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Dodawanie macierzy: przyklad 3 x 3

7 10 10 10
41=110 10 10
1 10 10 10
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Dodawanie macierzy: Ogdlnie

air a2 - Qip bir bz - by
= bor bp -+ bon |
apl Ap2 ** Gpp bnl bn2 o bpp
a1 +bi1 aip+bia - ai, +biy
a2 +ba ax+byp o azm+bop
apl1 + bnl Ap2 + bn2 st Qpp t+ bnn

Asymptotyczna zlozonosé obliczeniowa: O(n?)
(O od Ordnung)
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Mnozenie macierzy przez skalar: przyklad

3 3 6 9
61=]112 15 18
9 21 24 27
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Mnozenie macierzy przez skalar ogélnie

ailp ai2 -t Qin c-ay; C-ai2 - C-Qln
az1 a2 -0 Q2p _ c-a21 C-az2 -+ C-Q2p
Gnp1 Aan2 -+ Qnp C-Gpl C-Qp2 - C-Gnpp
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Mnozenie macierzy przez skalar ogélnie

aip a2 - Gip ¢-aix Cc-aiz - C-01p
c a1 a2 - a2n | C-a21 C-G22 -+ C-A2p
anl QAnp2 - Gpp C-Gp1 C-Gp2 -+ C-Gpp

Asymptotyczna zlozono$é obliczeniowa: O(n?)...
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Mnozenie macierzy przez skalar ogélnie

aip aiz - Gip ¢-aix Cc-aiz - C-01n
c 21 Q22 -+ Q2p | | C-a21 C-Q22 -+ CrQ2p
anl QAp2 - Gpp C-Gp1 C-Qp2 -+ C-Gpp

Asymptotyczna zlozonosé obliczeniowa: O(n?)...

...ale czy mozna szybciej mnozy¢?
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(niektore)Metody Szybszego Mnozenia

» O(n'"%%) Metoda Karatsuby
log(2k-1)
» O(n Tog(h) ) Metoda Toom-Cook k-tego rzedu
» O(nlog(n)loglog(n)) Metoda Schonhage-Strassen (algorytm

“galaktyczny”), uzywa szybkiej transformaty Fouriera

zrédta:
en.wikipedia.org/wiki/Multiplication_algorithm#Computational_ complexity_of multiplication
en.wikipedia.org/wiki/Galactic_algorithm

en.wikipedia.org/wiki/Computational_complexity_of_mathematical_operations#Arithmetic_functions
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en.wikipedia.org/wiki/Multiplication_algorithm#Computational_complexity_of_multiplication
en.wikipedia.org/wiki/Galactic_algorithm
en.wikipedia.org/wiki/Computational_complexity_of_mathematical_operations#Arithmetic_functions

Metoda Szybszego Mnozenia Schonhage-Strassen

1234

1 2 3 4
5 6 7 8
8 16 24 32
7 14 21 28
6 12 18 24
5 10 15 20
—>5 16 34 60 61 52 32

5678

Split and zero pad

Split and zero pad

al3]2]1]ofofo]o

8|7]6]s][ofofo]o

FFT (in Z33, wi

th wg=85)

FFT (in Z,5, with w,=85)

10 [320]298[126] 2 [271] 43301

26| 24[208[322] 2 [83] 43277

Recursive pointwise multiplication (mod 337)

2601145173132 4 [251[164138

Inverse FFT

—>

32|52]61]60[34]16] 5 | 0

Recombination (carrying)

7006652

7006652
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(niektore)Metody Szybszego Mnozenia

v

O(n!*) Metoda Karatsuby
log(2k-1)

O(n 's® ) Metoda Toom-Cook k-tego rzedu

v

v

O(nlog(n)loglog(n)) Metoda Schénhage-Strassen (algorytm

“galaktyczny”), uzywa szybkiej transformaty Fouriera

v

O(nlog(n)) (2019) Harvey-Hoven algorithm [link]

zrédta:
en.wikipedia.org/wiki/Multiplication_algorithm#Computational_complexity_of _multiplication
en.wikipedia.org/wiki/Galactic_algorithm

en.wikipedia.org/wiki/Computational_complexity_of_mathematical_operations#Arithmetic_functions
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https://www.quantamagazine.org/mathematicians-discover-the-perfect-way-to-multiply-20190411/
en.wikipedia.org/wiki/Multiplication_algorithm#Computational_complexity_of_multiplication
en.wikipedia.org/wiki/Galactic_algorithm
en.wikipedia.org/wiki/Computational_complexity_of_mathematical_operations#Arithmetic_functions

