore, note the
normalisation [ dr p(r) = N.

Similarly, we define the two-body density operator as

N
PP (r,r) = Z Zé(r —1;)6(r' —rj),

i#j j=1

which naturally defines the two-body correlation function p® (r,r') = (5®(r,r’)), with normal-
isation [dr [dr’ p®(r,r') = N(N —1). For all suitable interaction potentials we have that
P (r,r') = p(r)p(r’) for |r —r’| = co. This motivates us to define the dimensionless correlation
function
g(r,v') = M’

p(r)p(r’)

with g(r,r’) — 1 for |[r — r'| — co. In the absence of an external potential, translational and
rotational invariance requires that g(r,r’) = g(|r — r’|). In this case g(r) is called the radial
distribution function or pair correlation function.

At this point it is good to recap some knowledge from elementary probability theory. For
X and Y continuous stochastic variables with joint probability density p(x,y) and marginal
probability density functions px(z) = ffooo dyp(z,y) and py(y) = ffooo dz p(x,y), the condi-
tional probability density function of Y given that X = x is p(y|x) = p(z,vy)/px(z). Because
p(r,r')/[N(N — 1)] is the probability of finding of one particle at r and another one at r’,
and p(r)/N is the probability to find one particle at r, it follows that p(r)g(r,r’)/(N — 1) is the
probability to find a particle at r given that we know there is particle at r’. In other words, for
isotropic and translationally invariant systems, given a particle at the origin 47r2pg(r)dr counts
the number of particles between r and r +dr. In this way the first peak of g(r) can be identified
as a shell of nearest neightbours around a particle located in origin, the second peak to second
nearest neighbours etc. The peaks have an exponentially decaying envelope because of particles
becoming uncorrelated. Other properties of g(r) are that g(r) ~ 0 for » < ¢ due to the Pauli
exclusion principle and that for an ideal gas of point particles g(r) = 1.

Using similar techniques as in Sec. we find the low-density expansion of the radial
distribution function,

9(r;p,T) = ¢ (1 T) + pg™D (7 T) + .. (2.13)

where
9O (r12;T) = exp[-Bo(r12)], 9V (r12;T) = exp[—B(r12)] /dr3 Su(riz) fu(rae). (2.14)

At low densities, g(r) is just the Boltzmann weight of the pair potential, which can be understood
intuitively from the interpretation of pg(r) as a conditional probability.

Another important correlation function is the density-density correlation function G(r,r’)
defined as

G(r,1') = (5p(r)3p(x')),  Sp(x) = p(r) — (A(r)-

11



It is straightforward to show that G(r,r’) = p®(r,r') — p(r)p(r’) + p(r)d(r’ —r). For homo-
geneous systems we have G(r,r’) = G(r —r’). In this case, we define the Fourier transform

:/er(r)e_ik'r, G(r) :/(2‘?{)3@(1{)6&-{

When the system is also isotropic G(r,r’) = G(|r —1'|), this defines the static structure factor
S(k) via G(k) = pS(k). Note that S(k) is dimensionless. It is possible to express S(k) in terms

of g(r),
S(k) =1+ p/dr e g(r) — 1] + (27)36(K). (2.15)

One can check that S(k) — 1 as k — oo, and that for an ideal gas S(k) = 1. The first
peak of S(k) at k* ~ 27 /0 corresponds roughly to the first reciprocal lattice wave vector of
the solid. Furthermore, we note that S(k) can be experimentally measured using scattering
experiments. In practice, this means we can neglect the last term in Eq. For example,
for an elastic scattering experiment with an incoming plane wave ~ exp(iq; - r) and an outgoing
wave ~ exp(iq, - r), it turns out that the scattering amplitude is proportional to S(k) with
k the momentum transferred to the sample. Here k follows from momentum conservation

hqo = h(q;i + k) and |qi| = |qo|.

2.5 From structure to thermodynamics

Besides providing a quantification for the local structure of a fluid, it turns out that the corre-
lation functions from Sec. determine the complete thermodynamics of the system. There
are various ways to establish this connection. First, we focus on systems for which ®(r"V) only
consists of pairwise-additive interaction potentials. Let us compute the internal energy of the

System
U:<H>:< %>+<ZZU(Ir¢—rjI)>
i=1 =1 j<i
= ket 4 <zz/dr/dr (c = 13— r))o <|r—r|>>

i#j j=1

= ;NkBT—i— /dr/dr’ @, Yo(|r —r'|),

where we used the equipartition theorem and the definition of p®(r,r’). The factor 1/2 occurs
in the second line to avoid double counting. For homogeneous isotropic systems, we thus find
the so-called caloric route to thermodynamics

U 3 p?
V= iﬂk‘BT+ ) /drg(r)v(r).

Another relation can be obtained from the pressure. Using the fact that the system is ergodic,
we can use the virial theorem from classical mechanics,

p= pkBT—<ZZ ri;- 8rw > kT—/dr/drp r,v')(r—r')- 82‘:—_:)‘)’

=1 j<i
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where we used the same steps as in deriving the caloric route. Again using that the system is
homogeneous and isotropic, we find the virial route to thermodynamics,

2
p=phsT 2 / dr rg(r)v'(r),

where we used that for radial symmetric functions F, that r - O, F(r) = rF'(r), with prime
denoting differentiation to the argument. We note that the caloric and virial routes can also be
directly derived from the partition function of a pair-wise interacting classical system. We will
explore this in the problems. Furthermore, note that the caloric and virial route are exact for
pair-wise interacting systems.

The final route to thermodynamic is valid for arbitrary ®(r"), which might also include
three-body interactions. We switch to the grand-canonical ensemble, and denote the classical

trace as
=1
N=0

In this notation, the grand-canonical partition function is Z(u, V,T') = Tra{exp[8(uN — Hy)},
with Hpy the N-particle classical Hamiltonian. The probability distribution function in the
grand canonical ensemble is

exp[f(uN — Hy)].

1] —

N, eV N) =

Note that Tr(fn) = 1 as is required for probability distribution functions. Grand-canonical
averages are given by

() = Tralfa(-)],

From the context it will be clear whether we mean canonical or grand-canonical ensemble av-
erages. In the grand canonical ensemble the one-body and two-body density operators depends
on the number of particles and, therefore, have normalisations

[avot) = [artow) =) [ [ax' 0Dt = [ar [ (5D w) = (8 - (),
From these properties, we find that in the grand-canonical ensemble,
/dr/dr/G(r,r/) = (N?) — (N)2 (2.17)

Our goal is now to relate the number fluctuations to a thermodynamic quantity. We recall that
for a uniform fluid, from the definition of the grand-canonical average we have for « = 0,1, 2, ...

() = Tra(¥) = ST (V" expla(u¥ ~ H)]) = 2T { 5 5 explny — )]}
- Zgue e elaleN — i) = £ (57=)

where we used that the series in Eq. (2.16) is uniform convergent. We conclude that

()2 (ot~ (), (550,

(N?) = (N)? =

[ —

Furthermore, we have the Maxwell relation

o\ _ (0N _ (2N (AN
on)yr  \opdvV ), \Vou)p \ov ), 7
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Combining these two results, we have

=007 = (o), = (o) = (&), (@) =070 (5),

We recall the definition of the isothermal compressibility

1 [0V 1 8p>
kr=—=| = =—(= , 2.18
! 4 (ap)N;F p <6p T ( )

(N?) — (N)? = pkgT(N)rr.

