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THE KERR CONGRUENCE
o Kerr spacetime (1963) M = {u, 9, ¢, r} with metric
g=2K (dr + asin® 9d¢ + (Mﬁ = %) K) +2(r? + a° cos® ¢)69,
Kk = dt + asin®9d¢, 6 = dv¥ +isin0de, a,meR*

o Twisting non-shearing congruence of null geodesics (NSCNG) K
generated by null kK = % where k = g(k, -):

£i9lke o< glks K := span(k),
kANdk #0.
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THE KERR CONGRUENCE

o Kerr spacetime (1963) M = {u, 9, ¢, r} with metric
g=2K (dr + asin® 9d¢ + (Mﬁ = %) K) +2(r? + a° cos® ¢)69,
Kk = dt + asin®9d¢, 6 = dv¥ +isin0de, a,meR*

o Twisting non-shearing congruence of null geodesics (NSCNG) K
generated by null kK = % where k = g(k, -):

£i9lke o< glks K := span(k),
kANdk #0.

o Robinson structure (N,K): involutive totally null complex 2-plane
distribution

N = Ann(k, ), NAN=C®K, [N.N]C N.

o Contact Cauchy—Riemann (CR) structure (H, J) on the leaf space
M =A{u,9, ¢} of K:

H := Ann(k), HOD .= Ann(k, 9) .

For the Kerr metric, M can be realised as a real hypersurface in C2.
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NSCNGS AND ROBINSON STRUCTURES
o Conformal Lorentzian 4-fold (M, ). For null k € TM, g € c given as

g = 2K\ + 200, k=g(k,-),
With K = span(k) and totally null complex N = Ann(k, ),
K non-shearing geodesic <= [K,N]C N
<= [N,N]C N Robinson structure.
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o Conformal Lorentzian 4-fold (M, ). For null k € TM, g € c given as

g = 2K\ + 200, k=g(k,-),
With K = span(k) and totally null complex N = Ann(k, ),
K non-shearing geodesic <= [K,N]C N
<= [N,N]C N Robinson structure.

o For the leaf space M:

(M, c) KLt/K —— N/°K @ N/°K
Jk | |
M H _ec H®0) g HO1) CR structure

o K twisting <= H contact

Problem

Reduce the vacuum Einstein field equations to CR data on the leaf space
of a twisting NSCNG.
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TIMELINE

Lorentz—Einstein—Poincaré: special relativity

Poincaré: real hypersurfaces in C?

Einstein—Grossmann—Hilbert: general relativity

Cartan: géométrie pseudo-conforme in dimension 3

Lewy: non-solvable differential operator

Robinson theorem: NSCNG and vacuum Maxwell equations
Goldberg—Sachs theorem: NSCNG and Einstein equations

Kerr metric: twisting NSCNG

Kerr—Penrose theorem and twistor theory

Greenfield: abstract CR manifolds — 1st use of the term ‘CR’
Chern—Moser: invariants of CR manifolds in any dimensions
Penrose: hypersurface twistors and CR 5-folds

Tanaka: CR manifolds; Fefferman's conformal extension of CR structures;
Sommers: NSCNG and CR 3-folds

Webster: compatible CR connection

Hill-Penrose—Sparling, LeBrun: non-realisable CR 5-folds

Mason: hypersurface twistors

Tafel: Lewy operator and non-analytic Robinson theorem
Robinson—Trautman: CR structures in optical geometries
Lewandowski—Nurowski—Tafel: Einstein equations and realisable CR 3-folds
Nurowski—Trautman:

Robinson manifolds as Lorentzian analogues of Hermitian manifolds
Fino—Leistner—TC: Almost Robinson geometry
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FIrRsT CR FUNCTION
o Kerr metric: the 1-form 68 = d9 + isin ¥d¢ satisfies 6 Adf = 0, i.e.

ONdz=0

for some smooth z: M — C s.t. X(z) =0 for any X € H(OY
o This Kerr coordinate z is referred to as a CR function.
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ONdz=0

for some smooth z: M — C s.t. X(z) =0 for any X € H(OY
o This Kerr coordinate z is referred to as a CR function.
o Kerr (1963), Debney-Kerr-Schild (1969):
Given a spacetime (M, g) equipped with NSCNG K ~ (N, K) and

Ric(v,v) =0 for all v e N, Sc=0,
then there exist coordinates {u, z, z, r} such that
2 = .
g:2/{>\+ﬁ96, A=dr + Wdz + Wdz + Hk,
r<+p
Kk =du+ fdz + fdz f=dz,

the r-dependence of all the functions is fully determined, and the form
of the metric is subject to residual coordinate freedom.
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o Kerr metric: the 1-form 68 = d9 + isin ¥d¢ satisfies 6 Adf = 0, i.e.

