Rownania rozniczkowe

ZWyczajne
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Zagadnienie: znajdz funkcje x(t)

j—j = F(x, 1)
X(to) = Xo
Metoda naiwna
?Tf _ x(t+h’3—x(t) = F(x, ) =>x(t + h) = x(t) + hF(x, 1)

Szereg Taylora na ratunek

Przypomnienie: wzor Taylora: x(t+h) = Z,;"’:O% XM (t) h"

Znajgc wartosc funkcji x w czasie t, mozemy wyznaczyc¢ jej wartos¢ w punkcie t+h, jesli znamy

pochodne F(x,t)

e Dla problemu: % =F(x, 1), x(to) = Xo znamy pierwszg pochodng!

e Metoda Eulera: tylko wyraz liniowy w h: x(t + h) = x(t) + x' () h=x(t) + F(x, t) h

e Metoda Eulera wyzszego rzedu:
X(t+h)=x(t) +F(x, )+ 3 F'(x, ) h? + 2 F" (x, ) h°
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Metoda Euler’a

e Przyktad: Rozwigz rownanie metoda Eulera (liniowa): % =x(t), x(t=0)=xy= 2, h=107?
x(t + h) = x(@) + x(t)h

in[-]= Clear[x]
sol = DSolveValue[{x'[t] == x[t], xX[0©] = 2}, X, t]
Out[«]=
Function [ {t}, 2 et]

nl- 1= X = {{0, 2}};

h=103

For[i =2, i <2000, i++,

AppendTo[x, {N[x[i-1, 1] +h], N[x[i-1, 2] +x[i-1, 2] h]}]

1

Show[ {
ListLogPlot[x[ ;; 50], PlotStyle - Red],
LogPlot[{sol[t]}, {t, @0, 2}]1}]

Show[ {
ListLogPlot[x, PlotStyle - Red],
LogPlot[{sol[t]}, {t, @, 20}]}]

Out[«]=

1000

Out[«]=




4 PMN_Wyklad-11.nb

Out[«]=
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In[« ]:=
exact = Table[{t0, Nesol[t@]}, {t@, 0, x[-1, 1] + h, h}];
Show[ {
ListPlot[ (x[All, 2] - exact[All, 2]), PlotStyle - Red] }]

Show[{

X[All, 2] - exact[All, 2]
ListPlot [Abs [

] «100, PlotStyle - Red] }]

exact[All, 2]

Out[«]=

-0.002

-0.004

-0.006

-0.008

-0.010

-0.012

-0.014

Out[«]=
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e Metoda wyzszego rzedu:
2 3
x(t+h)=x(O) +x(O)h+x(0) 5 +x() =
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if-1= X = {{0, 2}};
h =102

For[i =2,1<2000, i++,
AppendTo[x, {
N[X[i-1, 1] +h],

1 1
N[x[[i—l, 2] +x[i-1, 2 h+ - x[i-1, 2] h*+ — x[i-1, 2] h3]}]
2 6

]

Show[ {
ListLogPlot[x[ ;; 50], PlotStyle - Red],
LogPlot[{sol[t]}, {t, @, 2}]}, ImageSize - Large]
Show[ {
ListLogPlot[x[ ;; 200], PlotStyle - Red],
LogPlot[{sol[t]}, {t, @, 2}]}, ImageSize - Large]
Out[e«]=

100

Out[«]=




PMN_Wyklad-11.nb | 7

Out[«]=
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in[-]:- exact = Table[{t0, Nesol[tO]}, {tO, @, x[-1, 1], h}];
Show[ {
ListPlot[ (x[All, 2] - exact[All, 2]), PlotStyle - Red] }, ImageSize - Large]

Show[{

X[All, 2] - exact[All, 2]
ListPlot [Abs [

] * 100, PlotStyle - Red] }, ImageSize - Large]
exact[All, 2]

Out[«]=

| N N N . | L , L L
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Out[«]=
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e Przyktad: Rozwigz rownanie metoda Eulera (liniowa): % = x(t)xcos(x(t)), x(t=0)=x =1
x(t + h) = x(t) + x(t) cos(x(t)) h



In[« ]:=

Out[«]=

In[« ]:=

Out[«]=

Out[«]=

Simplify[D[y[t] «Cos[y[t]], t] /. {y'[t] » y[t] ~Cos[y[t]]}]
Cos[y[t]] ~y[t] (Cos[y[t]]-Sin[y[t]] y[t])

x={{0, 1}};
h = 1072
For[i =2, i< 1000, i++,
AppendTo[x, {
N[x[i-1, 1] +h],
N[x[i-1, 2] +x[i-1, 2] * Cos[x[i-1, 2]]1 h]1}]

Show[ {
ListPlot[x, PlotStyle » Red, PlotRange -» {1, 1.6}]
}, ImageSize - Large]

1

100

1.6
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In[ ]:=

Out[«]=

Out[«]=

sol = NDSolve[{y'[t] ==y[t] «Cos[y[t]], y[O] == 1}, y, {t, @, 10}]
Show [ {
ListPlot [x],
Plot[{y[t] /. sol}, {t, @, 10},
PlotRange —» All, PlotLegends » "Expressions”, PlotStyle —» Red]