Combining with Eq. (2.17) and using that the system is homogeneous and isotropic, gives the
compressibility sum rule

and we conclude that

/ dr G(r) = p*kpTrr. (2.19)

This general exact result is an example of a susceptibility sum rule. We can express Eq. (2.19)
in terms of the radial distribution function,

1+ p/dr [g(r) — 1] = pkpTkr. (2.20)

Eq. (2.20)) is also known as the compressibility route to thermodynamics, and is more general
than the virial and caloric routes. Note that limy_,o S(k) = pkTxp which follows from Eq.
(2.15) when neglecting the delta function contribution.

2.6 The Ornstein-Zernike (OZ) integral equation

Now that we have discussed several properties of g(r) and some applications, it is necessary that
we have some tools to compute it. In Eqgs. (2.13) and (2.14]), we have discussed how to compute
g(r) in terms of a density expansion. Such virial expansions are, however, of limited use when
we are interested in dense fluids. We introduce the indirect correlation function h(r) = g(r)—1,
which vanishes when particles become uncorrelated. It turns out that h(r) satisfies the celebrated
OZ integral equation

h(r) =c(r) + p/dr'c(|r —r'|)h(r), (2.21)

which we will derive in the next chapter using density functional theory. We have introduced the
direct correlation function ¢(r), which for now can be seen as an auxiliary correlation function,
defined by the OZ equation. The name comes from the fact that in some sense c(r) is more
directly related to v(r) as can be seen from the asymptotic behaviour, ¢(r) ~ —fv(r) as r — oo
when the fluid is not close to the critical point. Unlike h(r) it lacks the presence of oscillations.
When ¢(r) is known, we can compute h(r).

Using the definitions of the Fourier transform, Eq. becomes

: c(k)
h(k) = ——=—
and from the definition of S(k), which can be expressed as S(k) = 1 + ph(k), we find
1
Sk) = ——F—

giving an additional interpretation of the direct correlation function.

For now, to compute h(r) from ¢(r), we need an additional relation, called the closure
relation. Because there is no exact formulation of such a closure relation, we need to resort
to approximations. The accuracy of the approximations can be assessed by comparing, e.g., to
computer simulations. We list a few examples of approximative closure relations below.

14



e In the random phase approximation (RPA), we assume that for all r the direct correlation

function takes it assymptotic form, i.e. cgrpa(r) = —pv(r). This approximation turns
out the be accurate for fluids consisting of particles with soft cores (e.g., liquid metals,
polymers).

e The mean-spherical approximation (MSA) is an extension of the RPA approximation, but
now includes the effect of a hard-core together with a long-ranged tail. For example, when
v(r) = oo for r < o and v(r) = ¢(r) for r > o. In this case, the MSA approximation is,

gusa(r) =0, (r<o); o) =—po(r), (r>o).
The MSA approximation often allows for analytical results.
e In the hyper-netted chain (HNC) approximation, we use the approximation
cnne(r) = gane(r) — 1 —In[gunc(r)] — Bo(r).

This scheme turns out to be accurate for systems with long-ranged potentials, like the
one-component plasma (OCP).

e In the Percus-Yevick (PY) approximation, we use

cpy (r) = {1 — exp[Bu(r)]}gpy (1),

which turns out to be an excellent approximation for hard spheres. Later, we will give
a systematic derivation of the PY approximation. Note that for hard spheres the PY
approximation is the same as the MSA.

In fact, it turns out that one can derive an analytical expression for ¢(r) within the PY approx-
imation. We find

—(1+2n)* + 6n(1 + 3n)? (2) — gn(1+ 2n)? (2)3
epy(r) = (1—n)* ’
0, r>o.

r <o,

It is straightforward to Fourier transform this expression, and therefore, determine S(k). How-
ever, to obtain ¢(r), we need to resort to numerical calculations. It turns out that the PY
approximation is quantitative in the entire fluid regime up to n =~ 0.494. Above this volume
fraction, the hard-sphere fluid freezes. Using gpy(r), we can obtain the equation of state using
either the compressibility route (c¢) or the virial route (v), and we find

Bpe _14+n+n*  Bpe 1429+ 3p°

p (I=n3" p  (1=n)0?

It can be checked that both routes are consistent up until the third virial coefficient. Deviations
occur from the fourth virial coefficient and higher. The inconsistency arises from the PY approx-
imation, one would obtain a fully consistent result if an exact closure was used. Interestingly, we
retrieve the CS equation of state Eq. by a suitable linear combination of the above result,
pcs = (2pe + py)/3. It turns out that for dense fluids, the attractions give rise to a g(r) that is
almost indisguishable from the hard-sphere radial distribution function. Unlike dilute systems,
the correlations in a dense fluid are thus mainly determined by the short-range repulsions.
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2.7 Multi-component systems

The concepts of this chapter up until now focused on one-component systems. It is, however,
straightforward to generalise to multi-component systems. Suppose we have N, particles of
species = 1, ..., s. The canonical partition function becomes

S dric .
Z(Ni,., N, V.T) =[] </J\M‘§Va> exp | =5 (x5 )|

a=1

with r( ) = = (r (a), g\c;)) A, the thermal de Broglie wavelength of a particle of species a.

Like usual, the Helmholtz free energy is SF(Ny,...,Ns,V,T) = —log Z(Ny,...,Ns,V,T). If
we concentrate only on pair interactions, with pair interaction potential between particles of
species a and 8 with separation vector r, given by ¢.g(r), we find the generalisation of the
virial expansion

BF S S 1 S
v S pallog(padl) =1+ 3" BS paps + 5 ST BE papppy + s
a=1 a,ﬂ avﬂa’y

with po, = N, /V. For example, the second virial coefficient for a multi-component system is
given by

BT = = [ dr fexpl-Buas(m)] - 1)

The multicomponent generalisations of the density operator and two-body density operator are

pal(r) =S 80 — i),

and we define the density-density correlation function as

Gap(r,1') = (0pa(r)dps(r')),

which defines the partial structure factor S,s(k) for homegeneous and isotropic fluids via
Gop(k) = pSap(k) with p = N/V the overall average density where N = »° | N,. We
define the two-body density operator as

Na Na No Np
PO ) =805 Y > 8 — )3 — vy + (1= 8a5) DN 6(r — r{)o(’ — ).
j#i =1 i=1 j=1

Denoting p,(r) = (pa(r)) and pfﬁ) (r,r) = <p5126)(r r')), we define
pap(rr)

et ) = e

which for homegeneous and isotropic mixtures defines the radial distribution function g,g(r) =
gpa(r) of a multi-component system. Note that 4772 pagas(r)dr counts the number of particles
of type « in a range r to r + dr given a reference particle of type S in the origin. The indirect
correlation function defined by hap(r) = gag(r) — 1 satisfies the multi-component OZ equation,

hap(r) = Cas(r +Zm / dr’ car(|r — ') hag(r).
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Chapter 3

Classical density functional theory

3.1 Construction of the density functional

In the previous chapter, we have mainly looked at situations where the one-particle density
is constant (Vext(r) = 0). Here, we will consider the situation when Vi (r) # 0. In this
case we have an inhomogeneous fluid where the density is spatially varying. Such systems are
well described using density functional theory (DFT), and in this Chapter we will set up the
formalism of this method. We will use DFT to describe inhomogeneous hard-sphere fluids from
very dilute to dense systems up until the crystallisation transition. In later chapters, we will
focus on further applications of DFT.

