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Abstract
We investigate the geometry of a twisting non-shearing congruence of null geodesics on
a conformal manifold of even dimension greater than four and Lorentzian signature. We
give a necessary and sufficient condition on the Weyl tensor for the twist to induce an
almost Robinson structure, that is, the screen bundle of the congruence is equipped with a
bundle complex structure. In this case, the (local) leaf space of the congruence acquires a
partially integrable contact almost CR structure of positive definite signature.We give further
curvature conditions for the integrability of the almost Robinson structure and the almost CR
structure and for the flatness of the latter. We show that under a mild natural assumption
on the Weyl tensor, any metric in the conformal class that is a solution to the Einstein field
equations determines an almost CR–Einstein structure on the leaf space of the congruence.
These metrics depend on three parameters and include the Fefferman–Einstein metric and
Taub–NUT–(A)dS metric in the integrable case. In the non-integrable case, we obtain new
solutions to the Einstein field equations, which, we show, can be constructed from strictly
almost Kähler–Einstein manifolds.
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A. Taghavi-Chabert

1 Introduction

A non-shearing congruence of null geodesics on a Lorentzian manifold (M, g) is a (local)
foliation K by geodesics generated by a null vector field k, i.e. g(k, k) = 0, such that the
metric g is preserved along the flow of k when restricted to vectors orthogonal to k, i.e.

£k g(v,w) ∝ g(v,w) , for any vector fields v,w such that g(k, v) = g(k, w) = 0.

In dimension four, non-shearing congruences of null geodesics are central objects of math-
ematical relativity, and their existence is intimately connected with solutions to the vacuum
Maxwell equation and solutions to the Einstein field equations according to the Robinson
theorem [56] and the Goldberg–Sachs theorem [19,20], respectively. The latter asserts that
any Einstein spacetime admits a non-shearing congruence of null geodesics if and only if its
Weyl tensor is algebraically special. This includes many well-known solutions such as the
Kerr black hole [28], Robinson–Trautman spacetimes [57] and Kundt spacetimes [30].

Another feature of these congruences in dimension four is that they are equivalent to
the existence of an involutive totally null complex 2-plane distribution N . What is more, N
induces a Cauchy–Riemann (CR) structure on the three-dimensional (local) leaf spaceM of
K, that is,M is endowed with a rank-2 distribution together with a bundle complex structure
[54,59–61,71–73]. This is particularly relevant to the study of solutions to the Einstein field
equations, which, as beautifully demonstrated in [37], can then be reduced to CR data onM
when the congruence is twisting i.e. κ ∧ dκ �= 0 where κ = g(k, ·).

In dimensions greater than four, such congruences have not been as prominent in Einstein
spacetimes as they have in dimension four. The notable exceptions are the higher-dimensional
generalisations of Robinson–Trautman and Kundt spacetimes, where the congruence is non-
twisting, i.e. κ ∧ dκ = 0 with κ = g(k, ·). In odd dimensions, it has been shown [49] that if
the Weyl tensor satisfies

W (k, v, k, v) = 0 , for any vector field v such that g(k, v) = 0, (1.1)

then thenon-shearing congruenceof null geodesics generatedby k is necessarily non-twisting.
The even-dimensional case, however, has not been thoroughly investigated. The only known
examples are Taub–NUT-type metrics of [7,9], as pointed out in [50], and Einstein metrics
on Fefferman spaces of CR manifolds, which were described in [11,33], and where the
congruence is generated by a null conformal Killing field.

The aim of the present article is to fill the gap in that respect and provide a detailed under-
standing of twisting non-shearing congruences of null geodesics in dimension 2m +2 where
m > 1. For this purpose, we shall adopt the strategy and philosophy of [54,60] and subse-
quent work [35,36,43–45]. For more analytical issues, see also [26,38,62,64]. In particular,
we shall emphasise the conformally invariant aspect of these congruences: a congruence K
of null curves can be expressed in terms of an optical geometry (M, c, K ), where (M, c)
is a conformal manifold and K the null line distribution tangent to K. The screen bundle
HK := K ⊥/K inherits a bundle conformal structure cHK from c. The congruence K is then
geodesic if K ⊥ is preserved along K, and in addition, non-shearing if cHK is also preserved
along K [17,58].

On the other hand, as advocated by [18,47,67,74], one can start with an almost Robinson
manifold (M, c, N , K ), that is, a Lorentzian conformal manifold of dimension 2m + 2
equipped with a totally null complex (m + 1)-plane distribution N : it defines an optical
structure K , and thus a congruenceK of null curves, together with a bundle complex structure
on the screen bundle HK compatible with cHK . Under suitable conditions, (N , K ) induces an
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almost CR structure on the (local) leaf space of K, which is integrable if and only if (N , K )

is integrable. But, unlike in dimension four, K is shearing in general [39,75] except in rare
constructions such as the Fefferman conformal structure [15,16,24,31] and Taub–NUT-type
metrics [3,7,9].