Mnozenie macierzy przez wektor

Example:
all a2 - Qip [ 21 a11x1 +a12xg + -+ A1p Ty
G21 G2 o Ggn || X2 | | G21%1 +a22T2 + o+ A2y
anl Aap2 - Gpn Tn Ap1T1 + Ap2T2 + - + AppTn

Asymptotyczna zlozono$¢ obliczeniowa: O(n?)
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lloczyn wektorowy (cross product)

lloczyn wektorowy moze by¢ réwniez wyrazony jako iloczyn
macierzy skosnosymetrycznej i wektora:
Dla dwéch wektoréw u = [ug, ug, uz]? i v = [v1,va,v3]7, iloczyn

wektorowy jest réwny:
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Mnozenie macierzy tradycyjnie, przyktad

-2x6+1x-7

0x6+4x-7

-19

-28

-2xb+1x1

Ox5+4x1
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ai

a21

Gn1

Mnozenie macierzy tradycyjnie, w ogélnosci:

a12

a22

an2

ain\ (b1 b1z - bin c11 €12 - Cip
agn | | b2r b2 - ban | |c21 ca2 o Con
Anpn bnl bn2 e bnn Cnl Cp2 = Cpn
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ail

a1

Gnl

gdzie:

Mnozenie macierzy tradycyjnie, w ogélnosci:

a12

a2

an2

ain\ (011 b2 -+ bin 11 C12 * Cln
agn | | b2r b2z - bon | |c21 c22 o c2n
Ann bni bna -+ bpp Cnl Cp2 =+ Cpn

n
Cij = ) ik - by
k=1

Asymptotyczna zlozonoé¢ obliczeniowa: O(n?), jednakze:
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Metoda mnozenia macierzy blokowo (tradycyjnie)

A A | Bu B2 |Cu Ch2
Ay Ago|’ By Bl Cyr Cool’
Ci1 Ci2

A x B+ Aigx Bar Aqr x Bia + Aig x By
Ag1 x By + Aga x Boy Aoy x Bia + Agg x Bao

Co1 Co
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Metoda mnozenia macierzy Strassena

My = (A11 + Azg) x (B11 + Ba2);
My = (A1 + Azg) x Bi1;
M3 = A1y x (B2 — Ba2);
My = Agg x (B21 - B11);
Mj = (A11 + A12) x Baa;
Me = (A1 = A11) x (B11 + Bia);

M7 = (A2 — Az2) x (Ba1 + Baa),
Redukcja mnozen z 8 do 7. Wtedy:

Ci1 Ci2
Co1 Ca

M1+M4—M5+M7
M2+M4

M3+M5
My — My + Mz + Mg |
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Metoda mnozenia macierzy Strassena
My = (A11 + Ag2) x (Bi1 + Bag);

My = (A1 + Azo) x Bui;
M3 = Ayq x (B2 - Ba2);
My = Agg x (B21 - B11);
My = (A11 + A12) x Baa;
Mg = (A21 = A11) x (B11 + Bi2);

Mz = (A12 = Azg) x (Ba1 + Ba2),
Redukcja mnozen z 8 do 7. Wtedy:

Ci1 Ci2
Co1 Co

M1+M4—M5+M7 M3+M5
M2+M4 Ml—M2+M3+M6 .

Asymptotyczna zlozono$é obliczeniowa: O(n?%%7), jednakzel

18/50



Postep w redukowaniu ztozonosci przez lata:
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en.wikipedia.org/wiki/Computational_complexityp_of_mathematical_operations#Matrix_algebra
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en.wikipedia.org/wiki/Computational_complexityp_of_mathematical_operations#Matrix_algebra

Uktady Réwnan Liniowych

a11T1 +a12r2 + ...+ A1pTp = b1

a21r1 +a22x2 + ...+ a2,y = b2

Ami1T1 + GmaXa + ... + GmnTn = bm,

Zapisa¢ mozemy jako réwnanie macierzowe:

gdzie posta¢ A oraz b jest znana. Dla uproszczenia zaktadamy, ze

mamy tyle samo réwnan co niewiadomych (m =n ).
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Przyktad rozwigzania réwnan liniowych

(Gauss-Jordan recznie)

20 +3y =5

dr—y=2
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Przyktad rozwigzania réwnan liniowych

(Gauss-Jordan recznie)

20 +3y =5
dr—y=2
3 |5 3| 5
4 -112 4 -1]2 0 -7|-8

—
[an}

— Nl
3100 MOJO
|
—
o =
= O
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Przyktad rozwigzania réwnan liniowych

(Gauss-Jordan recznie)

20 +3y =5
dr—y=2
3 |5
2 3|5 R I 513 R
4 -112 4 -112

—
[an}

— Nl
3100 MOJO
|
—
o =
= O

.

