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The de Sitter Model

The Einstein’s Field Equations

R — %gWR = —87GT.
don't allow for static solutions when applied for homogeneous and isotropic
Universe. The idea of a static universe or "Einstein’s universe" is one which
demands that space is not expanding nor contracting but rather is
dynamically stable. Einstein proposed such a model by adding a
cosmological constant A to his equations of general relativity to counteract
the dynamical effects of gravity which in a universe of matter would cause
the universe to collapse. This motivation evaporated after the discovery by
Edwin Hubble that the universe is not static, but expanding; in particular,
Hubble discovered a relationship between redshift and distance, which
forms the basis for the modern expansion paradigm.

Even after Hubble's observations, Fritz Zwicky proposed that a static universe
could still be viable if there was an alternative explanation of redshift due to
a mechanism that would cause light to lose energy as it traveled through
space, a concept that would come to be known as "tired light". However,
subsequent cosmological observations have shown that this model has not
been a viable alternative either.



With the cosmological constant the Einstein’s equations read
1
Ruv — EgWR +N\gu = =81 GTy,

The A term could be written as a part of the energy-momentum tensor:

A A
T, = ———=guw = paguw  for =_—
v 8 G gH pl\g} PN 8 G

Then the Einstein’s equations
1
Ruv = 5€uR = —81G (Tow + Th)

Recall that in the rest frame of an element of perfect fluid T, has the form:

p
T = P
P
p
while TL‘V in a freely falling system reads
PA
-,-/\V - —PA
I —pn

—pn



So, p = pa and p = —pa (negative pressurel).
We assume an empty space (no matter, so T, = 0), but A 70 and solve the
Einstein’'s equations
Ruw — %g/wR = —Nguv
The cosmological principle implies that
dr?
1— kr2

dr? = g, dxtdx” = dt* — a°(t) { +r2d0? + r? sin? 0d<p2}

Using the results we obtained for the FLRW metric we have
R = 35 Rie=Ri=0 Rj = —gj(aa +23% + 2k)
The Einstein’s equations could be written as
Ruv = —8wGS,.
where 1 ) 1
Spv =T — Eg;wT P (P"' p)UMU,, - E(P - P)gwf
for TR = —pg +(p+ p)UPUY (T, = p —3p). So for Ut =1 and U’ =0 we
have

1 1 - -
Sie = E(p +3p) = —pa Si=5:=0 Si = E(p — p)a’g; = a°pag



One gets the Friedmann’s equations for this case
- (0,0) component: )
33 = —87G(—pp) = A
- (i,j) component:
—(az+23% +2k)g; = —8nGpra° gy = —a g

In other terms

32=n and a+2<‘9> +22 =\
a a a a

Eliminating a we get

o\ 2
3 <a> . 352 =

a a

For k =0and A > 0 we get

o\ 2
H3(t) = <z) = % = a(t) = alt)e ) for  H? = g = const.

This is the exponential inflation: exponential growth of the scale factor (de
Sitter universe):



It is easy to show (see class) using the Friedmann equations that the
sufficient conditions for the exponential inflation are:

k=0 and p=—p
or )
p H
k d =—C = 1
70 an P73 7 anG” y

with constant H. Note that p and p do not need to be constant.

The easiest way to derive the above equation of state is to subtract the

Friedmann equations
. o\ 2
2i + (a) + % = —8nGp
a a a



eliminating that way (a/a)? and k/a®. Then we get

a 47G
3 = *T(P * 3P)-

Comments:

- p~ —p could be easily arranged within a scalar field theory.

- For small a the term o k/a® dominates. However if a is growing then for
a large enough, the curvature term aiz ~ . Since the Universe is
expanding A will dominate and the expansion will be exponential.

- Non-relativistic equation of motion for a material point of mass m that
corresponds to the Friedmann equation with cosmological constant

reads (see class)

therefore positive A implies presence of a force proportional to r, the
acceleration increases with r! The universe is growing exponentially.