The converse problem seems a priori quite hopeless: when does an optical geometry
single out an almost Robinson structure in even dimensions greater than four? As this article
will reveal, there is a definite, and surprisingly natural, answer to this question provided
the congruence is geodesic, twisting and non-shearing. The ramification into almost CR
geometry, if somewhat simpler, will then prove as powerful as in dimension four, but will
offer a new feature: the underlying almost CR structure may be non-integrable.

The structure of the paper and its main results are as follows. The background material on
conformal geometry and optical geometries is given in Sects. 2 and 3, where Theorem 3.1
highlights the integrability condition for the existence of a non-shearing congruence of null
geodesics. Section 4 provides a fairly detailed account of partially integrable contact almost
CR geometry. We extend in particular the definition of a CR–Einstein structure to non-
integrable almost CR geometry and relate this concept to almost Kähler–Einstein metrics,
notably in Proposition 4.4. We then review the notion of almost Robinson manifolds in
Sect. 5. This leads naturally to the following theorem, which gives an invariant relation
between twisting non-shearing congruences and almost CR structures:

Theorem 1.1 Let (M, c, K ) be a (2m + 2)-dimensional conformal optical geometry, where
m > 1, with twisting non-shearing congruence of null geodesics K. The following statements
are equivalent:

1. The Weyl tensor satisfies

W (k, v, k, v) = 0 , for any sections k of K , v of K ⊥. (1.2)

2. The twist of K induces an almost Robinson structure (N , K ) on M.
3. The twist ofK induces a partially integrable contact almost CR structure (H , J ) of positive

definite signature on the (local) leaf space M of K.

Under the assumptions of Theorem 1.1, Sect. 6 delves into the relation between the Weyl
tensor and the invariants of the almost CR structure—see Theorems 6.1, 6.2 and 6.3, where
we give conditions on the Weyl tensor leading to the integrability and flatness of the almost
CR structure.

In Sect. 7, we include a brief discussion on additional prescriptions on the Weyl curvature
as potential generalisations of the notion of algebraically special Weyl tensors from four to
higher dimensions. One such candidate is used to prove, in Sect. 8, the following theorem:

Theorem 1.2 Let (M, c, K ) be a (2m + 2)-dimensional conformal optical geometry, where
m > 1, with twisting non-shearing congruence of null geodesics K. Suppose that the Weyl
tensor satisfies

W (k, v, k, ·) = 0 , for any sections k of K , v of K ⊥,

and that c contains a metric ĝ that is Einstein with Ricci scalar (2m + 2)Λ on (some open
subset of) M. Then,

• the twist of K induces an almost Robinson structure (N , K ) on M;
• M is (locally) diffeomorphic to

(−π
2 , π

2

) × M, where M is the (local) leaf space of K,
and (N , K ) induces a partially integrable contact almost CR structure (H , J ) of positive
definite signature on M;
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• there is a distinguished contact form θ0 such that (H , J , θ0) is almost CR–Einstein—in
particular, the Webster–Ricci scalar is given by Sc = mΛ + ‖N‖2h, where Λ is some

constant and ‖N‖2h is the square of the norm of the Nijenhuis tensor of (H , J , θ0) with

respect to the Levi form h of θ0;
• locally, the metric takes the form

ĝ = sec2 φ g , for − π

2
< φ <

π

2
,

where, denoting the natural projection from M to M by � ,

g = 2 κ � λ + h ,

κ = 2� ∗θ0 , h = � ∗h , λ = dφ + λ0 � ∗θ0 ,

with

λ0 = Λ

2m + 2
+

(

Λ

2m + 1
− Λ

2m + 2

)

⎛

⎝

m
∑

j=0

a j cos
2 j φ − 2am cos2m+2 φ

⎞

⎠

+c cos2m+1 φ sin φ ,

for some constant c and

a0 = 1 , a j = 2m − 2 j + 4

2m − 2 j + 1
a j−1 , j = 1, . . . , m .

Further, the following statements are equivalent:

1. The Weyl tensor satisfies

W (k, u, v, w) = 0 , for any sections k of K , u, v, w of N ;
2. (N , K ) is integrable;
3. (H , J ) is integrable.

The theorem above thus tells us that any Einstein metric that admits a twisting non-shearing
congruence of null geodesics with curvature prescription (1.2) depends on the three param-
eters Λ, Λ and c. This should be contrasted with the situation in dimension four, where the
range of solutions is much larger. Further results under weaker assumptions on the Ricci
tensor are given in Theorem 8.1. Using the results of Sect. 4, Theorem 1.2 also provides
a way of constructing examples of Einstein almost Robinson manifolds as lifts of almost
CR–Einstein structures over almost Kähler–Einstein manifolds.