ONdz=0

for some smooth z: M — C s.t. X(z) =0 for any X € H(OY
o This Kerr coordinate z is referred to as a CR function.
o Kerr (1963), Debney-Kerr-Schild (1969):
Given a spacetime (M, g) equipped with NSCNG K ~ (N, K) and

Ric(v,v) =0 for all v e N, Sc=0,
then there exist coordinates {u, z, z, r} such that
2 = .
g:2/{>\+ﬁ96, A=dr + Wdz + Wdz + Hk,
r<+p
Kk =du+ fdz + fdz f=dz,

the r-dependence of all the functions is fully determined, and the form
of the metric is subject to residual coordinate freedom.

o Goldberg-Sachs (1963), Hill-Gover-Nurowski (2011): Such
spacetimes are algebraically special.
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EINSTEIN EQS AND CR EMBEDDABILITY

o Lewandowski-Nurowski (1990):
Lift (M, J, H) to (M, g, N, K) where M = M x R with metric

g = (46°2 +20'8") |
A =dp+ A0 + A18" + Ao8°, ©. A1, Ao € C®(M)

Vacuum field equations (+ cosmological constant and pure radiation)
Ric = Ag + ¢ (QO)Q: ¢-dependence entirely determined
Metric e=2%g lives on a circle bundle and e?? = e2sec?(¢ + )
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o Lewandowski-Nurowski (1990):
Lift (M, J, H) to (M, g, N, K) where M = M x R with metric

g = (46°2 +20'8") |
A =dp+ A0 + A18" + Ao8°, ©. A1, Ao € C®(M)

Vacuum field equations (+ cosmological constant and pure radiation)

Ric = Ag + ¢ (Qo)z: ¢-dependence entirely determined

Metric e=2#g lives on a circle bundle and e?* = eZsec?(¢ + 9)
Theorem (Lex»ﬁandowskl Nurowski-Tafel (1990))
If a CR 3-fold admits a lift to a Ricci-flat metric then it is realisable as a
real hypersurface in C?, i.e. it admits two CR functions z and w s.t.

dz Adw # 0.

o Related and further results: Mason (1984/1998),
Hill-Lewandowski-Nurowski (2008), Schmalz-Ganji (2018)
o Applications — Type N vacuum metric with cosmological constant:

Nurowski (2008), Zhang-Finley (2013)
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ALMOST CR GEOMETRY

o Almost CR manifold (M?™1, H>™ J): smooth (2m + 1)-fold M,
H?™ ¢ TM, bundle complex structure J on H
e Assume contact and partially integrable, i.e. for any 8° € Ann(H)
8° A (A" #£0, d8°v,w) =0, for all v, w € H(0)
o Levi form: weighted Hermitian form h on H:
h(v, w) = —2id8°(v, w) ve HM) we HOD.

Assume the signature of h to be positive definite.
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ALMOST CR GEOMETRY

(+)

©

Almost CR manifold (M?™+1, H2™, J): smooth (2m + 1)-fold M,
H?™ ¢ TM, bundle complex structure J on H
Assume contact and partially integrable, i.e. for any 8° € Ann(H)

8° A (A" #£0, d8°v,w) =0, for all v, w € H(0)
Levi form: weighted Hermitian form h on H:

h(v, w) = —2id8°(v, w) ve HM) we HOD.

Assume the signature of h to be positive definite.
Contact form 8° — Canonical Webster—Tanaka connection V:

Qoﬁgozeﬂgo _ ZH§ZZ+I+.”' (Izdg).

CR invariants:
o Nijenhuis tensor N (m > 1): Involutivity of H!
o Chern—Moser (m > 1) and Cartan (m = 1) tensors: CR flatness
Pseudo-Hermitian invariants (depend on contact form):
o Pseudo-Hermitian Webster torsion A: transverse CR symmetry
o Schouten—Webster tensor P

1,0)
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ALMOST ROBINSON GEOMETRY

Definition (Nurowski-Trautman (2002), Fino-Leistner-TC (2021))

An almost Robinson manifold consists of a quadruple (M, g, N, K) where
o (M, g) is a smooth Lorentzian manifold of dimension 2m + 2,
o N is a totally null complex (m -+ 1)-plane distribution,
o K is the null line distribution given by C® K = NN N.
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o N is a totally null complex (m -+ 1)-plane distribution,
o K is the null line distribution given by C® K = NN N.