N
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Przyktad Rozktadu Gaussa-Jordana do uzyskania A1

All =
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Przyktad Rozktadu Gaussa-Jordana do uzyskania A1

All =
213|1002211213|100
r2=r2-3r
101|010=33§1:0—§—§|—;10
rd=r3—-3r
4 -3 5] 00 1 2 0 -5 -1 | -2 01
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Przyktad Rozktadu Gaussa-Jordana do uzyskania A1

All =

rl :r1—£r2
2

_ 1
r2=r2-5rl

4
r3=r3-3rl

1
0
-3

=

= = N
ot = W
o O =
S = O
= o O

=
r3d=r3 - jj?TQ
2

o O N
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Przyktad Rozktadu Gaussa-Jordana do uzyskania A1

All =

2 1 3 ] 100 1
r2=r2-5rl
1 0 1 | 01 0= 1
r3=r3-3rl

4 -3 5 | 0 0 1
rl=rl- 272 2 01 21 | 01
2 =]0 -1 _1 _1
7“3:7“3—37"2 2 2 | 2
2 0 0 4 | 3
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Przyktad Rozktadu Gaussa-Jordana do uzyskania A1

All =
2 1 3] 100 ) 2 1 3 | 1 00
Lo o101 ofl="FE g ot
| 3_ 3 41 2 2 | 2
_ TS=T3 - 35T B B ~
4 -3 5] 00 1 0 1] -2 01
rlzrl—_%ﬂ 2 01 21 | 01 2.0
:>7’3:r3—;;3’7’2:> 0=3 51— 10
2 0 0 4 | 3 -10 1
2 0 0 -2 7 -1
lerl—%ﬂ 1 | 2 2
= ' " =lo -1 0o | -1 -1 1
r2=r2- 212 2 8 48
4 0 0 4] 3 -10 1
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Dla ogdlnego przypadku

a11T1 +a12x2 + ...+ A1y = b1

ag1T1 +a92x2 + ...+ Aa,Ty = bQ

Am1T1 + GmaX2 + ... + GmnTn = b

! 4 14
app Qg 413

0
0
0

14 14
Qg Q23
1A
0 a3
0 0

Potrzebujemy jakiego$ wzoru do rozwigzania macierzy tréjkatnej i

wektora b’, ktére dostaniemy, na przyktad 4x4:

aty| |71 1
aby | |2 ~ by
as, | |z - b
ajy| |za by
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Metoda Gaussa-Jordana dla Ax=b

ay ajp ajz aj| | o by
0 ay ay ay *2 by
0 0 ajy ajy| |=z3 B b
0 0 0 alyl| |z bl

Jeden element juz mamy, a kolejny dostajemy odstawiajac do tytu

(backsubstitution):

1
Tg = bi;/aﬁm x3 = T[bé - x4a§4]
as3
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Metoda Gaussa-Jordana dla Ax=b

aj; ajy ayy ajy| |z b
0 ay ay ay %2 by
0 0 ajy ajy| |3 B b
0 0 0 ajyl| |z bl

Jeden element juz mamy, a kolejny dostajemy odstawiajac do tytu

(backsubstitution):

1
T4 = bﬁ/aim 3 = T[bé - 934@%4]
(33

Ogdlny wzér:

1, &,
wz‘=a—, b; - Z Qi Tj

i J=i+1
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Metoda Gaussa-Seidla dla Ax=b

a1 ai2 - Glp aiz 0 - 0 0 a2 - an

azr @z - a| |az a2 - 0 . 0 0 - a2

anl ap2 - Gpp anpl Aap2 - Qpn 0 0 o 0
A L. U

L.x% D - p - yx®)
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Metoda Gaussa-Seidla dla Ax=b

ailr a2 - Qip air 0 - 0 0 a2 - ap

azt Gz - | |a2z age -+ 0 . 0 0 - a2

anl Qap2 ** Gpp anl Ap2 - Qpp 0 0 0
A L. U

L.x®*D - p - yx®

Iteracyjnie liczymy :UEIHI) przez podstawianie do przodu

- "
ke1) 1 \ k+1 k ~
2 ):_.. bi— aij$§' = aijff§') ;1= 12m.
Qi j=1 J=i+1

https://pl.wikipedia.org/wiki/Metoda_Gaussa-Seidla#Uk%C5%82ad_trzech_r%C3%B3wna’C5%84_liniowych
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https://pl.wikipedia.org/wiki/Metoda_Gaussa-Seidla#Uk%C5%82ad_trzech_r%C3%B3wna%C5%84_liniowych