In Sect. 9, we relate the Einstein metrics of Theorem 1.2 for certain values of the param-
eters Λ, Λ and c to Fefferman–Einstein metrics in Sect. 9.1 and Taub–NUT-type metrics in
Sect. 9.2. These metrics are well known when the almost Robinson structure is integrable,
but to the author’s knowledge, the solutions in the non-integrable case are new and have no
analogues in dimension four.

Section 10 contains results on additional geometric structures on the Einstein manifold of
Theorem 1.2, notably on the existence of a distinguished conformal Killing field in Proposi-
tion 10.1 and on the properties of a dual almost Robinson structure in Proposition 10.2.

Finally, we briefly discuss the possible generalisations to different metric signatures in
Sect. 11. We have relegated the computation of the curvature tensors to Appendix A.
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2 Conformal geometry

Let (M, c) be an oriented and time-oriented conformal smooth manifold of Lorentzian
signature, i.e. (+, . . . ,+,−), and of dimension n + 2. Most of our notation and conventions
will be relatively standard in the field of differential geometry. Pullback and pushforward
mapswill be adornedwith an upper and lower ∗, respectively; the Lie derivative along a vector
field vwill be denoted £v and so on. The k-th exterior power of the cotangent bundle T ∗Mwill
be denoted by

∧k T ∗M, and its k-th symmetric power by
⊙k T ∗M. For any two 1-forms α

and β, we take the convention that α∧β = 1
2 (α⊗β −β ⊗α) and α�β = 1

2 (α⊗β +β ⊗α).
We shall also denote the space of sections of a vector bundle E by Γ (E). We write CE for the
complexification of E . For any subbundle F of E , Ann(F) will denote the subbundle of E∗
consisting of elements annihilating sections of F . In abstract index notation, sections of TM,
respectively, T ∗Mwill be adorned with upper, respectively, lower minuscule Roman indices
starting from the beginning of the alphabet, e.g. va ∈ Γ (TM), and ξab ∈ Γ (

⊗2 T ∗M).
Symmetrisation will be denoted by round brackets, and skew-symmetrisation by square
brackets, e.g. λ(ab) = 1

2 (λab + λba) and λ[ab] = 1
2 (λab − λba). These conventions will also

be applied to the other types of geometries appearing in this article.
Following [8], one can naturally introduce density bundles, denoted E[w] for any w ∈ R.

In particular, we interpret E[1] as the bundle of conformal scales: sections of E[1] corresponds
to metrics in the conformal class. The correspondence is achieved via the conformal metric,
gab, which is a non-degenerate section of

⊙2 T ∗M ⊗ E[2], preserved by the Levi–Civita
connection of any metric in c: if s ∈ E[1] is a conformal scale, then the corresponding metric
in c is given by gab = s−2gab. This conformal metric allows us to identify sections of TM
with T ∗M⊗E[2]. In this conformal setting, indices will be lowered and raised with gab and
its inverse gab, respectively, but with a choice of metric g in c, we shall often use the metric

isomorphism TM
g∼= T ∗M. The subbundle of

⊙k T ∗M consisting of tracefree elements
will be denoted by

⊙k
◦ T ∗M. The tracefree part of tensors with respect to gab will be adorned

with a ring, e.g. either as λ(ab)◦ or as (λab)◦.
If two metrics g and ĝ in c are related by

ĝ = e2ϕg , for some smooth function ϕ on M, (2.1)

their respective Levi–Civita connections ∇ and ̂∇ are related by

̂∇aαb = ∇aαb + (w − 1)Υaαb − Υbαa + Υcα
c gab , αa ∈ Γ (T ∗M[w]) , (2.2)

where Υa := ∇aϕ. The covariant exterior derivative, denoted d∇ , is given by

(d∇α)ab1...bk = ∇[aαb1...bk ] , αb1...bk ∈ Γ (
∧

k T ∗M[w]) .

By convention, we take the Riemann tensor of a given metric gab in c to be defined by

2∇[a∇b]V c =: Rab
c

d V d , V a ∈ Γ (TM) . (2.3)

It decomposes as

Rabcd = Wabcd + 4 g[a|[cPd]|b] , (2.4)

where its tracefree part Wabcd is the Weyl tensor, and Pab is the Schouten tensor, given in
terms of the Ricci tensor Ricab := Rca

c
b and the Ricci scalar Sc := Ricabgab by

Pab := 1

n

(

Ricab − Sc

2(n + 1)
gab

)

.
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We also define the Schouten scalar P := Pabgab. While the Weyl tensor is conformally
invariant, the Schouten tensor transforms as

̂Pab = Pab − ∇aΥb + ΥaΥb − 1

2
Υ cΥcgab , (2.5)

under the change (2.1).

