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EF������G0���IH�;KJMLONQP#RCSUT<LWVYX[ZM\^]`_�a�b�P
cd_eXgf`P
bCXihCj
_lkUX�X:L`miT<Zendb�L�Tpo#VqorhCRCP�VKP#RCbCXisO\t]	_�aebCP
cUsvu3bCP`w
x ZebCXyL�X(RCP#R�LWVKL	bCXyL�aezCX[P
nU{�VO|

(A ∪ B) ∪ C = A ∪ (B ∪ C), (A ∩ B) ∩ C = A ∩ (B ∩ C).

EF������G0���I}';Y~vP
nda�o#SUT�L�kd]	_Oa>R�Ze��bCXi_lkUX'RCaeXyL#\tL	�?b�L�a�zCXiP
n<L`_���h�RCP�VKP#RCbCXisOTdP x SdL	u3P
cd_eX�|

a) A ∩ B = A − (A − B), b) A ∪ (B − A) = A ∪ B,

c) A − (A ∩ B) = A − B, d) A ∩ (B − C) = (A ∩ B) − C.
EF������G0���2�(;���o�f`P
nda�o#SUT<hAkd]	_�NCn<LWVKL�ndP	a�RCaeX[Z�mibCP
cU_�X�RCmyL�u3bCP x ZebCXyL�X0RCP�RCL�VKL	bCX[L3aezCX[P	nd{�V�hCRCP`w
VKP#RCbCXis�VYa�{
ne|

(A ∪ B) ∩ (A ∪ C) = A ∪ (B ∩ C).
EF������G0��� �0;Y�vRCP�VKP#RCbCXis�T<P x S<L	u3P
cd_eX�|

a) (A ∪ B) − C = (A − C) ∪ (B − C), b) A − (B ∪ C) = (A − B) − C.

EF������G0���I�';�� P
N�L`nd_�Xih�P3R�Ze��bCXi_lkU�OX[miP�_eaeo#b�h�f`L`nUT<ZealkdL	��Sdf�X[Zej
P�h�RCP�VKP#RCbCXisOTdP x SdL	u3P
cds`|

(A × B) ∩ (C × D) = (A ∩ C) × (B ∩ D).

EF������G0���I�';�� a�z�X[P
nUa�ZOm[Xi_�a�z?nUa�Ze_�aeo�VYXiSUTpo#_��IR�L	bCZOSd]3nUZ�myL`_lkUZ	|

a) R1 = {(x, y) : x + y = 4}, b) R2 = {(x, y) : |x − y| ≤ 2},

c) R3 = {(x, y) : y ≥ x}, d) R4 = {(x, y) : 1 ≤ (x − 1)2 + (y − 1)2 ≤ 4}.
�BP#R�L	s>P
zCndL	aeo�X0NCndaeZ�_eXiV�P
zCn<L`aeo�Tpo#_���ndZemyL	_pkUX �Y� a�o,NgP#R�L	bCZ>ndZemyL	_pkUZ>Sd]�aeVYnUP	T<b�Z	�gSUo#u�Z�T<n�o�_ea�bCZ`�
NCndaeZ�_��CP#RCbCXiZOX'NCn<LWV�P
SUTdndP
bCb�X[ZKkUZ�RCb�P
a�b�L`_�a�b�Z��
EF������G0������;YJvX[Ze_�� P zg��RCaeX[Z�nUZ�myL`_lkd]�NQP#RCaeX[Z�mibCP
cU_�X�V a�zCXiP
ndaeZOm[X[_ea�z�b�L`TdhCn<L`m[b�o#_��(�CT<aeb � |

P = {(m, n) ∈ N × N :
∨

k∈N

m = kn}.

JML	n�o#SdP�V�L`s>Vqo#f�ndZeS¡nUZ�myL`_lkUX P �EF������G0���I¢';YJ¡L	nUo#SUPAVKL	sOVqo#f#nUZ�S�o,NgP
bCX x SUaeo#_�� nUZ�myL`_lkUX(P
f�nUZ�cdmiP
b�o#_��,V£aezCX[P	nda�Z
R
|

a) R1 = {(x, y) : x2 − y2 = 1}, b) R2 = {(x, y) : |x| > y},

c) R3 = {(x, y) : | sinx| < y ≤ | T<j x| ∧ |x| < π/2}.
EF������G0���I¤';�� hCfC\^L`RCa�XiZOVYSUNQ{#\tndae��RCb�o#_���b�L`nUo#SdP�VKL	s¥Vqo#f�ndZeSUo�b�L	S�T<��N�h�kd]	_eo#_���nUZ�m[L	_lkUXgV