Fino-Leistner-TC (2021): Intrinsic torsion of (N, K)
o Structure group Rso - U(m) x R®™ stabilises
k € Ann(K+) and  "Hermitian" 3-form p:=3k Aw
o Induced geometries on the leaf space M of congruence tangent to K
o Three important (conformally invariant) classes:
geodesic nearly Robinson Robinson
K, K] c kKt [K,N]C N [N,N]C N
H™c TM | (H,J)almost CR | (H,J)CR
o ...and a 4th one:

twist-induced almost Robinson — KAdk x p
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FEFFERMAN CONFORMAL STRUCTURE

0 Fefferman (1976), Lee (1986), Sparling, Graham (1987),
Cap-Gover (2010):
Associate to a CR manifold a Lorentzian conformal structure c:

(M2m+2:= C/R*, c) c > g ~s g =ePyg
J» | [
(M2 H, J) Amn(H) 3 60~ 00 = e2g”
where

o C:= A" Ann(TOYM),

o 9= 46" (d¢ +1T," — JihPdh.g — PE°) +

o k= a% null conformal Killing field — twisting NSCNG
o Robinson structure determined by 6° A de°
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0 Fefferman (1976), Lee (1986), Sparling, Graham (1987),
Cap-Gover (2010):
Associate to a CR manifold a Lorentzian conformal structure c:

(M2m+2:= C/R*, c) c > g ~s g =ePyg
J» | [
(M2 H, J) Amn(H) 3 60~ 00 = e2g”
where

o C:= A" Ann(TOYM),
o 9= 756" © (dg +iL," — Lih*Pdh,s — PE) + h
o k= a% null conformal Killing field — twisting NSCNG
o Robinson structure determined by 6° A de°
o Leitner (2007), Cap-Gover (2008):
g € c Einstein = (M, H, J,8°) CR-Einstein — Kahler—Einstein
Lewandowski (1988):
Any Fefferman—Einstein 4-fold must be conformally flat.
o Leitner (2010), TC (unpublished): Partially integrable case
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TWISTING NSCNGS IN HIGHER DIMENSIONS
o Index notation: abstractly £% := H9 concretely & = 1,...m, etc.

Theorem (TC (2021))

Let (M, c) be a Lorentzian conformal manifold of dimension 2m + 2 > 4
with null line distribution K tangent to a twisting NSCNG K. Denote by

M the local leaf space of KC and by W the Weyl tensor of c.

If W(k, v, k,v) =0 for any k € K,v € K*, then the twist of K induces a
nearly Robinson structure (N, K), and M inherits a p.i. contact almost CR

structure (H, J) with positive definite Levi form.
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Let (M, c) be a Lorentzian conformal manifold of dimension 2m + 2 > 4
with null line distribution K tangent to a twisting NSCNG K. Denote by
M the local leaf space of KC and by W the Weyl tensor of c.

If W(k, v, k,v) =0 for any k € K,v € K*, then the twist of K induces a
nearly Robinson structure (N, K), and M inherits a p.i. contact almost CR
structure (H, J) with positive definite Levi form.

If in addition W(k, v, k,-) =0 for any k € K, v € K*, any Einstein metric
in ¢ determines a contact form 6° for H such that (H, J, QO) is an almost
CR—-Einstein structure, i.e.

)
Ay =10, V'Nyap) =0, (EaB — 73 NaqsNg ) =0,

i.e. M locally fibered over an almost Kéhler—Einstein 2m-fold.
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TWISTING NSCNGS IN HIGHER DIMENSIONS
o Index notation: abstractly £% := H9 concretely & = 1,...m, etc.

Let (M, c) be a Lorentzian conformal manifold of dimension 2m + 2 > 4
with null line distribution K tangent to a twisting NSCNG K. Denote by
M the local leaf space of KC and by W the Weyl tensor of c.

If W(k, v, k,v) =0 for any k € K,v € K*, then the twist of K induces a
nearly Robinson structure (N, K), and M inherits a p.i. contact almost CR
structure (H, J) with positive definite Levi form.