H
{{y - InterpolatingFunction [ |~ | Domain: {{0., 10.}} ] }}
LI Qutput: scalar
155}
150}
145}
= 1 1 1 1 1 1 1 1 1 1 1 1 1 1
3 ’ ) °
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in[-]:= exact = Table[{t@, N[y[tO] /. sol][1]}, {t@, @, x[-1, 1] +h, h}];

Show[{

X[All, 2] - exact[All, 2]
ListPlot[

+100, PlotStyle - Red, PlotRange - All] },
exact[All, 2]

ImageSize - Large]

Out[«]=

0.00020
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in[- 1= Simplify[D[f[t] = Cos[f[t]], t] /. {f'[t] » F[t] ~Cos[f[t]1]}]
Cos[f[t]] - f[t] (Cos[f[t]] -F[t] ~Sin[f[t]])

in[-]:= Length[x]
Length[exact]
Out[«]=
1000

Out[«]=
1999



12 | PMN_Wyklad-11.nb

mnl-J= X = {{0, 1}};

h = 1072
For[i =2,1<1000, i++,

AppendTo [x, {

N[x[i-1, 1] + h],
N[x[[i—l, 2] + x[i-1, 2] » Cos[x[i-1, 2]] h+

hZ
— X[i-1, 2] *Cos [X[i-1, 2]] (Cos[Xx[i-1, 2]] - x[i -1, 2] » Sin[x[i-1, 2]]])]}];

Show[ {
ListLogPlot[x, PlotStyle - Red]

}, ImageSize - Large]

Show[{
X[All, 2] - exact[All, 2]
«100, PlotStyle - Red] },

ListPlot
[ exact[All, 2]

ImageSize - Large, PlotRange - All]

Out[«]=
1

100

Out[«]=

LA T

10
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y

PMN_W;
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Rownania ré6zniczkowe drugiego rzedu

Problem: Rozwiaz rownanie oscylatora:

d2x dx _
Te + b 5 tcx=0

[ ]:= Clear[X]
sol = DSolveValue[x''[t] +bx"[t] +cx[t] == 0, X, t]

Out[«]=
1

Function{{t}, e?

1

(-b- b2 4c ) t
Cq + €2

(-b+ b2 4c ) t Cz]

Jak zastosowac metode Eulera? Wprowadzamy nowa zmienng
dx

5 =V
=+ bv(t) +ex(t)=0
& = v()
& = —bv(t)—cx(t)
= ()

Wt + At) = v(t) — (b v(t) + ¢ (1)) At
X(t+ At) = x(1) + v(t) At
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Przyklad 1: x(0)=1,v(0)=0,b=0.75,c=4

1= X = {{@, 1}};
v={{0, 0}};
h =107%;
b =0.75;
c=4;
glt_] :=
e 2375 (Cos[1.964529205687714 t] + 0.1908854288927333" Sin[1.964529205687714" t])
For[i=2, i <1000, i++,
AppendTo[v, {
N[V[i-1, 1] +h],
N[v[i-1, 2] - (bv[i-1, 2] +cx[i-1, 2]) h1}1;
AppendTo[x, {
N[X[i-1, 1] +h],
N[X[i-1, 2] +Vv[i-1, 2] *h]}]

Show[ {
ListPlot[x, PlotStyle » Red, PlotRange -» All],
Plot[g[t], {t, @, 10}, PlotRange -» All]
}, ImageSize - Large]

Out[«]=

in[-]- DSolveValue[{y''[t] +by'[t] +cy[t] ==0, y[O] ==1,y'[O] =0}, Yy, t]
Out[«]=
Function[ {t}, 1. e ®*** (1. Cos[1.96453t] +0.190885Sin[1.96453 t]) |

Przyklad 2: Wahadlo. Rozwiaz ro6wnanie wahadla:
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d?x
dt?
a nastepnie poréwnaj wynik z przyblizeniem sin(x)~x

+ sin(x(t)) = 0 z warunkami poczatkowymi x(0) =1, x’(0) =0,

<+ sin(x(1) =0
&= (1)

V(t+AL)=v(t) - sin(x(t)) At
X(t+AL) =x(t) + v(t) At

in[-]= X0 =0.1
x={{0, x0}};
v={{0, 0}};
h = 10_2;
For[i=2,1i< 1000, i++,
AppendTo[v, {
N[v[i-1, 1] +h],
N[v[i-1, 2] -Sin[ x[i-1, 211 h]}]1;
AppendTo[Xx, {
N[x[i-1, 1] +h],
N[x[i-1, 2] +v[i-1, 2] *h]}]

1

Show [ {
ListPlot[x, PlotStyle » Red, PlotRange -» All],
Plot[ x@ Cos[t], {t, @, 10}, PlotRange -» All]
}, ImageSize - Large]
out[- ]=

0.1

Out[«]=

0.10

0.05

N
Ny .