We will work in the grand-canonical ensemble, and we use the same notation as in Sec.
Consider the combination u(r) = p — Vet (r), which is known as the intrinsic chemical potential.
The grand potential can be viewed as a functional of u(r), i.e. = Q[u], given by

00 1 A
exp(—AQ[u]) = Z NIASN /drN exp {—ﬁ [q)(rN) — /dr u(r)p(r)} } . (3.1)
n=0
Explicitly, we find by functional differentiation that
_ _09[u]

Because p(r) can be obtained from a functional differentiation of Q[u], clearly it means that
it can be viewed also as a functional of Vi (r). Generalizing the Legendre transformation to
functionals, we define the intrinsic Helmholtz free-energy functional

Flol =00l ~ [[dru =0l + [ drple)n - V)]

Note that we retrieve the bulk result in the limit Ve (r) — 0, with p(r) — (N)/V. Alternatively,
we can write this functional as an ensemble average

f[p] = <KN +dy + ]{BTlan> = Trcl(KN + ®n + kgTIn fN), (33)

with Ky the N-particle kinetic energy, ®y the N-particle interaction potential (excluding the
external potential), and fy the N-particle distribution function.

In the density-functional approach, we focus purely on functionals of p(r) instead of u(r).
One can prove the not so obvious result that for a given &5 and fixed p and T that there is
a unique Ve (r) that gives rise to a specific density profile p(r). Because fy is a functional of
Vext(r), and therefore any quantity which for given ®y, 7', and p, is fully determined by fy is
necessarily a functional of p(r) and the specific functional dependence is independent of Vey(r).
From Eq. it follows that F|p] is a unique functional of p(r) and has the same form for
every external potential. Let us formalise the above.
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Lemma 1. Let be f be a phase space probability density function with Trq f = 1. We define the
functional
Q[f] = Traf(Hy — pN + kT In f),

then Q[f] > Q[fn].

Proof. We recall the definition of fy = exp[B(uN —Hn)]/=Z. We find that Q[fny] = —kpT' In= =:
Q, with Q the equilibrium grand potential. We conclude that Hy —uN = —kpT In(fyZ). Using
this relation and that Tr, f = 1, we conclude that

Qf] = kgT Tra(fIn f — fln fv) + QfN].
Rearranging this expression, we find

B A fo.f_f
Q[f] — Q[fn] = kT Trafn (fN In fN> Rl Tra fn <f o IN N * 1>

where in the last equality we used that Tr., f = Trofy = 1. Note that f and fy are positive
phase space functions (as they are probability densities), and using the inequality x Inx > = — 1
for x > 0, we conclude that Q[f] — Q[fn] > 0, which completes the proof. O

Using this lemma, we can prove the theorem

Theorem 1. For given @y, T, and p, the quantity F|p] is a unique functional of the equilibrium
density p(r).

Proof. Assume there is an external potentlal eXt( ) # Vext(r) that gives rise to the same p(r).
We define Viy = 32N | Vg (r;) and Vi = SN r;). We define the Hamiltonians

Ve (
Hy=Kn+®n +Vy, Hy=Ky+Py+Vy,
with corresponding equilibrium density distibution functions fn # fy
fn =explB(uN — HN)|/Z,  fy = exp[B(uN — Hy)/='
The corresponding grand potential to fj is defined as €, and using the definition,
Q= QfN] = Trafy(Hy — uN + kgTn fy) < Trafn(Hy — pN + kpTlnfn),  (3.4)

where in the last step we used Lemma 1 for Hamiltonian H);. Using that Hy, = Hy + V3, — Va,
we find that
TrCIfN(HJ/V —uN +kgTln fy) =Q + Trdi(V](, — V).

Insertion in Eq. (3.4) gives
@ <t [ de o)V () = Vo (1) (3.5)
Here we used that

TrafnVN = /dr Vext (r) Tra[p(r) fn] = /drp(r)Vext(r). (3.6)

Using similar arguments, we find that

Q<W+/wMﬂMM) Vi (1), (3.7)

Addition of Eqgs. (3.5) and results in Q + Q' < Q' + Q. This is a contradiction, from which
we conclude that Vo (r) = V;’Xt( ). In other words there is a unique Ve (r) that determines
p(r) which then fixes fy Because F[p] can be expressed as Eq. (3.3), we have completed the
proof. O
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Let us now consider the functional
(7] = Fip) - [ dru(x)pt), (3.8)

with p(r) some density profile (not necessarily the equilibrium one). This functional gives rise
to an important variational principle.

Theorem 2. Let Qy[p] be the functional defined in Eq. (3.8). Then

6Qy [p]
op(r)

= 0, Qv[p] = Q.

p=p
In other words, when p(r) equals the equilibrium density profile p(r), then Qv reduces to the

equilibrium grand potential. Furthermore, ) is the minimum value of Qy[p].

Proof. The assertion that Qy [p] = Q follows from Eq. (3.3) and manipulations like in Eq. (3.6).
Explicitly,

Qv[p] = .F[p] - /dI‘ u(r)p(r) = TrclfN<HN —VN+kgTIn fy — uN + VN) = Q[fN] = Q. (39)

For the other assumption, we assume the existence of a different density profile p/(r) for a given
Vext (r) and Hamiltonian Hy. We denote the associated probability density with f'[p’(r)] where
Trof' = 1. Then

Qf'] = Traf (Hy — uN + kgTln f') = Flp'] — /dru(r)p’(r) =: Qu[p]. (3.10)

7 (r) that would give rise to
an equilibrium density p'(r) in order that f’ exists. This ensures the existence of F[p']. Using
Lemma 1, it follows that Q[f'] > Q[fn] and thus from Eqs. (3.9) and (3.10) that Qy[p] <
Qvp']. O

Here, we assumed the existence of another external potential V.

The name instrinsic Helmholtz free energy functional is now clear. Namely, we have for the
total Helmholtz free energy the relation

FWWHU=Mm%ﬂ+u/ﬁMﬂ=fM+/ﬁMﬂ%dm

i.e. it is the part contributing to the Helmholtz free energy that does not depend explicitly on
the external potential. Therefore, the variational principle in Theorem 2, leads to constancy of
the chemical potential p throughout the inhomogeneous fluid,

6Fpl
dp(r)’

Sometimes, 0F /dp(r) is called the intrinsic chemical potental, and generally it is not a local
function of p(r).

n= ‘/ext(r) +

(3.11)

In the case of an ideal gas & = 0, we can explicitly calculate the intrinsic Helmholtz
functional,

57l = [ drplo){talp()a’) - 1.