If in addition W(k, v, k,-) =0 for any k € K, v € K*, any Einstein metric
in ¢ determines a contact form 6° for H such that (H, J, QO) is an almost
CR—-Einstein structure, i.e.

_ _ _ 1 e 0 N
Ap=0,  V'Nyup =0, (Eaﬁ ~ mraNaysNg” ) =10,
i.e. M locally fibered over an almost Kéhler—Einstein 2m-fold.

o 3-parameter family of Einstein metrics:
(massive) Fefferman—Einstein and (massless) Taub—NUT-type metrics
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TWISTING NSCNGS IN DIMENSION FOUR

o Index notation: abstractly £% := H9 concretely o = 1!

Theorem (Tc)
Let (M, g) be a Lorentzian 4-fold with a twisting NSCNG K ~ (N, K).
1. Suppose Ric(v,v) =0 for all v € N. Then g is determined by
o a pseudo-Hermitian structure (H, J, QO) on the leaf space M of IC,
o a solution \, € (H*”)* to

ZQA@ - iAaAg - Aas =0.
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TWISTING NSCNGS IN DIMENSION FOUR
o Index notation: abstractly £% := H9 concretely o = 1!

Let (M, g) be a Lorentzian 4-fold with a twisting NSCNG K ~ (N, K).
Suppose Ric(v, v) =0 for all v.€ N. Then g is determined by

o a pseudo-Hermitian structure (H, J, QO) on the leaf space M of IC,
o a solution \, € (ﬂ(l'o))* to

Zalg - iAo(Aﬁ - Aas =0.

Suppose that g satisfies the vacuum Einstein field equations with
cosmological constant N\ and possibly pure radiation. Then g is
uniquely determined by 6° and Ay 3sin 1. and a real density c
satisfying

Va(b—ic) =3id, (b —ic),

where b := —8A + 8P — 6A,A% + 61 (VA% — VoA,).
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SOME PROPERTIES

o Agrees with Mason and Hill-Lewandowski—Nurowski—Tafel
o Formulation now in terms of pseudo-Hermitian tensorial quantities
o Form of the metric:
g =sec® ¢ (40° (dp+ (1 + 3¢ 2%) A0% + c.c. + Ao°) + ) |
where d8° = ih,50% A 6P
o For vacuum, possibly with pure radiation,

Ao =ag+ a; cos2¢+g2cos¢sin¢+gcos4¢+gcos3¢sind),

where a5, a;, 3, b and ¢ pseudo-Hermitian quantities.
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SOME PROPERTIES

o Agrees with Mason and Hill-Lewandowski—Nurowski—Tafel
o Formulation now in terms of pseudo-Hermitian tensorial quantities
o Form of the metric:

g =sec®$ (46° (dp + (1 + 2e 2?) A,0% + c.c. + Xof°) + h) |,

where d8° = ih,50% A 6P
For vacuum, possibly with pure radiation,

©

Ao =ag+ a; cos2<1>+g2 cos ¢sin ¢ + bcos* ¢ + ccos® Psin g,
where a5, a;, 3, b and ¢ pseudo-Hermitian quantities.

Problem: Conformal/CR invariance not transparent...

Need an analogue of the Fefferman conformal structure:

(M,C) C > gww}/g:efg

| | I

(M, H,J) Ann(H) > 8% o 90 — o2g°
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ALG. SPECIAL CONFORMAL STRUCTURES

Theorem (1C)

Let (M, H,J) be a contact CR 3-fold and M — M be a (trivial) circle bundle
with fiber coordinate ¢. Let A" € £(—1,-1), \(? € £, and DNV € £ {1},
ie. X((f) = A(ao) + %Ia under a change of contact forms. Choosing a contact
form 6° with Levi form h, we define a Lorentzian metric on M by

g = 46° (A + Aab” + Xa8” + Xof°) + 51, de° = ih,g6% N O
where Ao = Ag’2>e’2id’+gf) and

Ao = Aé_4)e_4i¢ + AE)—2)e—2i<1: +Ago) +Aé‘2)e‘2i"’+gé‘”e4i"’,
AP =iv A =i + 3000+ P,
AP =19 X0 + 200, + 2280
Any other contact form @0 = ¢?8° yields the conformal related metric § = e?g.