The Standard Model of Cosmology

The Cosmological Principle implies

dr? :
dr® = g, dxdx” = dt® — a*(t) { 1 _rkr2 +r2d0® + r* sin® 9d¢2}
The Friedmann equations read

o\ 2
a k 871G

(a> rE=—5op for pEZPi=pm+prad+pl\ (2)

i (a\" k

2+ <a> + 5= 8nGp for PEZPi=Prad+P/\ (3)

where the sum runs over all contributions to energy density and pressure.
The conservation of the energy-momentum tensor (T*%, = 0) implies

pa’ = % [&°(p+p)] = % (pa°) = —P%rf (@)



Hereafter we will assume the following equation of state

p=wp,
with a constant w.

- For the non-relativistic matter (see class): p ~ nm + %p, so if p < nm

then w =0,
+ For ultra-relativistic matter (e.g. photons): p = zp, so w = 3.
- For the cosmological constant: p = —p, so w = —1.

Let's solve (4) for p = wp:
d

. (pa3) = pa’+p3a’s= fpiae' = —wp3a®s

dt



- Matter dominated Universe (w = 0), so called dust: p oc a3

+ Radiation dominated Universe (w = 1): p o a4
We have shown that for photons emitted at to and detected at t
(attention notation changed) the following relation holds

a(t)

At) = Mto) o< alt)
a(to)
Since v\ = c =1, so we have
(1) = (1)) o 27 1(e)
a(t)

Therefore the photon energy E = hv suffers from another extra
suppression because of the expansion, so

-3 _—1_ _—4
pxa “a =a

- Cosmological constant dominated Universe: (w = —1): p = const.

Comment: If the Universe is composed of several components then the
result pi(t) oc a(t)~3*Y is valid only if interactions between the
components could be neglected. Note that () holds for total energy density
and total pressure. In other words for multi-component Universe we sum
contributions to the total energy density (or pressure) assuming that they
scale with a as if they were the only components.



Now we can try to solve the Friedmann equation (2) assuming p = wp

3\, k _81G
a a? 3 7
First let's neglect the curvature k, then we have

N\ 2
a\ _8rG _8rG 0_3(w+1) ,—3(w+1)
2 3 P 3 P 4o

4
5o g 23w (6)

We can look for a power-like solution a(t) oc t*, then substituting into (6) we

can determine
ol 2 56w

— 2
hence o = o Therefore

t2/3  matter
a(t) <« { t¥? radiation

e'  cosmological constant



Let's verify if a(t) o< t* is also a solution for k 0. Using (5) in the Friedmann

equation one finds:
8\, k _8rG ()
a a2 3 P73

-8

results in the following condition

o 2 k tO 2(a—1) 87l'G tO 3a(l+w)—2
CREIONEE A0
to ag \t 3 t
Soif k 70 then a(t) < t* may satisfy the Friedmann equation only if a = 1
and w = —1/3.

Then, inserting

Note that the solution a(t) o t is the same as the one obtained in 1932 (long
before FRW) by Milne for an empty universe (p =0, A = 0), it requires a
negative curvature k = —1. However in the case considered here if there
exists a matter with w = —1/3 then k could be 0, £1.



Acceleration of the Universe

Subtracting (2) and (3) we get

2= HC(u3p) )
Since presently p ~ 0 and p > 0 therefore we would be tempted to conclude
that the Universe is decelerating at present. This is not consistent with
observations which suggest that 3 > 0. If we add A then we get an extra
contribution to the rhs: (p+3p) = pa+3(—pa) = —2pa < 0, so that 3 > 0in
agreement with observations.
Let's expand a(t) around the present time t = to:

1
;| H3(t — to)? + - - -
... Ho
t=to
N————’
=do
where qo is the deceleration parameter. Now let's expand the Hubble
parameter H(t)

a(t) = ap + ao 2
a

1 a
(t — t0) — 5 [— 3

t=tg

_ a(t)
Hie) = a(t)

In general H(t) is not constant, but a time dependent function.

= Ho [1 —(qo + 1) Ho(t — to) + - - ]



Questions to test alertness of students:

1. What is the condition to obtain H(t) = const. + O[H3(t — t5)?] ?
2. What kind of matter in the Universe leads to H(t) = const. at any time?

Answers:

1. In the next to the leading order: qo = —1.

H(t) = g =const. =  a(t) xe™

- the cosmological constant, p = —p, for k=0,or
- something that satisfies p = — £ — MG for k 70.