-0.05

-0.10 -
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in[-]:= DSolve[{y"''[t] +y[t] =0, y[0] ==1, y'[@] == O}, y, t]
Out[«]=
{{y -» Function[{t}, Cos[t]]}}

e Metoda Eulera moze powodowac niestabilnosci!
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Leap-frog
LX = A1)

Najpierw obliczamy predkos¢ w potowie kroku: v(t + %) = v(t — %) + A(x(t)) At

i korzystamy z niej aby obliczy¢ potozenie:
x(t+ A =x() +v(t+ 5 ) At

Out[«]=

Va /2 3/ X Vs /2,

Co jesli nasze warunki poczatkowe to:
x(ty) = Xo, V(tp) = vo? Do metody leapfrog potrzebujemy v w potowie kroku (At):
v(t+ 3 At =v(D) + 5 AtAX)

e Przyktad: x"(t) = x(t), x(0) = 1, X'(0) = 0 - rozwigzanie analityczne to x(t)=cosh(t)

in[-]= sol = DSolveValue[{y''[t] ==y[t], y[@] ==1,y"'[@] ==0@}, Yy, t]
Plot[sol[t], {t, 0, 10}]

Out[«]=

1
Function|{t}, — e " (1+ e”)]
2
Out[«]=
4000 [
3000 F

2000

1000 [

L N
2 4

Rownanie x"(t)=x(t), mozemy zapisa¢ w nastepujgcy sposob: v'(t)=x(t), v(t) = X'(t)
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Out[«]=

10000 |-
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Out[«]=
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Metody Verlet'a

Réwnanie: x"(t) = A(x), x(ty) = Xg, X' (tg) = vy,
X, = X(t,), t, = to + nAt

X1= Xg+ Vo At + 12 A(Xo) At2
Xns1 =2 Xp — Xp—1 + A(Xp) At?
Uwaga! Powyzszy zapis dziata tez dla wektorow

Problem dwadch ciat:

x1"(1) = —x1 ’
(® (><12+y12)3/2

'IHJ[ _ -y1 ’

y1"(t) Wy

Out[«]=

Velocity Verlet
Najpierw obliczamy:
v(t+2)= v + 5 AuD)
wykorzystujgc v(t + %) znajdujemy: y(t+ At) = y(t) + v(t + %) At,

znajac y(t+At) obliczamy A(y(t + At) ), a na sam koniec otrzymujemy predkosc:
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v(t+ A = v(t+ Z) + S A+ AD)

y(t+A) =y(t) + v(t) At + 12 A(y(1)) At?
— AY®)+AY(+AY )

Vt+AD) =v() + —————— At

Do obliczenia A(y(t+At))
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Metody explicit vs implicit (jawne vs uwiklane?)

Euler: f'(x) = A(f, x)

e explicit (forward):
f(x+h’:—f(x) _ A(f(X), X)
f(x+h) = f(x) + A(f(x), x)h
e implicit (backward formula):
P9 = A(F(x+ h), )
f(x+h) = f(x) + A(f(x+h), x+h) h
zeby dostac f(x+h) musimy rozwigza¢ dodatkowe réwnanie! (ktére moze by¢ nieliniowe)

Podsumowanie

e Metody jawne sg fatwiejsze do zaimplementowania i szybsze

e Metody uwiktane wymagajg rozwigzania dodatkowego réwnania/uktadu réwnan, ale sg
dokfadniejsze
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Metody Runge-Kutty

Wstep: rownanie y' = f(y,t)
Powyzsze rownanie mozemy od-catkowac:
y(t+hy =y + [, b dt
Przyblizmy tg catke korzystajgc z metody trapezéw:
y(t+h) =y + g (f(y(t+h), t+h) + f(y(t), t)) <- metoda uwiktana! Nie znamy y(t+h) do obliczenia

f(y(t+h),t+h).
Rozwigzanie: skorzystajmy z metody Eulera: y(t+h) =~ Y(t) = y(t) + h f(y(t),t), co daje rezultat:

y(t+h) = y() + 3 (FYQD), t+h) + F(y(D), 1)

Metoda Runge-Kutty czwartego rzedu:

Analogicznie do poprzedniego przyktadu ale oparta na metodzie Simpsona:
e y=:(yb)
o y(t+h) =y + 2 (V1 +2Y,+2Y5+Y,)
o Vi =fy(®), 1)
Vo= flyt) + 2 vy, t+2)
Vo= f(y() + 25 t+2)
Y, = f(y(t) + hYs, t+h)

Euler vs RK2 vs RK4

Rozwigzemy réwnanie y' (t) = —y?, y(1) =1 trzema poznanymi metodami

in[-]= sol = DSolveValue[{y' [t] == —y[t]z, y[1] == 1}, Y t]

Out[«]=
1
Function{{t}, —]

t

nf 1= D[-y[t1%, t] /. {y ' [t] » -y[t]?}
D[2y[t]?, t] /. {y'[t] » -y[t]?}
D[-6y[t]®, t] /. {y'[t] » -y[t]?}

Out[«]=
2y[t)?

Out[«]=
-6y[t]*

Out[«]=
24y[t]°
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out[«]=

0.001 |- f
(]
[ ]
[ ]
[ ]
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