Thus, M acquires a conformal structure ¢, which is in fact algebraically special,
and the fibration is a NSCNG.
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Theorem (1C)

Let (M, H,J) be a contact CR 3-fold and M — M be a (trivial) circle bundle
with fiber coordinate ¢. Let A" € £(—1,-1), \(? € £, and DNV € £ {1},
ie. X((f) = A(ao) + %Ia under a change of contact forms. Choosing a contact
form 6° with Levi form h, we define a Lorentzian metric on M by

g = 46° (A + Aab” + Xa8” + Xof°) + 51, de° = ih,g6% N O
where Ao = Ag’2>e’2id’+gf) and

Ao = Aé_4)e_4i¢ + AE)—2)e—2i<1: +Ago) +Aé‘2)e‘2i"’+gé‘”e4i"’,
AP =iv A =i + 3000+ P,
AP =19 X0 + 200, + 2280
Any other contact form @0 = ¢?8° yields the conformal related metric § = e?g.

Thus, M acquires a conformal structure ¢, which is in fact algebraically special,
and the fibration is a NSCNG.

@ Idea: Conditions on the Fourier expansion coefficients of the Weyl tensor
components. [13/16]



VACUUM EINSTEIN FIELD EQUATIONS

Let (M, c)—=>(M, H, J) be the conformal structure of the previous Theorem.
The following statements are equivalent:

c (locally) contains a metric g that satisfies the vacuum Einstein field
equations with cosmological constant N and possibly pure radiation;

There exists a CR scale o € Ex(1,1) (i.e. a contact form) such that the
following CR-invariant equations hold:

Ao’ — A (1)

Vo (287 - 267) -2 (a9 - a07) (3 - 267) - 34 =0. (@)
4 —4 o a a a =

AP + 2§ ):1(21@(0)_2 (0))_252?)50)*5_%/@ '
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VACUUM EINSTEIN FIELD EQUATIONS

Let (M, c)—=>(M, H, J) be the conformal structure of the previous Theorem.
The following statements are equivalent:

c (locally) contains a metric g that satisfies the vacuum Einstein field
equations with cosmological constant N and possibly pure radiation;

There exists a CR scale o € Ex(1,1) (i.e. a contact form) such that the
following CR-invariant equations hold:

(1)
Vo (0 -267) -2 20 - 20) (3 - 267) ~ 14 =0, (@)
4 —4 o a a a =
AP+ 250 =i (zal(o) -V (0)) — 22PN +P - A
1, o

T - 21 (20 +207) A = 0.

@ For an Einstein metric (no pure radiation), additional equation required.

o Locally, any algebraically special Einstein spacetime (by the Goldberg-Sachs
theorem) arises in this way.
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RELATION TO CR FUNCTIONS
(-2

o If V0 =0and g # 0 then (1) implies A, := A = 2202 and (2)
becomes

ZQAB - iAaAﬁ - Aaﬁ =0. (*)
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RELATION TO CR FUNCTIONS

o If V0 =0and g # 0 then (1) implies A, := A = 2202 and (2)
becomes
Vodg —iAgdg = Agp = 0. ()
Lemma (Tc)

A contact CR 3-fold admits a CR function if and only if it admits a
Webster—Weyl structure, i.e. a solution [A,] € £,{i} to the CR-invariant
equation (). (Here, A, = A, +1T, under a change of contact forms.)
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RELATION TO CR FUNCTIONS
o If V0 =0and g # 0 then (1) implies A, := A = 2202 and (2)
becomes

ZQAB - iAaAﬁ - Aaﬁ =0. (*)

Lemma (1C)

A contact CR 3-fold admits a CR function if and only if it admits a
Webster—Weyl structure, i.e. a solution [A,] € £,{i} to the CR-invariant
equation (). (Here, A, = A, +1T, under a change of contact forms.)

o Two types of solutions:
I. Trivial solutions:

Ao = —iT, = —iV, 0, for some smooth function ¢

i.e. there exists a transverse CR symmetry

2. Non-trivial solutions: there exists a family of adapted coframes such
that the (0, 1)-component of the Webster—Tanaka connection 1-form
satisfies

[5=—1)s5.

[15/16]



CONCLUDING REMARKS

Conformal and CR invariant properties of algebraically special Einstein
metrics (with possibly pure radiation).

Work on a Fefferman-type circle bundle (Cf Schmalz-Ganji (2018))
— reinterpretation of the Fourier coefficients A&k), Aék), gauged
connection 1-form, etc.

More muscular tractorial approach...

Relation to asymptotic and global properties of spacetime...

Higher dimensions: non-shearing property of null geodesic
congruences too strong. But many other ‘classes’ of almost Robinson
manifolds to be investigated...
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