R
|

a) x ∼ y ⇔ (2 ≤ |x − y| ≤ 5), b) x ∼ y ⇔ (x2 < y <
√

|x|),

c) x ∼ y ⇔ ( 3
√

x < y < x3).
¦
L	f�X[Z�V�\tL	SdbCP	cd_�X�NgP
SdX[L	R�LAkd]§TdZOndZ�m[L	_lkUZW�
EF������G0���¨H#©';�� a�zCXiP
ndaeZ

N × N
nUP
aeVKL x u¥o?ndZemyL	_pkU� Z T<L	f�]�� x Z`|

(m1, n1)Z(m2, n2) ⇔ m1 + n2 = m2 + n1.



�2o#f�L x � x Z�kUZ�S�T§TdP,nUZ�myL`_lkdL�nd{�VYbCP�V�L x bCP
cU_�X ��� X[m[h�SUT<nUh�k�j
n<L`�C_�a�b�X[Z3f#m[L	SUo�L`zCSUTdn<L	f`_lkUX)ndZ�m[L	_lkUX Z ��2oWkdL	cUbCX kMRCm[L	_�aeZ�j
P�NCnUa�ZeSUT<nUa�Ze�!X[miP
n<L`a�P�V�]
N × N/Z u3P x b�L�T<ndL	f�T<P�V�L`s�kdL`f	P�RCZe�CbCX[_pkU�3aezCX[P	ndhm[Xi_�a�z?_�L#\tf`P�VYXiTpo#_��

Z
�

EF������G0���¨HgH�;�� a�zCXiP
ndaeZ
Z × Z

nUP
aeVKL x u§o?ndZemyL	_pkU� Q T�L`f`]�� x Z	|

(k1, l1)Q(k2, l2) ⇔ k1 · l2 = k2 · l1.
�2o#f�L x � x Z�kUZ�S�T¥TdP nUZ�myL`_lkdL?nd{�VYbCP�VKL x bCP	cd_�X ��� X[m[h�SUT<nUh�kMj
n<L���_�aebCX[Z3f�myL	S�o�L	zCSUTdn<L	f`_lkUX)ndZemyL	_pkUX Q ��2oWkdL	cUbCX k�RCm[L	_�aeZ�j
P�NCndaeZ�S�T<ndaeZ��¨Xim[P
ndL	a�P�VK]

Z × Z/Q u3P x bCL?Tdn<L	f�TdPAVKL	s�kdL	f	P�RCZ���bCX[_pkU��aezCX[P	ndhm[Xi_�a�z Vqo#u3X[Zendb�o#_��
Q
�

EF������G0���¨H�}(;Y~�T<{	ndZ�aONQP	bCX x Sdaeo#_��,ndZ�m[L	_lkUX�S<]�ndZemyL	_pkdL	u�XQnd{�VYbCP�VKL x bCP	cd_�X |

a) R = {(x, y) ∈ R × R : x < y} �

b)
ndZ�m[L	_lkdLrNgP#RCP
zCXiZ��CS�TpV�L�T<nU{�kUf�]`T<{�VO�

c)
ndZ�m[L	_lkdL�NCnUP
SUTdP
N�L	Rg\tP
cU_�X'NCnUP
SUTpo#_��,V a�zCXiP
ndaeZONCndP
S�Tpo#_�� b�L�NQ\tL	Sdae_�aeo��ebCX[Z`�

d)
ndZemyL	_pkdLrnd{�VYbCP
miZ�j�\yP
cd_eX'NCndP
S�Tpo#_��,V£aezCX[P	nda�ZONCnUP
SUTpo#_���V T<nUa�Ze_��,Vqo#u�X[L	n<L`_�� �

EF������G0����H#�(;��YP
aeVKL x u§o�Tdnd{�kUf�]`T��
	 � P¥VYX[Zendae_��CP�\tf�L	_���|��
��� � � ����� 	���� � � ������� ��� � � ������� z�X[{
n
NChCbCf�Td{AV!T<Z�j	P¡T<nU{�kUf�]`T�LqP
aeb�L	_ea�u§oONCnUa�Zea