3 Optical geometries

3.1 Basic definitions and facts

We summarise the exposition given in [17], which also draws on [58]. Let (M, c, K ) be
a (conformal) optical geometry of dimension n + 2, that is, (M, c) is a time-oriented and
oriented Lorentzian conformal manifold, and K a null line distribution. This line distribution
is oriented by virtue of the orientation and time-orientation of M. It is a subbundle of its
orthogonal complement K ⊥ with respect to c, i.e.

K ⊂ K ⊥ ⊂ TM . (3.1)

We call the oriented rank-n quotient

HK := K ⊥/K ,

the screen bundle of K . The conformal structure c onM induces a conformal structure cHK

of Riemannian signature on HK , and in particular, a conformal metric h on HK , that is, the
non-degenerate section of

⊙2 H∗
K defined by

h(v + K , w + K ) := g(v,w) , for any v,w ∈ Γ (K ⊥).

Any non-vanishing section of K will be referred to as an optical vector field, and any non-
vanishing section of Ann(K ⊥) as an optical 1-form.

In abstract index notation, we shall use upper, respectively, lower, minuscule Roman
indices starting from the middle of the alphabet, i.e. i, j, k, . . . for sections of HK , respec-
tively, H∗

K . Thus, the conformal metric above may be denoted hi j . If s is a conformal scale,
then hi j = s−2hi j is a metric in cHK .

Concretely, it will be convenient to fix a metric g in c and introduce a null line distribution
L dual to K to split the filtration (3.1) so that

TM = L ⊕ HK ,L ⊕ K , where HK ,L := K ⊥ ∩ L⊥.

Sections of HK can then be identified with sections of HK ,L , and we shall use the same
index notation for sections of HK ,L as for those of HK . We shall also introduce a frame
{�, ei , k} = {e0, ei , e0} adapted to the optical geometry (M, c, K ), where k and � are sections
of K and L , respectively, such that g(k, �) = 1, and {ei }, i = 1, . . . , n, form an orthonormal
frame for HK ,L . The coframe dual to it will be denoted {κ, θ i , λ} = {θ0, θ i , θ0}. With this
notation, the metric g takes the form

g = 2 θ0 � θ0 + hi jθ
i � θ j .

For any section αa of T ∗M, we shall write

α0 = α(k) , αi = α(ei ) , α0 = α(�) ,
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and similarly for tensor fields of other valences. These indices may be viewed abstractly. The
tracefree part of a tensor Ti j , say, with respect to hi j will also be denoted by

(

Ti j
)

◦ or T(i j)◦ .

3.2 Congruences of null geodesics

The foliation by null curves tangent to K , i.e. the aggregate of the integral curves of any
optical vector field k of K , will be referred to as the congruence K of null curves associated
to K . These curves are oriented since K is oriented.

Henceforth, we assume that the curves ofK are geodesics. This property can be defined as
follows: the weighted 1-form κ = g(k, ·) corresponding to any optical vector field k satisfies

£kκ(v) = 0 , v ∈ Γ (K ⊥) . (3.2)

Condition (3.2) tells us that any optical 1-form is preserved along the flow of k and, in
particular, descends to a 1-form on the (n + 1)-dimensional leaf spaceM of K. This means
that M inherits a rank-n distribution H from the screen bundle HK .

This leaf space (M, H) inherits additional structures on M from the invariants of K.
Notably, for any optical vector field k, we introduce [17]

1. the twist of k, that is, the section τ of
∧2 H∗

K ⊗ E[2] defined by
τ (v + K , w + K ) := d∇κ(v,w) , v,w ∈ Γ (K ⊥) ; (3.3)

2. the shear of k, that is, the section σ of
⊙2

◦ H∗
K ⊗ E[2] defined by

σ (v + K , w + K )κ := 1

2
(£k g(v,w)κ − g(v,w)£kκ) , v,w ∈ Γ (K ⊥) . (3.4)

It is clear that any rescaling of k induces a rescaling of its twist and shear. These definitions
thus extend to the notions of twist and shear of the congruenceK, both ofwhich are conformal
invariants.