Note that this functional of the local form [ dr fia(p(r)), with fiq(p) the free energy density of
a bulk ideal gas.
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3.2 Hierarchies of correlation functions

Recall the definition of Qu], see Eq. (3.1) and that p(r) = —§5Q/dSu(r). Further functional
differentation of Q[u] produces the density-density correlation function (see Chapter [2),

B 528 u]
dBu(r)dBu(r’)

Higher-order correlation functions can be obtained in a similar matter,

(n) en . o 0" BQu)
G (ry,...,rpn) = (0p(ry1)....0p(ry)) 5Bu(rr).0Bu(rn)’
with G (r,r') = G(r,r’). Clearly, Q[u] is a generating functional for density-density correlation
functions.
A second hierarchy of correlation functions can be obtained from F[p]. We define the excess
(over ideal) Helmholtz free-energy functional as Fex[p] = F|p] — Fia[p]. This functional generates
the direct correlation functions defined by

Wy = BTelol o oy BT

dp(r) dp(r)op(r’)’
Note that from the definition we have that ¢® (r,r’) = ¢(? (¢, r). Higher order direct correlation
functions can be obtained via

G(r,r') = (3.12)

> 2,

(3.13)

e R
c (I‘l,..-,rn) - 5p(r1>(5p(rn)

We can explicitly write down, using Eq. (3.11)
Y (r) = In[p(r)A®] — Bu(r). (3.14)
We can reexpress this result into p(r)A3 = exp[Bu(r) + c¢V)(r)], which shows that —kgT'c(!(r)

acts as an effective one-body potential that determines the equilibrium density profile. A further
functional differentiation of Eq. (3.14)) gives

g ST bu) v
R 71 B O

The latter equality follows from Eqgs. (3.2]) and (3.12)). Here the functional inverse is defined as

/dr" G(r, e )G (" v') = 6(r — 1'). (3.15)

Compare this definition with the inverse of a matrix A, AikA,;jl = 0;j. We see that the two-body
direct correlation function is roughly the functional inverse of the density-density correlation
function. Using that G(r,r') = p@)(r,r’) — p(r)p(r') + p(r)d(r' —r) and the definition of the
inhomogeneous indirect correlation function h(r,r’),

p(r)p(x)h(r,x') = p? (r,1') — p(r)p(r'),

we find the inhomogeneous Ornstein-Zernike relation,
h(r,r') = @ (r,r) + /dr" hr,x")p(x")c® (" x'),

which reduces to (bulk) OZ equation for Ve (r) — 0 that was posed without derivation in Sec.
The OZ equation is thus a natural consequence of having two generating functionals Qy [u]
and F[p] that are linked via a Legendre transform. That is, Eq. (3.15) is equivalent to

2F 520

/dr// [p] V[u] — _5(1. o I'/).
0p(r)dp(r”) du(r”)du(r’)

In field-theoretical treatments of statistical mechanics the hierarchy of direct correlation function

are equivalent to the vertex functions. The OZ relation is therefore very general.
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3.3 Excess functional via integration

In some cases we can obtain Fe[p| via integration over some parameter. We provide two
examples.

Integration with respect to the particle density

We define the quantity p(r; «) for some parameter « € [0, 1], with p(r; @ = 0) = pef(r) for some
reference density profile and p(r;a = 1) = p(r). We find by integration over o and using the
chain rule for functional differentiation,

1 8fex[pa] afex 810(1‘ Oé)
Fex|p] —fex[pref]+/0 da a—p — =Jex [ret] / do‘/ Sp(r;a) O

Let us choose a linear path in the space of density profiles p(r; ) = pres(r) + a[p(r) — pref(r)]
and using Eq. (3.13]), we find

8l = Fealp] -~ [ [ e (el o) ~ (), (3.16)
By a similar procedure we obtain
D ([pal; 1) = ¢ ([prer; / do / ar' ¢ (Jpo)i 1, 1) [p(x') — pres(r')] (3.17)
We thus obtain by combining Eqgs. and ( -
B Fexlp] =B Fex pret] — / dr [o(r) = prer(0)]eD ([prerl; 1)

/ da [ dr[p(r) ~ prs(s / ol [ /(o) = pres(s))e ([pur v, 1) (319

This result is independent of the choice of integration path since Fey[p] is a unique functional of
the density. Note that for this scheme we need a prescription for the direct correlation functions
and we need to determine the equilibrium density profile.

At this point it is worthwhile to consider the bulk limit, where Vet = 0 and p is constant.
In this limit, while taking py(r) = 0, we see that Eq. reduces to

Mp /dp/drc (psr, 1)) (3.19)

Taking the bulk limit in Eq. (3.14)), we find that Su(p) = Buiq — ¢V (p), and we conclude that
Eq. (3.19) is equivalent to
o 2
6p<) =1—p/drc( J(psr),
%) (pi7)

which is just a form of the compressibility sum rule that we derived in Chapter [2 Furthermore,
we find in this limit that

1
B1(p) = Bfualp) + 0 / da (0 — 1) / dr ¢ (ap; ), (3.20)

where we used that for any function g, that fol da [ do/g(a) = f01 da (1 — a)g(a). Use of Eq.
(3.20) is only possible when integration paths are performed in a single phase region.
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Integration with respect to the interaction potential

Assume that the interaction potential is purely pairwise additive, i.e. ®(r") =", < v(Ti, 1))
When viewed as a functional of ¢, we find that

00

Qe ry=20—"
p (I', r ) 251}(1‘, I‘/)

We define the one-parameter family of pair potentials

oa(r, ') = vo(r,r’) + Avy (r, 1)

By using again functional integration, we find

Fexlp] = Frf(p] /d)\/dr/drp r,r’; Aoy (r,1).

Note that in this scheme there is no need to determine correlations functions at various densities
after the equilibrium density has been determined. We can write,

Fexlp) = Fretip] /dr/drp Yo (r, 1) + Feorelp). (3.21)

The function that incorporates the correlations due to presence of v(r,r’) is given by

/ d)\/dr/drp Yh(r, s \or (r, ).

3.4 Approximations for the excess functional

Generally, we do not know the precise form of Flp], and it is therefore often necessary to resort
to approximations. We list a few examples.

Local density approximation (LDA)

The simplest approximation is the LDA. Here we make the approximation

fm:/Mﬂmm

with f(p) the Helmholtz free energy density of the homogeneous bulk system. The LDA is a
good approximation in case the density is slowly varying compared to the dimensions of the
particle. One could, for example, take for f(p) the Carnahan-Starling or the van der Waals
form. Note that the LDA is exact for an ideal gas.

Weighted density approximation
An upgrade from the LDA is constructed by the weighted density approximation,

fM—/mwwwm,ww—ﬂmn

Note that 1(p) is the free energy per particle for a bulk system, i.e. ¥(p) = F(N,V,T)/N. The
weighted density p(r) is given by

) = [ di'wilr = x')olc'),

with weight functions w(r) to be determined. This approximation turns out to be an excellent
way of providing a nearly exact treatment of hard-sphere systems, as we shall see later.
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Virial expansion

We can generalise the virial expansion to inhomogeneous systems. For example, within the
second virial approximation

5F(p) = 6Fale) — ;5 [ dr [ ar futr)pte)pte) (3:22)

Here fu(r,r’) = exp[—pB¢(Jr — r'|)] — 1 is the Mayer function. This approximation is expected
to be exact in the low-density limit.

Gradient expansion

In the square-gradient approximation, where we allow for density profiels that are not slowly
varying, we set

Flpl = /dr [folp(x)) + fa(p(x)[Vp(x)] +...],

with fo(p) the Helmholtz free energy density of a uniform system, and fz(p) a to be deter-
mined coefficient. The form of this approximation is constrained by symmetry arguments such
as translational and rotational invariance. One can derive expressions for f2(p) by imposing
consistency with the linear response result. We will come back to this when we discuss the
gas-liquid interface. Note that when we truncate above approximation after the first term, we
obtain the LDA. Truncation after the second term is called the square-gradient approximation.