Rozktad LU dla macierzy A z Ax=Db

a11r1 +a12x2+ ...+ a1pnTy = b1

a21r1 +a22x2 + ...+ a2pn,Ty = b2

Aml1T1 + GmaX2 + ... + GmnTn = bm
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Rozktad LU dla macierzy A z Ax=Db

aj1r1 +a12r2 + ...+ a1nTy = b1

ag1T1 +a92x2 + ...+ a2pn,Ty = bg

Ami1T1 + GmaX2 + ... + GmnTn = bm

Rozwigzanie za pomoca rozktadu LU:
1. Rozktad macierzy A na iloczyn dwéch macierzy tréjkatnych:
A=L-U
2. Rozwiazanie dwdch uktadéw réwnan z macierzami tréjkatnymi:
L-y=>b
U-x=y
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Wozory dla podstawiania do przodu i do tytu

Rozwiazanie za pomoca rozktadu LU:
1. A=L-U
2. L-y=b,U-xz=y
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Wozory dla podstawiania do przodu i do tytu

Rozwigzanie za pomoca rozktadu LU:
1. A=L-U
2. L-y=b,U-z=y

Podstawianie do przodu (forward substitution):

by
l11

Y1 =
y'L IL[ Z lz‘]y‘],] 7::2,3,...’”
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Wozory dla podstawiania do przodu i do tytu
Rozwigzanie za pomoca rozktadu LU:
1. A=L-U
2. L-y=b,U-z=y

Podstawianie do przodu (forward substitution):

Podstawianie do tytu (backsubstitution):

Ty = L

Unn

_ 1 n .
i = un yi_zjziﬂuiﬂj], t=n-1,n-2,...,1
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Rozktad LU

air aip - Gip
a1 G2 - a2y

=L-U?
anl  An2 - Gpp

Jak to rozdzieli¢?

https://pl.wikipedia.org/wiki/Metoda_LU
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https://pl.wikipedia.org/wiki/Metoda_LU

Rozktad LU metoda Doolitlle

aiy a2 - ap I 0 - Ofluir w12
agr age - agm| [l 1 Of] O ug
apl Ap2 - Gpp lnl ln2 -1 0 0

Uln

U2n
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Rozktad LU metoda Doolitlle

a1 a2 - Qin 10 - Ofjur w2 - uin
ag1 aze - agp| |l 1 - O] O wz -+ up
apl Ap2 ** Gpp Iy lp2 - 1 0 0 Unn

Wozory, ktére pomoga nam znalez¢ elementy macierzy U i L:

i—1

Ui = Q5 — Zl,kuk] dla ] € {i,i+1,...,n},
k=1
1 i—1
lji = — (iji - Zl]kukz)dla j € {i+1,i+2,...,n}.
Wi k=1
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Rozktad LU metoda Doolitlle

ail1 a2 - Qin 10 - Ofjur w2 - uip
ag1 aze - agp| |l 1 - O] O wz - uzp
apl Ap2 ** Gpp I lp2 - 1 0 0 o Upn

Wzory, ktére pomoga nam znalez¢ elementy macierzy U i L:

i—1
Uij = Qi5 — Zl,kuk] dla ] € {i,i+1,...,n},
k=1
1 i—1
lji = — (CLJ’Z' - Zl]kukz)dla j € {i+1,i+2,...,n}.
Wii k=1

Gdzie naprzemiennie wyznaczamy tymi wzorami wiersz U a potem
wiersz L i tak dalej (uktad n réwnan n? niewiadomych).