With a choice of metric g in c, we can also define the expansion of k to be the smooth
function ε given by

ε κ := κ divk − ∇kκ ,

where κ = g(k, ·) and divk = ∇aka . Again, there is a well-defined notion of expansion of
K. While the expansion is not conformally invariant, one can always choose a metric g in
the conformal class for which the congruence K generated by k is non-expanding, ε = 0. In

fact, locally, this defines a subclass
n.e.
c of metrics in c with the property that whenever g is

in
n.e.
c , the congruenceK is non-expanding. Any two metrics in

n.e.
c differ by a factor constant

along K—see [17].
Let us now review the geometric interpretation of the twist and shear of K. The twist

of K, if nonzero, induces a skew-symmetric bundle map on H whose rank is given by the
rank of τ—this is clear from the geodesic property (3.2), the defining equation (3.3) and
the naturality of the exterior derivative. Let us now assume that M has dimension 2m + 2

and K is maximally twisting, that is, τ has maximal rank. Choose a metric g in
n.e.
c , and an

optical vector field k for which the geodesics ofK are affinely parametrised. Then, the 1-form
κ = g(k, ·) satisfies £kκ = 0 and κ ∧ (dκ)m is nonzero. This means that κ is the pullback
of a 1-form θ0 on M that annihilates H and satisfies θ0 ∧ (dθ0)m �= 0, i.e. θ0 is a contact
form. Thus, the distribution H on M must be contact, i.e. H bracket-generates the tangent
space of M at every point, i.e. TM = H + [H , H ].
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On the other hand, if the congruence K is non-shearing, i.e. σ = 0, it is immediate from
(3.4) that the conformal structure induced on HK is preserved along the flow of any generator
of K. In this case, the distribution H onM is endowed with a conformal structure cH . More

precisely, there is a one-to-one correspondence between metrics in
n.e.
c and metrics in cH .

Thus, combining these twoproperties,we conclude that amaximally twisting non-shearing
congruence of null geodesicsK induces a so-called sub-conformal contact structure (H , cH )

on its leaf spaceM, i.e. H is contact and is endowed with a conformal structure cH [2,3,17].
In Sect. 4, we shall equip H with a bundle complex structure.

3.3 Integrability condition

It is well known that if (M, c, K ) is a four-dimensional conformal optical geometry with
non-shearing congruence of null geodesics K, then, for any optical vector field k, the Weyl
tensor satisfies

κ [a Wb]e f [cκd]kek f = 0 , where κa = gabkb.

In higher dimensions, the analogous result is given by the following proposition:

Theorem 3.1 Let (M, c, K ) be an (n + 2)-dimensional conformal optical geometry, where
n > 2, with non-shearing congruence of null geodesics K. Then, for any optical vector field
k, the Weyl tensor satisfies

4 κ [a Wb]e f [cκd]kek f = τ abeτ
e

cd + 4

n
τ [ae f gb][cτ d]e f , (3.5)

where κa = gabkb and τ abc := 3 κ [a∇bκc].

Proof With no loss of generality, we work with a metric g in
n.e.
c so that K is non-expanding,

and we choose an optical vector field k for which the geodesic curves of K are affinely
parametrised so that, with κa = gabkb, we have

kb∇bκa = 0 , (3.6)

κ [a
(∇b]κ [c

)

κd] = κ [aτ b][cκd] , (3.7)

where τ bc is a (weighted) 2-form such that τ abc = 3 κ [aτ bc]. It also satisfies τ bckc = 0. In
other words, τ ab represents the twist τ i j of k as a 2-form on M. Now, taking a covariant
derivative of (3.7) along ka , commuting the covariant derivatives, applications of the Leibniz
rule, using (2.3) and repeated applications of (3.6) leads to

κ [a Rb]e f [cκd]kek f = κ [aτ b]eτ e[cκd] .

Taking the trace of this expression gives

Ricabkakb = τ abτ
ab ,

so that using the expression for the Weyl tensor (2.4) yields

κ [a Wb]e f [cκd]kek f = κ [aτ b]eτ e[cκd] + 1

n
τ e f τ

e f κ [a gb][cκd] .

Finally, to obtain the expression (3.5), we simply note that τ abc = 3 κ [aτ bc]. ��
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The formula (3.5) can also be derived from the computations given in [49]. We shall soon
give a geometric interpretation to it. But before we proceed, we need to introduce some
additional geometric concepts.

Remark 3.1 In dimension four, the RHS of condition (3.5) is always zero.

4 Partially integrable contact almost CR structures

4.1 Almost CR structures

We recall some basic notions regarding almost CR geometry. By and large, we follow the
conventions and approaches of [11,12,14,18,23,40,69,76], to which the reader is referred for
more detailed accounts. Let M be a (2m + 1)-dimensional smooth manifold. An almost
Cauchy–Riemann (CR) structure on M consists of a pair (H , J ) where H is a rank-2m
distribution and J a bundle complex structure on H , i.e. J ◦ J = −Id, where Id is the identity
map on H . This means that the complexification CH of H splits as CH = H (1,0) ⊕ H (0,1)

where H (1,0) and H (0,1) are the rank-m i-eigenbundle and−i-eigenbundle of J , respectively.
If H (1,0) (or equivalently H (0,1)) is involutive or integrable,1 i.e. [H (1,0), H (1,0)] ⊂ H (1,0),
we refer to (H , J ) simply as a CR structure. When m = 1, an almost CR structure is always
integrable. An (almost) pseudo-Hermitian structure onM is an (almost) CR structure (H , J )

together with a choice of non-vanishing section of Ann(H).
We shall assume further that the almost CR structure is contact or non-degenerate, i.e.