A1

��� nUP�RCf�X�zgP
f	{�V¨Tdnd{�kUf�L`T<L���	 � Vqo#a�b�L`_�aWL�kd]¡VYX[Zenda�w
_��CP�\yf#X)T<nU{�kUf�]`T�L��Bf�T<{
n�o!aeP
SUT<L	bCX[Z�hCSdh�bCX[��Tpo���L	m[Z�zQP
f�X T<Zej
P T<nU{�kUf�]`T�L�NQP	a�P
S�T�LWVYXyL	u¥o �%� � T<Zeb
SdNgP
Sd{	z�P	T<nUaeo#u�L`u§o¥Tdnda�oru3bCX[ZpkUSda�Z�T<nd{AkUf`]�Tpo§S�T�L	bCP�VYX[]	_�ZqaezCX[{
nBNChCbCf�Td{AV

A2

� �¡SUh�VKLAkd]	_qV L	b�L�w
m[P
j	X[_�aeb�o�SdNgP
Sd{	z�cdnUP�R�f#X�Tpo#_���Tdnda�Ze_�� u3bCX[ZpkUSdaeo#_���Tdnd{�kUf�]`Td{�V P	T<nUaeo#u�L	u§o�RCaeX[Z�VYX[��sYT<nU{�kUf�]	_�Xif	{�V
w�aezCX[{	n

A3

� �BP	SUT<�eNCh�kd]	_�T�L	f�R�L	miZlk>h�aeo#Sdf�L	u§o �p_eXy]�j"!r��j	hCn#�^a�zCXiP
nd{�V �
(An)

��� a���cUs VYSdNg{
m[bCL
��Xim[P#_�aeo#b?aezCX[P
nU{�V � VYSdaeo#S�T<f�X[_���Zem[Zeu�Zeb�Td{�V$�p_eXy]�j
h%!

(An)
bCP	SdX'b�L	a�VK�OT<nU{�kUf�]`T�L�&�XiZ�nUNCX[�CSUf�X[Z�j	P �

�(' �BP
S%\thCj
hAkd]	_,SUX[��NQP	a�b�L	bC]�b�L�seVYXi_�a�ZebCXyL`_�� u3ZeT<P#R�]Ij
ndL`��_�aeb�]2aez�L	R�L�k3_�a�o aezCX[P	nUo
A1, A2,

A3, · · ·
P
f�nUZ�cdm[LAkd]3V�aezCX[P	nda�Z>m[Xi_�aez,nUa�Z�_eaeo�VYX[S�Tpo#_���nUZ�m[L	_lkU�>NCndaeZ�_��CP#RCbCX[] �¡� aeo�V�P
zQZe_§T<Zej
P�nUP
a�w

V�L x L	b�o�a�z�X[{
n�&�XiZ�nUNCX[�CSUf�X[Z�j	P¡kUZ�SUTvnUZ�myL`_lkd]�NCndaeZ�_��CP#RCbCX[]��*)�RCNgP�VYX[Z�R+�>miP
j
Xi_�a�b�X[Z�hCa�L	S<L`RCbCX k �
@-,.'�JML`SUT<�eNCbCXiZ�Vqo#f	P	b�LAk3NgP
m[Ze_�ZebCXyLIa�NChCbCf�Tdh�L � RCm[LINCnda�o�NCL	RCf�h T<nU{�kUf�]`T<{�V NQP
aez�LWVYX[P
b�o#_��
zQP	f	{�V � �vVKL	j�L�|,V NCnUaeo#N�L	R�f#h T<nd{AkUf`]�T<{�V P	TpVKL	nUTpo#_���aezCX[{	n/&#X[Z�nUNCX[��Sdf�X[Zej
P�zQ�eRCa�XiZ,aezCX[P
nUZ�u
u�b�X[ZlkUSUaeo#u��CL	miZ�b�L	R�L	m'b�X[Z�N�hCSUTpo#u �
EF������G0���¨H���;YJ¡L	nUo#SdhAkYndZemyL	_pkU�	|

A = {(x, y) ∈ R2 : (x + 3)2 + (y − 3)2 ≤ 1 ∨ (x − 3)2 + (y + 3)2 ≤ 1}.
JML	S�T<�eNCbCX[Z�NQP	S�\th�j
h�kd]	_)SdXi�Ku3ZeT<P#R�]Yj
n<L���_�aeb�]MhCaehCNQZA\tbCX k0ndZemyL	_pkU�

A
RCP�nUZ�m[L	_lkUX�NCnUa�Z�_���P�RCb�X[Zlke�`T<a�b �

Sdf`P
bCSUTdndhChAkYT�L	f�XiZ�u�XibCX[u�L	m[b�Z¡nUP
a�SUa�Z�nUa�ZebCX[Z>a�zCXiP
ndh
A
��L	z�o?TpVKP	ndaeo�\yP�P
b�P3nUZ�m[L	_lkU��NCnUa�Ze_��CP#RCbCXy] �

EF������G0����H#�(;Y¦
L	f�X[ZvS<]¥b�LAk�VYX[�ef�Sda�Z�nUa�Ze_�aeo�VYXiSUT<Z�aezCX[P	nUo
X, Y

RCmyL>f�T<{
n�o�_��?NgP#R�L	b�o3bCX x Zlk)VYa�{	n
RCZe�CbCX[h�kUZ�P#R�VYaeP
ndP�VKL	bCX[ZOSUhCndXiZ�f�Tpo�VYbCZ

f : X → Y
�

a) f(x) =
1

x − 3
, b) f(x) =

4

x2 − 5x + 4
, c) f(x) =

1

log(2x − 2) − log(x − 5)
,

d) f(x) =
1

log(4x + 8)
, e) f(x) =

√

log(x2 − 8), f) f(x) =
√

sin(2x − π/6).

EF������G0���¨H��(;10�L`bCZOS<]�NCnda�o�fC\tL	R�o�ndZemyL	_pkUX R ⊂ X × Y
|

a) X = [−1, 3], Y = [−4, 60], xRy ⇔ y = 3x4 − 20x3 + 36x2 − 4x;

b) X = [0, 6], Y = [0, 10], xRy ⇔ y = log(x2 + 6x + 8);

c) X = [0, 2], Y = [−5, 110], xRy ⇔ y = 3x4 − 28x3 + 72x2 − 5.



� aeo NQP#R�L	b�Z ndZemyL	_pkUZ,Sd]¨P�R�VYa�P
nUPAVKL	bCX[L	u3Xt� ¦	Z x Z�miXvT<L	f:�YTdP!_eaeo S<]¨P
bCZ,SdhCnUX[Zef	_lkd]��vXib�kUZ�f`_lkd]��
zCX kUZef	_pkd]��
EF������G0���¨HC�Q;10�L`bCZOS<]�NCnda�o�fC\tL	R�o�a�z�X[P
nU{AV

D ⊂ R2, Z ⊂ R
P
n<L	a�nUZ�m[L	_lkUX B ⊂ D × Z

|

a) D = {(x, y) : x2 + y2 − 2x ≤ 0}, Z = [0, 6], (x, y)Bz ⇔ z = x2 + y2;

b) D = [−1, 1] × [−1, 1], Z = [0, 2], (x, y)Bz ⇔ z =
√

2 − x2 − y2;

c) D = {(x, y) : x2 + y2 ≤ 2y}, Z = [−2, 2], (x, y)Bz ⇔ z =
√

x2 + y2.
�BP#R�L	s�P
z�n<L	a B(D)

X N�nda�Ze_�X�VKP
z�n<L	a B−1(D)
RCm[L f`L x RCZpkOndZemyL	_pkUX �r� aeo�NgP�R�L`bCZ�ndZemyL	_pkUZ�S<]?P�R#w

VYa�P
nUP�V�L	b�XyL	u3Xt��¦	Z x Z�m[X(T<L	f:�CT<P�_�a�o�S<]�P
bCZ�SUhCndXiZ�f	_pkdL	u3Xt�
EF������G0���¨H�¢(;�� a�zCXiP
ndaeZOm[X[_ea�z?nUa�Z�_eaeo�VYX[S�Tpo#_��IR�L	bCZOS<]�ndZemyL	_pkUZ	|

a)A = {(x, y) : x2+y2 = 1}; b)B = {(x, y) : x2−y2 = 0}; c)C = {(x, y) : y = x3−x}.
0MmyL�f�L x RCZ�j	P2NCnUaeo#N�L	R�f#h aWL	N�ndP
NgP
b�h�kru�P x m[X�VYX[Z�R�h x Z�a�zCXiP
nUo