Define the critical density of the Universe as

3H?
8 G
Note that perit is a function of time, at present

Pcrit =

_ kg Ho
1.9x1072R—=  for h
Pl = cm3 100 km s—1 Mpc~—?

for 06<h<08



Then we can rewrite the Friedmann equation
a\* Kk _8rG
—_ + — = p
a a? 3

k P
=0—-1 f Q
32H2 or Perit

I

The geometry of the Universe is determined by Q

as follows

cQ>1 = k =+1 closed Universe
0«1 = k = —1 open Universe
Q=1 = k =0 flat Universe

Let’s calculate the deceleration parameter go assuming p; = w;p; and using (7)

47['G 0 0 47I'G ) _ 0
Go = 3sz( P = 3 D1+ 3we? =23 0% 3w)

i

for . .
Q0 =P - Pi

r pO. 3H2

crit n

Since w = —1 for A, therefore in the presence of the cosmological constant
go may be negative.



Consider energy density composed of matter, radiation and the cosmological
constant, then we can rewrite the Friedmann equation at the present time as
k - 8 G
a3 3

0

Hz + (P9 + P * p1)

Dividing by HZ and adopting the definition p%;, = % we obtain

k 0 0 0
1=_W+0m+orad+0/\
0“0
Introducing Qf = — 25 we have
0“0

1=0p+00 + 05, + 0}
Let's return to the Friedmann equation
k 8nG

H? = -zt ?(pm * Drad * p1) (8)
The matter and radiation densities scale as
ao\ 3 ao\*
Pm = p?,., (;0) and Prad = p?ad (f)

while pa remains constant.



The fractional energy densities are defined as follows

_ Pi _ 3H?
0 = for it =
' Perit Pertt 87TG
while at the present time

0 2

; 3H,
Qf = Pi for Oip = —2.
pgrit Perit 87TG

So the densities could be rewritten as

ao\* 3 a0\ *
Prad = Prad(:> %Hootrjad (;0

_0@3 0
o= 2 (3) = eton (3)
3

PN = PR 8 GHOOA

1
S

The curvature terms will be written as

k  k 2 _ o2 ()3
= am (%) -oeke (%)
\_v_/

o]
Ok



Now, using the relation 1 +z = %, we are ready to express the densities
corresponding to a given scale factor as functions of the red-shift:

3 a0\ 4 3
pra = g0 (L) = oML+ 2"
3 a0\ 3 3
pm = 8wGH§Q?"<?O) = G Hon(l+ 2
2
—< = o (%) = Heo(a + 2
a 3 a
PN = %Hg()g

Let's insert the above formulas into the Friedmann equation (8):
H? = H3 [0%4(1+ 2)* + Q0,(1 + 2)* + 0R(1 + 2)° + OF

So, we have shown how to determine the expansion rate at a given epoch
(H(z)) knowing its present value and present energy densities.



The Age of the Universe

Matter or Radiation dominated Universe

The Friedmann equation could be integrated to provide the age of the
Universe. Two periods must be separately considered (the possibility of the
existence of A will not be considered at this moment): radiation domination
(early Universe) when p = praq = p°(a0/a)* and matter domination (present
Universe) when p = p, = p°(ao/a)*:

N2
a k 87 G a0\ 3
(a> v T T(pm+prad+p/\)%pm=p° (;0) s prad = pn =0 (MD)
N2
a k 87 G ao\*
(a> "‘; = T(Pm*/’rad+l)A)<_Prad=Po (;O) , pm=pn=0 (RD)
N
a k 8rG 0 do
2) K o %10 o MD
<ao) +a(2, 3 73 (MD) (©)
N
a k 871G ¢ [ao)?
2) 5 2 TIE RD 1
<ao> +a§ 3p(a) (RD) {10)

The age t of the Universe of a size a(t) is defined as t(a) = ft(a) dt’

t(0)




Changing integration variables to a’ = a’(t’) we can write
a(t) da/
t= —_
0 a'