H is a contact distribution, and that it is partially integrable, i.e. the bracket of two sections
in H (1,0) is a section of CH . One can also describe such an almost CR structure as a sub-
conformal contact structure (H , cH ) equipped with a compatible bundle complex structure.
Further equivalent descriptions can be found in the aforementioned references.

In order to make the description of (M, H , J ) more concrete, let us fix a contact form
θ0. Then, there exists a unique vector field e0, known as the Reeb vector field, satisfying
θ0(e0) = 1 and dθ0(e0, ·) = 0. It induces a splitting

CTM = CL ⊕ H (1,0) ⊕ H (0,1) ,

where L is the real line distribution spanned by e0. Complete e0 to a (complex) frame
{e0, eα, eβ̄}, α, β̄ = 1, . . . , m, adapted to (H , J ), i.e. {eα} and {eβ̄}, α, β̄ = 1, . . . , m, span

H (1,0) and H (0,1), respectively. Denote by {θ0, θα, θ ᾱ}, the coframe dual to {e0, eα, eβ̄},
α, β̄ = 1, . . . , m. Then, the contact form θ0 satisfies dθ0 = ihαβ̄θα ∧ θ β̄ , where hαβ̄ is a

Hermitian matrix referred to as the Levi form of θ0. The signature of hαβ̄ is an invariant of
(H , J ). We shall henceforth assume that hαβ̄ has positive definite signature.

We shall also use the indices just introduced in an abstract way. Thus, sections of H (1,0)

and H (0,1) will be adorned with minuscule Greek indices, plain and barred, respectively,
and similarly for their duals, e.g. V α ∈ Γ (H (1,0)) and μᾱ ∈ Γ ((H (0,1))∗). In addition,
sections of Ann(H) and their duals will be adorned with a lower, respectively, upper 0, e.g.
α0 ∈ Γ (Ann(H)) and v0 ∈ Γ (L). As before, symmetrisation and skew-symmetrisation
will be denoted by round brackets and square brackets, respectively. Index types can be
converted using the Levi form hαβ̄ of a given contact form. Clearly, complex conjugation

1 We shall not distinguish between the two terms, involutive and integrable, here, brushing aside any analytic
issues that may arise.
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on CH changes the index type, so we shall write vᾱ for vα , and so on. We also note that
hαβ̄ = hαβ̄ . The tracefree part of a tensor of mixed valence with respect to hαβ̄ , for instance

T αβ̄ , will be adorned with a ring, e.g.
(

T αβ̄

)

◦ so that
(

T αβ̄

)

◦ hαβ̄ = 0.

An (infinitesimal) symmetry of (M, H , J ) is a vector field v onM that preserves both H
and J , i.e.

(

£vθ
0
) ∧ θ0 = 0 for any contact form θ0 of H , and £vα ∈ Γ (Ann(H (0,1))) for

any 1-form α in Ann(H (0,1)). Such an infinitesimal symmetry v is said to be transverse if
it inserts non-trivially into any contact form, i.e. v is the Reeb vector field of some contact
form of H .

Analogous to conformal density bundles, one can also introduce CR density bundles
E(w,w′) for any w,w′ ∈ C such that w − w′ ∈ Z. The details of the definition of these C∗-
principal bundles overM are given in [11,12,23]. We shall simply note here that E(w,w′) =
E(w′, w). Such density bundles allow us to define analogues of the conformal metric in
the CR setting, namely, a canonical section θ0 of T ∗M ⊗ E(1, 1), and a canonical section
hαβ̄ of (H (1,0))∗ ⊗ (H (0,1))∗ ⊗ E(1, 1) with the property that for each s ∈ Γ (E(−1,−1)),

θ0 = sθ0 is a contact form with Levi form hαβ̄ = shαβ̄ . These sections are weighted

analogues of the contact form and its Levi form. The latter and its inverse hαβ̄ identify H (1,0)

with (H (0,1))∗(1, 1) and H (0,1) with (H (1,0))∗(1, 1). In effect, indices can also be raised and
lowered using hαβ̄ , e.g. vα = hαβ̄vβ̄ , thereby changing the weights of the tensors.