The mean-field approximation and random-phase approximation

Consider the exact result Eq. (3.21). When we neglect correlations and set the reference system
to be an ideal gas, we obtain the so called mean-field approximations

Fexlp] = / dr / dr’ p(r)p(x')o(r, 1),

Sometimes this approximation is also known as the random-phase approximation. This approx-
imation is useful for describing soft-core systems, such as polymer blobs. Furthermore, we will
apply this approximation to the study of fluids with ions.

Density expansions

Now we consider the exact result Eq. (3.18]). As a reference system we choose the uniform bulk
fluid with constant density p,. The grand potential functional in this case becomes

p(r)

81 = o8] + [ dr Voa(w)oto) + [ e ooy~ o) 4 )

1
" /0 dar (0 — 1) / dr / dr' ¢ ([pas 1) [p(x) — po]lo(x’) — pu).

We not approximate ¢ ([pa];r, ") = ¢ (pp; |r — r'|) and we obtain the density expansion,

By [p] = BQ[pp] + / dr BVext(r)p(r) + / dr [p(r) lnp[()z) —p(r) +Pb}

-3 / dr / dr' ¢ (py; [ — ) [p(r) — pullp(r') — p). (3.23)

One can show that Eq. is equivalent to a functional Taylor expansion of the excess
functional around the uniform bulk density. This type of approximation works quite well in the
case of hard spheres next to a hard wall. However, problems occur when attractions are added,
because then one has the possibility to have surface phase transitions, as we shall discuss later.
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3.5 The Percus’ test particle formulation

Recall the interpretation of the radial distribution function g(r) in terms of a conditional prob-
ably to find a particle between r and r 4 dr given that there is a particle at the origin. We
can view the particle in the origin as a test particle that exerts an external potential on the
surrounding fluid, given by the interaction potential v(r). We can thus view the density profile
resulting from the test particle as

p(r) = p(r) = prg(r), (3.24)
with pp, the bulk density. Using Eq. , we find that the density profile satisfies
p(r) = pyexpl[=Bu(r) + D ([p];r) — W (pp)]. (3.25)
Combining Eqgs. (3.24) and ([3.25) gives the self-consistency equation
9(r) = exp[=u(r) + ¢ ([pugls ) — !V (pp)]

Using Eq. (3.17)) with pyef(r) = pp, we find

Ing(r) =—pv(r / da/dr polg(r') — 1 ([pa); r,1). (3.26)

Although this is an exact equation, we still need to perform approximations in order to be
able to calculate g(r). One approximation is ¢®([pa];r, ") = ¢@(pp; |r — 1r'|]). Recalling that
h(r) = g(r) — 1 and using the OZ equation, Eq. (3.26]) can be re-expressed as

g(r) ~ exp[—pu(r) + g(r) — 1 — c? (pp; 7).

which is just the hypernetted chain approximation as introduced in Sec.
Alternatively, we can approximate,

exple™ ([pnglir) — ¢D(pp)] ~ 1 + /dr’ polg(r') — 1] (ppsx,1).

This results in
g(r) ~ exp[—Bu(r)][g(r) — ¢ (py; )],

which is just the Percus-Yevick closure.

3.6 An exactly solvable model: hard rods in one dimension

Other than the ideal gas, there is no other model in three dimensional dimension for which
we have an exact expression for F[p]. However, in one dimension it is possible to obtain an
analytical solution for a system of hard rods with length ¢ in an arbitrary external potential
Vext(2). We find

lpl = Fialp) + Fuclol + [ a2 Vess(2) — o).

where the ideal gas functional is

BFulp] = / dz p(z){Infp(2)A] — 1)

and the excess functional
8Fulpl =~ [ dep il ~ )], )= [ s p(a).
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The density profiles satisfy 6Qy[p]/dp(z) = 0,

WA [, o)
1—t(z)+/z T

Bl — Vext(2)] = In

Up until now we have only considered the case of a one-component system of hard rods. It turns
out that the excess functional of a s-component mixture of hard rods can be expressed as

Ful{pi}] = / 0z B({na(2)}) (3.27)

with p;(z) the density profile and 2R; the length of a rod of species i. The weighted densities
are defined by

S
na() =3 / a2 pi(yw® (= = =), a=0,1.
i=1
The weight functions capture the geometry of the particles, and are given in one dimension by
0 1 1
w(z) = 310(z = R) +3(= + R)l, w)(2) = O(R, — I2]),
with © the Heaviside step function. The first weight function is associated with the “surface"

area of the rod and the second weight function with the “volume" of a rod. The excess free
energy density is then given by

D ({na}) = —no(2) In[1 — ny(2)].

One can check that this expression reduces to the result for uniform hard-rod fluids. Also we
note that the Mayer function of the hard-rod mixture in 1D can be written as

—fij(2) = (W w)(2) + (w® 5 wiV)(2),

with * denoting the one dimensional convolution product.

3.7 Fundamental measure theory

Let us consider s-component hard-sphere mixtures, defined by the interaction potential

o0 T > 04
vig(r) =9 ’
0, r< Oij-

Here 0; = 2R;, with R; the particle radius, and for additive mixtures that we consider here, we
define 0;; = (04 + 0j;)/2. Using the exact result for the excess functional of a hard-rod mixture
in one spatial dimension, Rosenfeld considered whether this exact result can be generalised to
the case of three spatial dimensions. His fundamental measure theory had two main ingredients.
First, he used the exact result in 1D Eq. . Second, he insisted consistency with the exact
low-density result,

5Tl =5 3 [[dr [ @ piwpsa)fise = o), (3.29)

which is a generalisation of Eq. (3.22) to the multicomponent case. Here f;;(r) = exp[—pSv;;(r)]—
1 is the multicomponent Mayer function. For additive hard spheres, we find f;;(r) = O(R; +
Rj —r). It turns out we can write
3 0 0 3 2 1 1 2
~fig(r) = (w5 wi) ) + @ wf) @) + w5 wf?) ) + @« w?))
)+ wDm) + ) sulB) ),

J?a .]7a
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with Einstein summation convention implied over repeated Greek indices. Furthermore we
defined the convolution product between two function p and ¢ as

(p*q)(r) = /dr'p(r —1r')q(r").

The weight functions are

(2) (2) (2)
D)= 2 Uy = 2t 0 = )
ULa%

Analogously to the one-dimensional case we define weighted densities. We have four scalar
densities and two vector densities,

Ne(r) = Z/dr’ wz(a)(r —1)pi(r'), a=0,...,3, ny(r) = Z/dr/wga)(r —1)pi(r)), a=1,2.
i=1 i=1

By using the same form as in the one-dimensional case,

Ful{pi)] = / dr B({na(r)}). (3.29)

invoking that the low-density result should be obtained Eq. (3.31]), and the exact scaled-particle

result ,
o Pheéx
p= lim <) . (3.30)

The functional that satisfies these condition can be found by making the ansatz (motivated by
dimensional analysis),

P({na}) = fi(n3) + fa(nz)nine + f3(nz)ny - no + fi(ns)ni + f5(n3)nens - no,

with to be determined coefficients f,(n3). Consistency with the low-density limit constraints
these coeflicients to have the form

filnz) =n3 +0(nz),  fa(nz) =1+ 0(n3),  fz3=—-1+0(n3),
filns) = 5=+ Ols), fs = —5m +Olng). (331)

Eq. (3.30) translates to the scaled particle differential equation,

02((1ed) _ ()43 W), 5 02MUrad)
a=0 o

n
877,3 a—1.2 15 o

Solving this differential equation with the conditions Eqgs. (3.31))

ning — N - Ny n% — 3nony - Ny
1—ng3 247 (1 — n3)2 '

Prvr({na}) = —noln(l — n3) +

Remarkably, the fundamental measure theory as presented here reproduces the free energy
density and the pair correlation function of the uniform hard-sphere mixture within the Percus-
Yevick approximation. The pressure using this scheme is equivalent to PY result within the
compressibility route, and one finds that in the bulk limit that the pressure differs at most
7% from simulations from densities up until freezing. The shortcomings of the theory are,
however, that it does not account correctly for hard-sphere freezing or when the dimensionality

26



of the problem is reduced. The latter notion is called dimensional crossover which means that
the three-dimensional DFT should still be approximately valid for situations at lower effective
dimensionality. In other words the theory should be applicable to fluids confined to narrow slits
(2D), narrow cylinders (1D), or cavities (0D). For example, the 2D limit can can be taken by
setting p(r) = pap(z,y)d(2).