=00+ 0% +0R — 1

Using the relation
k

agH?
0" ’0
to eliminate % defining x = 2 and using Q° = p°/pexic = p°87G /(3HF) one

can rewrite (9) for %, =Q%=0and Q% = Q°
rad N

. 2
<a> = _HS(QO —1)+ 787;Gp0 x 1= Hg (QOX71 +1— Qo)
N——
H2Q0
0
So,
3(x) = aoHo (Q°x 1 +1—0Q°)"? and da’ = agdx
Then expressing the scale factor a in terms of the redshift z (1+z= 2 = i)
one gets the age for MD as

1

ooy [ da [0 ana
0 al o a'(x)
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[1-00+ QOX—1]1/2

(RD) a dx

RD. -1

t = H, RD
° / [1— Q0+ Qox—2]2 "o

(2™ dx
t(MD) - H(;l / (M D)
0

Comments:

- For a < Ip (the Planck length Ip = (%)1/2 =1.6 x 1073* m) our
knowledge of the Universe is uncertain. Let us assume that for t > t;

a(t) = a; (f)a (0 < a < 1and a; = a(t;)) with a; > Ip; and let's

(11)

(12)

extrapolate for 0 < t < t; then this first period of the expansion (from

a=0till a = /) contributes a tiny piece to the total age:

/IPI da’ B t /IPI da’ . (IPI)I/a
., = - [ — .
o 3 aa,.l/a o a/(o¢71)/oz aj

Since 1/a > 1 and a; > Ip this contribution could be neglected.
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- Note that if | wanted to include more Universe components in the same
spirit as in (11-12) then | would be allowed just to add various Q’s only if
interaction between them could be neglected. Otherwise the scaling of
p = p(a) is more complicated. For instance the interaction between
matter and radiation, could be neglected after neutral atoms were
created (the recombination ), so that photons stopped interacting with
matter.

First the (MD) Universe. The present age could be obtained substituting z = 0
in (11), then integrating for Q° > 1 we obtain

(0]
(MD) _ -1 Q 1 (nA0-1 2 /0 1/2
tMP) = Hy S REYTE [cos (20°7'—1) - = (Q°—1) ] (13)

and forQ° < 1

= Hy! (1-0°)"* —cosh™* (20°~* - 1)] (1)

2
Qo 2(1 — 00)3/2 [(‘T
(MD) _ 2 py—

For Q° = 1 we have t =2

22



Note that to = t(Q°) is a decreasing function of Q°.
Expanding (13-14) around Q° = 1 we obtain

£MP) - %H (o° — 1)+

The present age of the (MD) Universe could be easily estimated assuming
0% ~1

£MP) - %Hgl =65x10°h"tyr for 06<h<08

for Ho = 100 km s~ Mpc~th. The above estimates assumes that the
Universe was MD from the very beginning till today.
For the (RD) Universe we obtain at z=0

#RO) 1 _1 1 /0
“Ho ey T 56 13 (001 ]

Matter domination leads to larger age: £YP(Q°) > #FP(Q°).
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Universe made of Matter and Cosmological Constant

Let's now discuss the age of the Universe for a model that is flat (k = 0) but
that contains both matter and A > 0, so

8\ 86
a 3 pm = P

Following the same steps as above for the (MD) case and using the fact that
0% +0f =1 (it follows from k = 0) we find (see class) that

o= e dx _2 11 Q)2
0 (Qo 14 00X2)1/2 ~ 3" Q01/2 n (1— 02)1/2
A

Comments:

- For 02 2 3,480 2 Hy !, unlike 8 and £

t? = t(Q,) is an increasing function of Qa,

2.
lim tN = ZH;t and lim £ =
2 —0 3 00 —1

2



The General Case
The expansion rate at a given epoch (z) as a function of its present value
and present energy densities:
H? = Hy [QRa(1+ 2)* + 00,1+ 2)° + 01 + 2)* + OF] (15)

Using the above form of the Friedmann equation we will derive a general
formula that allows to determine the age of the Universe at a given redshift
(the "lookback time"). The Hubble parameter could be written as

a(t) d 1 _ -1 dz
H_E <ao>_dtln<1+z)_1+zdt
Then using (15) we get

ﬂ = H ! -1 1
dz° 1+z[Q0,(1+2)*+0%(1+2)3+0Q1+2z)2+ 032

Integrating we obtain

dz’

to—t=Hy
’ ° / (1 20, (1 + 2/ + Q%1+ ) + Q2(1 + /)2 + O/

(16)
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Note that Q2 are not independent as they satisfy
1=05+00 + QR + O}

Choosing t = 0 and z = co in (16) we have the present age of the Universe.
Note that (as we have anticipated) the scale of the lookback time is set by
Hy*, which is called the Hubble time.
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Future of the Universe

o\ 2
a k _8nG
<a> + ? = 7; (Pm * Prad * P/\) (17)

Pm X a3 Prad X a pa = const.