4.2 Webster–Tanaka connections

Let (M, H , J ) be a partially integrable contact almost CR structure of dimension 2m + 1 as
before. For definiteness, we shall assume m > 1. Then, for each contact form θ0, there is a
unique linear connection ∇ on TM called the Webster–Tanaka connection, which preserves
θ0, dθ0 and the complex structure J and has prescribed torsion as follows. If {θ0, θα, θ ᾱ} is
an adapted coframe, the Cartan structure equations read as

dθ0 = ihαβ̄θα ∧ θ β̄ , (4.1a)

dθα = θβ ∧ Γ β
α + Aα

β̄θ0 ∧ θ β̄ − 1

2
Nβ̄γ̄

αθ β̄ ∧ θ γ̄ , (4.1b)

dθ ᾱ = θ β̄ ∧ Γ β̄
ᾱ + Aᾱ

βθ0 ∧ θβ − 1

2
Nβγ

ᾱθβ ∧ θγ . (4.1c)

whereΓ β
α is the connection 1-form of∇ for that coframe, hαβ̄ the Levi form of θ0, Aαβ (and

its conjugate Aᾱβ̄ ) the pseudo-Hermitian torsion tensor, and Nαβγ (and its conjugate Nᾱβ̄γ̄ )

the Nijenhuis tensor,2 and these satisfy the symmetries Aαβ = A(αβ) and Nαβγ = N[αβ]γ
with N[αβγ ] = 0.

Remark 4.1 The Nijenhuis tensor Nαβγ is the obstruction to the integrability of (H , J ) and

is a CR invariant. On the other hand, Aαβ depends on the choice of contact form θ0. Its
vanishing is equivalent to its Reeb vector field e0 being an infinitesimal symmetry of (H , J ).

The structure equations (4.1) give the commutation relations

(∇α∇ β̄ − ∇ β̄∇α) f = −ihαβ̄∇0 f , (4.2a)

(∇α∇0 − ∇0∇α) f = Aα
β̄∇ β̄ f , (4.2b)

2 This is a slight abuse of terminology, since strictly, the Nijenhuis tensor is the real tensor defined by both
Nαβγ and Nᾱβ̄γ̄ .
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(∇α∇β − ∇β∇α) f = Nαβ
γ̄ ∇ γ̄ f , (4.2c)

for any smooth function f , and similarly for their complex conjugates.
The curvature tensors of the Webster–Tanaka connection are given by

(∇α∇ β̄ − ∇ β̄∇α)V γ + ihαβ̄ V γ =: Rαβ̄δ
γ V δ ,

(∇α∇0 − ∇0∇α)V γ − Aα
β̄∇β̄ V γ =: Rα0δ

γ V δ ,

(∇α∇β − ∇β∇α)V γ − Nαβ
δ̄∇δ̄V γ =: Rαβδ

γ V δ ,

for any section V α of H (1,0), and similarly for their complex conjugates. Analogous formulae
can be derived for sections of H (0,1) and their duals.

The curvature and torsion tensors are related by the first Bianchi identities:

2Rβ
[γ

α
δ] = −NεβαN

γ δε , (4.3a)

Rα0β
γ = ∇γ Aαβ + AδγNδαβ , (4.3b)

Rβγα
δ = ∇δNβγα − 2iAα[βδδ

γ ] , (4.3c)

∇0Nβγα = −2∇[β Aγ ]α , (4.3d)

∇[δNβγ ]α = 0 , (4.3e)

together with their complex conjugates, from which we obtain R[βδγ ]α = 0 and 2R0[βγ ] α =
AαδNβγ δ . We record the second Bianchi identities in the following general form:

2∇[δ Rε]γ̄ α
β + ∇ γ̄ Rδεα

β − Nδε
φ̄ Rφ̄γ̄ α

β + 2ih[δ|γ̄ R|ε]0α β = 0 , (4.4a)

∇γ R δ̄0α
β − ∇ δ̄ Rγ 0α

β + ∇0Rγ δ̄α
β − Aγ

ε̄ Rδ̄ε̄α
β + Aδ̄

ε Rγ εα
β = 0 , (4.4b)

2∇[γ Rδ]0α β + ∇0Rγ δ α
β − 2Aε̄ [γ Rδ]ε̄α β − Nγ δ

ε̄ Rε̄0α
β = 0 , (4.4c)

∇[γ Rδε]α β + N[δε|φ R|γ ] φ
α

β = 0 , (4.4d)

together with their complex conjugates.
At this stage, we define the Chern–Moser tensor Sαγ̄ βδ̄ of (M, H , J ) to be the totally

tracefree totally symmetric part of Rαγ̄ βδ̄ = Rαγ̄ β
εhεδ̄ , i.e.

Sα
γ

β
δ :=

(

R(α
(γ

β)
δ)

)

◦ .