Przyktady 3x3 https://pl.wikipedia.org/wiki/Metoda_LU#Przyk%C5%82ad_(macierz_3x3)
42/50


https://pl.wikipedia.org/wiki/Metoda_LU#Przyk%C5%82ad_(macierz_3x3)

Rozktad LU metoda Crouta(blizniacza do Doolitlle)

Przytaczam dla kompletnosci

ail] a2 - Ay lir 0 - 0 [|1 w2 - up
ag1 ag - agm | |lan lap - O[O 1wy
anl Ap2 - Gpnp lnl ln2 e lnn 0 0 e 1

https://pl.wikipedia.org/wiki/Metoda_LU
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https://pl.wikipedia.org/wiki/Metoda_LU

Wyznacznik macierzy

Znany wzér permutacyjny [numerycznie niezbyt wydajny]:

det(A) = > (-1)™Day01y - azg(2) - Gpo(n)

oeSy

Jak uzyska¢ wyznacznik macierzy za pomoca rozktadu LU:
1. Rozktadamy A =L -U.
2. det(A) =det(L-U) = det(L)det(U)
3. Jesli Doolittle: det(A) =T} ujj,
jesli Crout: det(A) =TT} I},

44/50



Jak rozwiaza¢ réwnanie gdy prawa strona (b +id) jest

zespolona?

Ax=(b+:id)

1. Rozdzielamy A = LU

2. Podstawiamy wstecz (backsubstitution) b aby otrzymaé czesé¢
rzeczywista rozwiazania

3. Podstawiamy wstecz (backsubstitution) d aby otrzymaé czesé¢

urojona

45 /50



Réwnania zespolone

Jezeli mozna rozdzieli¢ macierz oraz wektor z prawej strony na

czes¢ rzeczywist i urojona:
(A+iC)(x+1iy) = (b+id)
Rozdzielamy to réwnanie na uktad dwéch réwnan:

Ax-Cy+i(Cx+Ay) =b+id
Cx+Ay+i(Ax-Cy) =d-ib

Odpowiadajace mu réwnanie macierzowe:

(RN
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Inne rozktady

» Metoda SVD: Moze by¢ aplikowana do macierzy prostokatnych
i macierzy osobliwych (det(A) =0)

» Metoda A = QR: Uzywajac procesu ortogonalizacji
Grahama-Schmidta (albo metody Hausholdera)
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Rzadkie macierze (1)

ZET0S

Zeros Zeros

(a) (b)

°

1A O]
]

|
i
v

(a) Band diagonal; (b) block triangular; (c) block tridiagonal; (d) singly bordered block diagonal; (e)

doubly bordered block diagonal; (f) singly bordered block triangular
48/50



Rzadkie macierze (2)

(g) (h) (i)
a LT = O
I:|I:I = =1
IID y =
0 o EEJ:I
—\ 04 [][]Efﬁj[:
ﬂl_. 0 o
(i) (k)

(g) bordered band-triangular; (h) and (i) singly and doubly bordered band diagonal; (j) and (k) other!

(after Tewarson)
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Podstawowe biblioteki

Fortran/C++:

» LAPACK (Linear Algebra Package)

» BLAS (Basic Linear Algebra Subprograms)

» Eigen (C++) (tatwa w obstudze ale ograniczona)

» ARPACK (do metody Arnoldi macierzy rzadkich)
Python:

> SciPy: ( LAPACK i BLAS)

> NumPy

Do obliczen tensorowych lista bibliotek:

http://tensornetwork.org/software/
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http://tensornetwork.org/software/

Zrédta

» Numerical Recipes 3rd Edition: The Art of Scientific
Computing 3rd Edition

» en.wikipedia.org/wiki/Numerical_linear_algebra

i strony pochodne
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en.wikipedia.org/wiki/Numerical_linear_algebra

Dziekuje za uwage



Tensor diagrams

B e
Niaataa

N indices

-
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Matrix product state (Tensor train)
We can express tensor T, s,...s, as a Matrix product state (MPS):

_ S1 52 S3 Sr-1 Sr,
TSISQ"‘SL - ZAalAal,OKQAOQ,aS'“AaL—lzaLAaL
o

where A7 . are matrices, s; are outer indices, «; indices are

contracted/summed over to recover tensor T, s,...s -

[ J
R
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Construction of MPS via SVD

Arbitrary four-party state [¢)) represented by tensor is bipartited into
two parts, where one leg undergoes SVD, process is repeated for

entire tensor.