In general (17) is difficult to solve. However at present praq = 2 x 10° eV m—3

(CMB) while pparyon = 10° @V m~3, so we can assume that pm, > prag.
& No cosmological constant: pp =0
3

Since p = p°% we find that
_ 8nG 022@

3 P 2 a
Therefore one can see that if a is large enough (and a > 0 at some moment),
then matter term becomes sub-dominant

-2
a“ +k

- Suppose for a moment that p° = 0, then k < 0 is required to have
real-valued solutions for a (so called Milne model). The solution is (in
general +|k|*/2t + const.)

aine(t) = [k 2t = t

27



- For p° > 0 and k = 0 the solution for initial conditions such that a(0) = 0
(for the general solution see class) reads

a(t) o< t?/3

- For p° > 0 and k = —1 we observe that

.\ 2
a 8rG k
() = p— ? >0 (18)

a 3

- For p° > 0 and k = +1 we have

)" _ 816G oad k&
a 3 pa3 a2

28



- Continuing the case p° > 0 and k = +1 we observe that there exists
a = aci such that a(t) = 0 for a = agic:

81G ( ao )3 k 8rGpla]
—_— = — = R —
3 Zert agm acrit 3
Since we know that
a A G 4G
- = —— 3 = ——0Om
> 3 (p+3p) 3 P

therefore in our case (no A and p = 0) we have 4 < 0. At a = a.i; the
expansion stops, since the Universe is decelerating (4 < 0), the

contraction starts (note that the Universe can not stay at ag;) and after

some time ends as a "Big Crunch".
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& Cosmological constant: pa 70
Let's now consider A 70 (still neglecting paq), then we should solve
2 _ 87 G 030 /\32

2k — 1
a 3P t 3 (19)

Comments:

- From (19) we can see that even if A was negligible for small a (at the
beginning of the expansion) it will eventually dominate over all other
forms of matter (including curvature).

- IfA < 0and k = 0,41 then (19) tells us that a(t) cannot be arbitrarily
large since a(t) must be real. So, the maximal size of the scale factor is
determined by the solution of

3 2

5 _ 47['G _ TG 040 _ 4G |/\| oag
a Z(p' 3pi) (2A P ) 3 (47rG+p 2 ) <0

The Universe is decelerating, so again we have an oscillating Universe
(regardless of the value of k).
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- IfA>0and k=0or k=—1 we have

.2 8rG 033 + /\32

= D k+—= >0
=g ke
So, the Universe is expanding forever (if it was expanding at the
beginning: a(t) o« t*/2) and after some time the cosmological constant
starts dominating and the Universe enters a period of exponential
expansion (de Sitter model).

- For A > 0 and k = +1 the picture is more complicated:

2 _ 8 G oag + /\32

T3PS 3
It is possible to find A = Ag = (47 GpPa3) 2 such that a(t) = a(t) = 0 for
some a = ar = 47 Gp®ad, so that Ag - a2 = 1 (see class).
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- Continuing the case A > 0 and k = +1.
This is a static Universe, the existence of this solution (not consistent
with the present data) motivated Einstein to introduce A.

- For A = Ag the Universe is static (although unstable, see class).
- For A > Ag the repulsion from A (Why is A repulsive?) dominates and the

Universe expands forever.
- For A < Ag there is a range of a: a, < a < aj, such that

3 2
é2:87rG Oaj,k+/\i§0
3 a 3
that is forbidden (see class). So, for 0 < A < Ag and k = +1:

- If the initial position is such that a(0) < a, then the Universe is oscillating
between a=0and a = a,, or
- If the initial position is such that a(0) > a, then it always expands.
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