X, Y
�)T<L	f�X[Z�L	z�o RCL	b�LIndZemyL	_pkdL

P
j
ndL	bCX[_ea�P
bCL�RCP?a�z�X[P
nUh
X × Y

��bCP�V�Z�zQP
XiSdf`P � SUT<L	bCP�VYX�\tL�P�R�VYa�P
nUPAVKL	bCXiZ � JML	S�T<��N�bCX[Z�a�L	NCndP�w
NQP	b#hAkqaezCX[P
n�o

X ′ ⊂ X, Y ′ ⊂ Y
�CT<L	f�X[ZOL	z�o?P#R�VYaeP
ndP�VKL	bCX[ZOb�L�aezCX[P
nUa�Z

X ′ × Y ′
z�o�\tP3zCX kUZef	_pkd] �

EF������G0���¨H�¤(;Y�vRCP�VKP#RCbCX kqXibCRChCf`_eoWkUbCX[Z�VYae{
n�|

14 + 24 + 34 + · · ·+ n4 = n(n + 1)(2n + 1)(3n2 + 3n − 1)/30.
EF������G0���I}:©';Y�vRCP�VKP#RCbCX kqXibCRChCf`_eoWkUbCX[ZOhCP	j
{
m[b�X[P
b�]¥bCX[Zend{�VYbCP
cUs 	�Z�ndb�P
hCm[XiZ�j
P�|

(1 + a)n ≥ 1 + na + n(n − 1)a2/2
j
R�a�X[Z

a ≥ 0.
EF������G0���I}�H�;���o#f`L x N�n<LWVYRCa�X�VKP	cdsOVYa�P
nUh(|

n
∑

k=0

1

(k + 1)(k + 2)
=

n + 1

n + 2
.

EF������G0���I}g}(;10�L`b�o>kUZ�SUTv_eXy]�j
(an)

aeRCZe��b�X[P�V�L`b�o�nUZ�f�hCnUZ�bC_�o�kUb�X[Z	|

a1 = 3, a2 = 7, an+2 = 5an+1 − 6an.
�2o#NCnUP�V�L	R+�	�gL�b�L	SUTd��NCb�X[ZOhCRCP�V�P�RCb�X kYXibCRChCf`_eoWkUbCXiZOVYae{
nYb�L�RCP�VKP	m[b�o Vqo#n<L	aOT<Zej
P�_�X[]#j
h�|

an = 2n + 3n−1.
EF������G0���I}g�(;10�L`b�o>kUZ�SUTv_eXy]�j

(bn)
aeRCZe��b�X[P�V�L`b�o�nUZ�f�hCndZebC_eoWkUbCXiZ	|

a1 = 6, a2 = 16, an+2 = 4an+1 − 4an.
�2o#NCnUP�V�L	R+�	�gL�b�L	SUTd��NCb�X[ZOhCRCP�V�P�RCb�X kYXibCRChCf`_eoWkUbCXiZOVYae{
nYb�L�RCP�VKP	m[b�o Vqo#n<L	aOT<Zej
P�_�X[]#j
h�|

an = n2n−1 + 3 · 2n.
EF������G0���I}���; � X[]#j��5XizQP	b�L	_�_eX[Zej
PvkUZ�S�TMaeRCZe�CbCX[P�VKL	b�o�b�L	SUTd��NChAkd]	_�PC|

u1 = u2 = 1, un+2 = un+1 + un.
�2o#NCnUP�V�L	R+�	�gL�b�L	SUTd��NCb�X[ZOhCRCP�V�P�RCb�X kYXibCRChCf`_eoWkUbCXiZOVYae{
nYb�L�RCP�VKP	m[b�o Vqo#n<L	aOT<Zej
P�_�X[]#j
h �
EF������G0���I}g�(;10�L`b�o>kUZ�SUTv_eXy]�j

(cn)
a�R�Ze��bCXiP�V�L	b�o�nUZ�f�hCndZebC_eoWkUbCXiZ	|

c1 = 6, c2 = 19, c3 = 68, cn+3 = 6cn+2 − 9cn+1 + 4cn.
�2o#NCnUP�V�L	R+�¥mihCz�hCRCP�VKP#RCbCX kqXibCRChCf`_eoWkUbCXiZOVYae{
nYb�L�RCP�VKP
mib�o Vqo#n<L	aOT<Zej
P�_�Xy]�j
h(|

cn = 4n + n + 1.

� ndaeZ�j
P	nda>~¡P#_�a�L	b