@ Fog-glooon
— FO-O-O0-0-0-1

Then tensors can be grouped into an MPS.
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Singular value decomposition (SVD)

( ) Fusing «, 8 ( :
« Y (a, ﬁ) ol
B

(b)

Fusing 3,7~ ( ;\
@ ; v @ (B:7)
B
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Matrix product operator (MPO)

(O l) = o

(Y|O) =

50/50



Hardware for computing TN methods

The cost of DMRG
scales with system size N as Q(ND?), where the so-called bond dimension D regulates how expressive
the underlying matrix product state (MPS) variational ansatz is. We consider lattice models in two spatial
dimensions, with square lattices of size 10 x 10 (free fermions) and 20 x 20 (transverse field Ising model),
for which the required MPS bond dimension is known to scale at least as exp(+/N). Using half of a TPU v3
pod (namely 1024 TPU v3 cores), we reach an unprecedentedly large bond dimension D = 2'® = 65 536,
for which optimizing a single MPS tensor takes about 2 min. —

L]

Martin Ganahl et al. PRX Quantum 4, 010317 (2023)
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TN in quantum chemistry:
Tree Tensor Network (TTN),
Comb Tensor Network States(CTNS)

ik

N

10sites (g=2) 22sites (g =3) 46sites (9=4) (b) Right canonical form of a CTNS for the FeMoco

[left] N. Nakatani; G. Kin-Lic Chan J. Chem. Phys. 138, 134113 (2013)
[right] Zhendong Li 2021 Electron. Struct. 3 014001 (2021) 50/50



TN in classical and quantum machine learning

Y
EEEN -0
<l .. """ x H=>@®
5 B
e o o
¥ b4

Image => Feature Map=> Vectorized Image => TTN => Qutput

Ding Liu et al 2019 New J. Phys. 21 073059 (2021)

h++ne: //+enearnet+twrork oro/ml /
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https://tensornetwork.org/ml/

Example of a thermodynamic system solving linear algebra

(ND()=(1)] wanser

b time to

Encode
system

ksl Enviroment

problem

kT

Enviroment

i B
S~ L [0V dta(t)aT ()

and \

extract
trajectory

t

/ Estimate
Integrate solution
dynamics
for time 7 (z)= At

A~ = B3,
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https://arxiv.org/abs/2308.05660

Linear System Protocol

1. Given a linear system Ax = b, set the potential of the device to
V(z) = %ZTAZ —bTx (7)

at time ¢t = 0.

o

. Choose equilibration tolerance parameters £,0,ex0 € R+, and*choose the equilibration time
to > o, (8)

where %, is conlputed from the system’s physical properties or using heuristic methods based
on Egs. (12) (14). Allow the system to evolve under its dynamics until ¢ = £o, which ensures
that [|(z) — 1bH/\lAle<€uoaHd [£ 871 A /187 A7 < exo.

3. Choose error tolerance parameter €, and success probability P., and choose the integration
time
T>T,

) )

where 7 is computed from the system’s physical properties, Eq. (12) or (14). Use an analog
integrator to measure the the time average

z= E/W dt x(t), (10)

T

which satisfies || Az — b|| /||b]] < e, with probability at least Ps.

https://arxiv.org/abs/2308.05660 (2023)
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Example of a thermodynamic system solving linear algebra

problem

Problem Digital SOTA | This work (Overdamped)|This work (Underdamped)
Linear System  |O(min{d*, d*\/k}) O(dr?c72) O(dy/re™2)
Matrix Inverse O(d”) O(d*rke™?) O(d*ke™?)

Lyapunov Equation o(d®) O(d*rke™?) O(d*ke™2)
Matrix Determinant 0(d®) O(dr In(k)3~2) O(dIn(r)3c~2)

TABLE I. Comparison of asymptotic complexities of linear algebra algorithms. Here, d is the matrix
dimension, & is the condition number, and ¢ is the error. For our thermodynamic algorithms, the complexity depends
on the dynamical regime, i.e., whether the dynamics are overdamped and underdamped. For the digital SOTA
case, the complexity of solving symmetric, positive definite linear systems, matrix inverse, Lyapunov equation, and
matrix determinant problems are respectively for algorithms based on: conjugate gradient method [28], fast matrix
multiplication /inverse [29], Bartels-Stewart algorithm [30], and Cholesky decomposition [31]. w ~ 2.3 denotes the
matrix multiplication constant.
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FIG. 6. Comparison of the error ¢;_; of the thermodynamic algorithm (TA) to solve linear systems
with the Cholesky decomposition as a function of total runtime. Dimensions are d = 100, 1000, 5000,
respectively in light green, light blue, and purple are shown, as well as the corresponding Cholesky decomposition
times as dashed lines. Here the condition numbers are respectively {120, 1189,5995}. Calculations were performed
on an Nvidia Tesla A10 GPU.
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