A more pragmatic improvement of Rosenfeld’s fundamental measure theory can be obtained
by replacing Eq. by p = pmcsL, where the right-hand side is given by Mansoori-Carnahan-
Starling-Leland (MCSL) equation of state for binary hard-sphere mixtures. This method is
therefore more consistent with the bulk result that Rosenfeld’s original formulation, which vio-
lates that the exact scaled-particle result for the pressure is equal to the thermodynamic pressure,
by the assumption that Fox can be written down in terms of weighted densities. Following the
same procedure as before, one finds the modified excess free energy density,

n3 + (1 —n3)?In(1 — n3)
36mn(1 — n3)?

ning — 1Ny - N2

Owp({na}) = —noln(l—ns3)+ +(n3—3nsny-ny) . (3.32)

1-— ns
Notice that only the last term is affected. Using Eq. in Eq. gives the so-called
White-Bear functional. Improvements to the functional were also constructed by using more
accurate expressions for the MCSL equation of state. This, for example, gives rise to the White
Bear Mark II functional, which is the current state of the art DFT for hard-sphere mixtures. It
is given by,

ning — 1N - 1Ny ng - 3n2ng i 1 5]

(I)WBH({TLQ}) = —"ny ln(l—n3)+ |:1 + ;n§¢2(n3):| + |:1 - 4n3¢3(n3>:|

1 —mng 9 247(1 —ng)?

with

p2(n3) = [6n3 — 3n3 + 6(1 — n3) In(1 — n3)]/n3,
$3(n3z) = [6n3 — 9n3 + 603 4+ 6(1 —n3)* In(1 — n3)]/(4n3).

In the White-Bear mark II approach the equilibrium density profiles in simple geometries do
not differ much from the first version of the White Bear approach. However, the increased
self-consistency of the WBII version gives better results for e.g., surface tensions and bending
rigidities.

Irrespective of the version of the fundamental measure theory, there is a big advantage that
correlation function to arbitrary order have the following expression

01(1,.)..,im(r17 o —/dl' Z o () Do (@) w§1 1)(1[“1 - r)...wgm )(rm —r).

a1,..,0m

Note that DFT turned out to be very successful in describing the many-body equilibrium physics
of particles interacting via steric interactions, such as the hard-sphere potential. However, cur-
rently there is no satisfying DFT that describes the many-body physics when long-ranged poten-
tials and their resulting correlations are included. This should be contrasted with homogeneous
fluids, where there are well-defined schemes to incorporate such potentials (e.g., via thermody-
namic perturbation theory).

3.8 Relation with quantum density functional theory

In this chapter we have considered up until now how to apply density functional theory for
classical fluids. However, the original formulation of DFT, which was pioneered by Hohenberg,
Kohn, and Sham, found the applications in quantum systems. Here, one could for example
be interested in the ground state energy of an atom, molecule, or the band structure of a
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crystal lattice. Within the Born-Oppenheimer approximation where the M nuclei are assumed
to be much heavier than the electrons, one needs to solve the time-independent non-relativistic
Schrodinger equation H¥V = E¥, for the N-body (electronic) wave function ¥(ry, ...,ry), where

3 R 2 Al Ze? 1 €2 .
H=—— Vs — _ = — =T+ V 4+ 3.33
PO DMt TR PN

For simplicity, we ignore spin degrees of freedom. Here, m is the rest mass of an electron, Z; is
the atomic number of nucleus [, e is the elementary charge unit. The electrons have coordinates
ri,...,ry, while the nuclei have coordinates Ry, ..., R;s;. Note that in Eq. , the first term
defines the kinetic energy operator T and the third term is the electron-electron interaction
operator ®. The second term within the Born-Oppenheimer approximation acts as an external
potential because the nuclei are assumed to be stationary, and therefore the quantum dynamics
decouples from that of the electrons. The external potential operator is denoted by V.

Solving the N-body Schrodinger equation is a daunting task, since the wavefunction depends
on 3N degrees of freedom. Similar to the treatment of classsical density functional theory, we
look for a simplification of this problem, by instead focusing on the electron density,

n(r) = (¥|n|¥) = /drl...drN U*(ry,...,en)n(r)¥(ry, ...,rN),

with electronic density operator n(r) = Zf\i 1 6(r —r;). Similar to the classical DFT, we have a

variational principle for the ground state electronic energy, given by the functional
E =minEy[n], Ey[n]= /dr n(r) Vext (r) + F7).
n

The external potential is in this case

M
Ze?
Vext(r) = = Y =t

The proof is roughly the same as the in the classical case (with some extra details, such as V-
representability EI and possible degeneracy), and this is called the Hohenberg-Kohn variational
principle. In the case of a non-degenerate ground state Fy is minimised by any of the ground
states electron densities. Here, F[n] is a unique functional of the electron density that does not
depend on the external potential, defined by the Levy constrained method

FlA] = min(0e|T + &|T2).

In other words, we have to search over all many-body wavefunctions \11% that integrate to the
electron density n(r). Just like in the classical case, F[n] is not known explicitly. It is standard
practice to seperate the Coulomb piece from F'[n],

szam+f/wfwﬁﬁfﬂ

In contrast to classical DF'T, in the quantum case the kinetic energy is not exactly known. In this
case, G[n] thus contains kinetic contributions and so-called exchange-correlation contributions
defined by substracting the kinetic contribution from G[n].

!V-representability categorizes whether a positive function 7i(r), with [ drn(r) = N is a possible ground state
electron density for some Vext(r).
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Finally, we mention that the above formulation of quantum DFT focuses only on the ground
state of the system at T'= 0 K. The generalisation to finite temperature has been performed by
Mermin. He showed that there is a unique functional F[n] independent of Ve (r), such that

i) = [ de Vo) = pn(x) + Fir)

is minimum and equil to the equilibrium grand potential 2 when n(r) is the equilibrium electron
density in the presence of Vi (r). It is clear that the form is the same as the classical case, but
now

Fln] = Tr[pg(T + & + kgT'In pg)].

Here, we defined the grand-canonical density matrix

o= exp[—B(H — pN)]
Tr{exp[-B(H — pN)]}

with Tr(...) the quantum-mechanical trace and N = [ dra(r) the total number operator. The
electron density in the finite-temperature case is

n(r) = Tr(pgn).

We see that the finite temperature quantum DFT has the same form as the classical DFT.
Furthemore, we remark that although we have worked here in first quantization, one could
equally well formulate the above within the language of second quantization.
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Chapter 4

Phase behaviour

4.1 The liquid-gas phase transition

Up until now we have focused mainly on hard-sphere systems in bulk and in the presence of
an external potential. In this chapter, we will consider what happens when we add attractive
contribution to the interaction potential in the microscopic Hamiltonian. We shall see that the
presence of attractions can lead to condensation, i.e., there can be a phase coexistence between
a dilute gas and a dense liquid. Such a gas-liquid phase transition is absent when the particles
are purely repulsive (and it does not matter whether this repulsion is short or long-ranged).

As an example, let us consider the Lennard-Jones fluid with interaction potential given by
Eq. . The idea now is to approximate this potential by a reference part desribed by
hard spheres plus a perturbation. Recall that we have accurate expressions for the hard-sphere
reference part at our disposal. A rough approximation is

vps(r), r <o,

vLy(r) ~ _46<g)67 oo (4.1)

A splitting like this in a known reference part and a long-ranged perturbation is not unique.
We will come back at this point at the end of this section. However, for now we will focus on
the simplest prescription possible to understand the qualitative behaviour of having attractions.
Using, for example, Eq. in the homogeneous limit and by neglecting correlations Feor[p] =
0, we find for the Helmholtz free energy density,

2

£6.1) = fus(o) =5 [ vae (%) = fus(o) — 10e00s® = fus(p) — as®

with vg = (7/6)03. Although we have a very accurate expression for fus(p) in the form of
the Carnahan-Starling formula, we opt here for a simpler route. First, we note that if we have
a given sphere with volume vy in the system, then the volume available for a second sphere
V — 8vg. Neglecting, multi-particle overlaps, we can therefore approximate the configurational
integral as

N
Q(N,V,T) = /drN exp [ =8> Y wns(rij) | & V(V = 8u0)(V — 2+ 8vp)...[V — (N — 1)8uy]
i=1 j<i

N2 N N
—yN (1 _ 78% + ) ~ (v - 28U0) =: (V — Nb)V.
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In the last approximation we used than 8vg < V. Calculing from Q(N,V,T) the contribution
to the Helmholtz free energy, we find the so-called van der Waals free energy density,

3
1—bp_

Bf(p)=r <1og 1) — Bap®. (4.2)
We can interpret b as one half of the excluded volume between two spheres, and a is a measure
for the attractions. Both constants are independent of p and T. However, this depends on the
scheme of how we establish the reference system (i.e., the hard-core diameter). In general, a
and b depend on temperature and density.

Let us compute the pressure:

__(9OF _ of\ _ pksT
P= <6‘V>N,T‘ f“’(w)T‘l—pb v 3

This celebrated equation of state was derived by van der Waals in 1873 when the existence of
atoms and molecules was not yet accepted!

A careful investigation of the equation of state p(p,T) for a fixed T' (i.e. isotherms), reveals
that there for T' < T, there is a regime for which (Op/9p)r < 0: the isothermal compressibility
would be negative (recall Eq. ) However, this is not possible because the compressibility
is a measure for the number fluctuations in the system as we have seen in Chapter [2| and is
therefore always a positive quantity. We conclude that there is a thermodynamic instability.
The critical temperature 7. denotes the lowest temperature for which the isotherm does not
exhibit such a thermodynamic instability and separates two regimes for which thermodynamic
instabilities occur or not. At T' = T, there is an inflection point in the pressure isotherm at the
critical density. At the critical point (pc,T:) we thus have

)= (37)
=) =0, (25| =o0.
<8p T 0p* ) 1

In the van der Waals model the critical point can be analytically determined, and we find

1 8a
b=, kpTh = —L
ped =73, B 27b

From Eq. we conclude that the thermodynamic stability criterion (Op/dp)r > 0 is equiva-
lent to (82 f/ 8,02)T > 0 where isotherms of the free energy density are convex. The locus of all
points p(T') for which (9%f/dp?), = 0 is called the spinodal. Within the spinodal, where the
system is absolutely unstable, and we find that isotherms of the free energy are concave.

We shall see that the presence of a spinodal for T' < T, implies that the system can lower its
total free energy by phase separation of the homogeneous system with density p and volume V
into a dilute gas with density py with volume V, and a dense liquid of density p; with volume V.
Let us demonstrate this explicitly and consider the Helmholtz free energy of the phase-separated
(ps) system Fps =V fios = Vif(p1) + Ve f(pg), omitting surface terms. In the canonical ensemble,
N and V are fixed, so we have a constraint on the volume, V' = V] 4V, and a constraint on the
number of particles pV = psV, + pVi. Using these constraints, we find

Fos(p,T) = f(pg. T) + ;_f}gg[fm,n — f(pes T, ps<p<p.
Note that fps(p,T') linearly interpolates between densities f(pg,T") and f(p1,T). We conclude
that if f(p,T) contains a part that is concave, there is a density regime where the system can
lower its total free energy with fos(p,T) < f(p,T) for a given p with suitably chosen densities
pe and p;. The coexisting densities of gas and liquid are set by the condition that the total free
energy Fjs of the system is minimised. Graphically, it can be seen that this occurs when

of  _of|  _ flm)— flpg)
Oplp=ps  Oplp=p Pl — Pg
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The first equality is none other than a statement that the chemical potentials are equal p(pg, T') =
p(p1, T) =: peo(T'). The second equality follows from the condition of equal pressure p(pg,T) =
p(p1, T), which can be rewritten using Eq. (4.3) to

[, T) — fpg, T)
P1— Pg

We conclude that for T < T the total free energy density is given by fps(p, T') for ps < p < p; and

f(p) otherwise. The lines py(T") and pi(T") form the gas branch and liquid branch, respectively,

of the so-called binodal or coexistence curve. When p < pg the system is in the gas phase and

for p > p; in the liquid phase. For p; < p < p; we have gas-liquid coexistence.

For T' > T, it follows that f(p,T) is always convex, the system would always increase its
total free energy upon phase separation fps(p,T) > f(p,T) for any choice of p; and pg. The
homogeneous system has the lowest free energy and there is no phase separation for T > T¢.
The recipe we described above is often denoted as the common-tangent construction. In a plot
of p versus V it can be shown that this construction is equivalent to the Maxwell construction
when we consider p as a function of V.

Finally, we remark on the somewhat arbitrary splitting into a reference hard-sphere part and
attractive part (Eq. ), which gave us constant parameter b in the van der Waals equation
of state. In other words, this splitting does not properly take into account the “softness" in the
repulsive part of vpj(r). A different choice was derived by Barker and Henderson (BH). This
scheme was developed for general potential v(r) with a steep repulsive part and an attractive
tail. Furthermore, they defined o as v(r = o) = 0, as in e.g., the Lennard-Jones potential.
Recall the first-order result of thermodynamic perturbation theory (Problem 2.8),

p(pg; T) —p(p, T) = 0= (pg — p1) |peo(T) — = 0.

Fv V) = BT + Y2 [ gt ) (1.4)

Within the BH scheme, we have

vo(r) = {v(r), r <o, o (r) = {O, r < o,

0, r>o, o(r), r>o,

The reference system is then approximated as a hard-sphere fluid with hard-core diameter d
given by

d:AwmuwmﬁmWH

Note that now the hard-sphere reference part is temperature dependent within this scheme (but
not density dependent). Furthermore, it can be shown that the convergence of this scheme is
rather slow, such that quantitative results can only be obtained within second-order thermody-
namic perturbation theory.

An improvement of this scheme is the Weeks-Chandler-Andersen (WCA) prescription that
focuses on potentials for which r* is defined as the minimum of v(r) with v(r*) = —e. In the
Lennard-Jones case we have r* = 21/65. In the WCA scheme,

o(r)+e r<rt, —€, r<rt,
vo(r) = (r) . vi(r) = x
0, r>nr* o(r), r>r*

Similar to the BH scheme, the reference part is not exactly known. We make the exact factor-
ization (see Problem 2.7), go(r) = exp[—pSv(r)]y(r), with the cavity function y(r). In the WCA
scheme, we approximate y = y4(r), with y4(r) the cavity function of a hard-sphere system with
hard-sphere diameter d and hard-sphere potential vy(r). Here, d is determined by the condition

/ dr ya(r) {exp|—Bvo(r)] — expl—Bra(r)]} = 0.

In contrast to the BH scheme d becomes dependent on T and p. Consequently, the van der
Waals parameter b becomes 7" and p dependent, but also a, see the second term in Eq. (4.4).

32



4.2 The lattice gas and the Braggs-William approximation

The van der Waals model discussed in Sec. with constant a and b is an example of a mean-
field model, where fluctuations around the average density are neglected. We have discussed how
some of the correlations can be introduced via the scheme of thermodynamic perturbation theory,
with suitable soft-core reference systems. However, going to higher orders in thermodynamic
perturbation theory becomes progressively more difficult, where often three-body correlation
functions are needed. An alternative framework to include the effect of fluctuations is via field-
theoretical methods. From a didactic point of view, it is good to first introduce these methods in
the language of so-called lattice models which approximate a real fluid with continuous degrees
of freedom.

In the lattice gas description, we assume a lattice with IV lattice sites. Each lattice site
i =1,..., N5 can be occupied with a particle, characterised by the occupation number n; € {0, 1}.
The total number of particles is N = ZZV:H n;. The fact that each lattice site can host at most
one particle reflects the repulsion due to the Pauli-exclusion principle. Attractive interactions
and an external potential are incorporated via the Hamiltonian

H({n;}) = Z €ijning + Z Kin;.

275]

Here €;; = €;; > 0 is the attractive interaction strength between sites ¢ and j and K; acts as an
external potential. Note that this Hamiltonian is equivalent to the Ising model. The canonical
partition function is

ZINV.T) = Y exp[-BH({ni})]oy s s
1, =0,1 a

with ¢; ; the Kronecker delta. The constraint can be removed by going to the grand canonical
ensemble

B, V,T) = Y exp(BuN)Z(N,V,T) = > exp{ [{m} uznz”,
0,1

N=0 ni,...,NNg =Y,

To get some insights in the lattice-gas model we take only nearest-neighbour interactions and
set €;; = € for sites 7 and j nearest neighbours and 0 otherwise. Furthermore, we set K; = 0 for
all 4. In this case we have a (discrete) translational invariance of the underlying Hamiltonian.
We make the fluctuation expansion, n; = (n) + n;. The Hamiltonian becomes

H({n;}) ,uZnZ——fez Z ninj — #an

=1 j(¢
Ns
;szN —ez(n Zn — uNg(n Zn +O0({n*}) ~ fszN< I (u—i—ez(n))Zni
=1

The mean-field (MF) partition function becomes

— 1
EMr(N,V,T) = exp <—2,862N > Z Z exp |B(pn+ez(n an]
n1=0,1 nyng=0,1

= exp (—1[352N ) H Z exp [B(u + ez(n))n;]

i=1n;=

~exp (—;ﬁezfv (n)? + Nylog {1+ exp [ + ez<n>>]}) — expl—AQ (1, V. )
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We find the mean-field grand potential
1
Qur(p, V,T) = 552N5<n>2 — NgkgT'In |1 + 66(“+52<”>)] ,

with the average number of particles given by the self consistency equation

- <8Q/NS 1

(n) = o >VT T 1 e Blutezin)

(4.5)

We obtain the mean-field Helmholtz free energy via a Legendre transform Fyp(N,V,T) =
Omre(p, V, T) + p(N). We find

1 -
Fyur(N,V,T) = NskgT[nlnn + (1 —n)In(1 — n)] — §5zNSn2 =: Nyf, (4.6)

with n = N/N;. From the second law of thermodynamics, we know that du/ON > 0, so the
spinodal is given by 92f /On? = 0. For the critical point, we have in addition that 93 f /on =0
and we find n, = 1/2 and kT, = £z/4. The binodal can be computed by the condition that
the chemical potential and pressure should be equal. Note that the treatment of the lattice
gas model is a bit different than the Ising model. The reason is that the number of particles
and therefore also the volume fraction within the canonical ensemble is a conserved quantity. In
contrast, in the grand-canonical ensemble Eq. is equivalent to 9Q\r/9(n) = 0. This should
not come as a surprise, as we can compare this result to density functional theory. Furthermore,

note the resemblance of Eq. (4.6) with Eq. (4.2)).

4.3 Gaussian integrals

Consider the multi-dimensional Gaussian integral,

M M
o o0 1 . .
Z(J) = /_OO d$1/_oo dl’M exp _5 Zl(l'z —Z; )Am(l’j — xj) + E;JZJ;‘Z
1,j= i=
M . . LM M
= exp (2 Jﬁf) /OO dry... /OO dx s exp —3 ‘ZI xiAijx; + Z; Jizi |,
= INES =

with x* a constant vector. The second line is obtained by making the coordinate transformation
x — x+x*. Moreover, the matrix A is a positive definite matrix (i.e., has positive eigenvalues).
Without loss of generality we take A to be symmetric, since any antisymmetric part will not
contribute to the integral. Furthermore, one notes that the argument of the exponent within
the integral is a quadratic form with minimum determined by

9 1 M M M
67% 5 Z xiAijJ:j — Z Jizi| =0 = ZAkjl‘j —Jy =0.
i,j=1 i=1 j=1

This motivates us to perform a coordinate transformation (completing the square),
x=A1.J+4y,
with unit Jacobian. The integral is transformed into
1 - < > R
Z(J) = exp 3 Z Ji(A_l)iij + ;Jzﬁ /_OO dyl-'-/_oo dynr exp D) Z yidijyj

i,j=1 i,j=1

(4.7)
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Note that any antisymmetric part of A will not contribute to the integral. Every real, symmetrix
matrix can be diagonalised with an orthogonal matrix 0T0 = I, i.e., A = OAO", where
A = diag(Aq, ..., A\pyr). We define yet another coordinate transformation, y; = Z;n:l O;;z;, which
has also unit Jacobian, giving,

M M M M
S widiyi= Y. w0k AyOmzm = Y 2(0TAO)kmzm = > Mz
ij=1 ij.k,m=1 km=1 k=1

Hence, the remaining integral in Eq. (4.7) can be factorized

Y1 YMm €Xp | —5 YiAij¥; | = / Zi €Xp <— z‘%) T M y\N1/2
00 2 =17~ 2 (Hf\il )‘i)l/2

—o0 - ij=1

= (2m)M/2(detA) /2
We conclude that
1 M M
Z(J) = 2m)M/2(detA) "2 exp 3 ]Zl Ji(A™Y 5 + z; Jixt

Next, let us define the average

1 oo (e.9] 1 . .
(...)= Z00) /_OO d:cl.../_oo dzpy (...) exp —2”2::1(:6@ —x;)Aij(zj — 273)
Note that
1 902(J) -
= Em an |
J=0
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