The Chern–Moser tensor is a CR invariant. The vanishing of both Nαβγ and Sαγ̄ βδ̄ is equiv-
alent to the almost CR structure being locally CR flat, i.e.M is locally diffeomorphic to the
CR sphere.

We shall also need the Webster–Ricci tensor Ricγ
δ := hαβ̄ Rαβ̄γ

δ , the Webster–Ricci
scalar Sc := Ricγ

γ , the Webster–Schouten tensor and the Webster–Schouten scalar

Pαβ̄ := 1

m + 2

(

Ricαβ̄ − 1

2m + 2
Sc hαβ̄

)

, P := Pαβ̄h
αβ̄ ,

respectively. Equation (4.3a) then allows us to decompose Rαγ̄ β
δ as

Rα
γ

β
δ = 1

4
Nγ δεNαβε − 1

2
Nε(αβ)N

γ δε − 1

2
Nε(γ δ)Nαβε + Sα

γ
β

δ + 4NP(α
(γ δ

δ)
β) ,
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where

NPα
γ := Pα

γ + 1

m + 2

(

−1

2
NβδαN

βδγ + 1

4
NαβδN

γβδ + 1

8(m + 1)
NεδβN

εδβδγ
α

)

.

Definition 4.1 Let (M, H , J ) be a partially integrable contact almost CR manifold. We say
that (M, H , J ) is almost CR–Einstein if it admits a contact form θ0 such that its pseudo-
Hermitian torsion tensor Aαβ , its Webster–Schouten tensor Pαβ̄ and the Nijenhuis tensor
Nαβγ satisfy

Aαβ = 0 , ∇γNγ (αβ) = 0 ,

(

Pαβ̄ − 1

m + 2
NαδγNβ̄

δγ

)

◦
= 0 . (4.5)

We refer to (H , J , θ0) as an almost CR–Einstein structure. When (H , J ) is integrable, i.e.
Nαβγ = 0, we say that (M, H , J ) is CR–Einstein.

We shall now give an equivalent formulation of almost CR–Einstein structures.

Proposition 4.1 A partially integrable contact almost CR manifold (M, H , J ) is almost
CR–Einstein if and only if it admits a contact form θ0 such that its pseudo-Hermitian torsion
tensor Aαβ , its Webster–Ricci tensor Ricαβ̄ and the Nijenhuis tensor Nαβγ satisfy

Aαβ = 0 , (4.6a)

∇γNγ (αβ) = 0 , (4.6b)

Ricα
β − NαδγN

βδγ = Λδβ
α , for some constant Λ. (4.6c)

Proof That (4.6) implies (4.5) is clear. For the converse, let us assume (4.5). Then (4.6) holds
except that we do not know whether Λ is constant. We proceed to demonstrate that this is
the case. To this end, we take covariant derivatives of (4.6c) to get

∇0Λδβ
α = ∇0Ricα

β − ∇0

(

NαδγN
βδγ

)

, (4.7)

∇αΛ = ∇βRicα
β − ∇β

(

NαδγN
βδγ

)

. (4.8)

Under our assumptions, the first Bianchi identities (4.3b), (4.3c) and (4.3d) reduce, respec-
tively, to

Rβ0α
γ = 0 ,

Rβγα
δ = ∇δNβγα ,

∇0Nβγα = 0 , (4.9)

and the second Bianchi identities (4.4a) and (4.4b) become

2∇[δ Rε]γ̄ α
β + ∇ γ̄ ∇βNδεα + Nδε

φ̄∇αNφ̄γ̄
β = 0 , (4.10)

∇0Rε
γ

α
β = 0 , (4.11)

respectively. Combining (4.7) with (4.9) and (4.11) clearly yields ∇0Λ = 0.
Now, we trace (4.10) over α and β, and over γ̄ and ε to find

∇βRicα
β = ∇αSc + ∇β∇γNαβγ − Nαβγ ∇δN

βγ δ

+∇β

(

Nγ δαN
γ δβ

)

− ∇β

(

Nαγ δN
βγ δ

)

.
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After plugging this expression into (4.8) and a number of tensorial manipulations using (4.6b)
in particular, we arrive at

∇αΛ = 1

1 − m

(

∇β∇γNαβγ +
(

∇αNβγ δ

)

Nβγ δ + (∇αN
βγ δ

)

Nβγ δ

+
(

∇δNβγα

)

Nβγ δ + (∇δN
βγ δ

)

Nβγα − 2
(

∇δNαβγ

)

Nδβγ
)

.

To show that the RHS of this equality vanishes, we shall need the identity

∇β∇γNαβγ = −Nβγ δ∇δNβγα − Nβγ δ∇αNβγ δ − Nβγα∇δNβγ δ ,

which allows us to simplify our expression to

∇αΛ = 1

1 − m

((

∇αNβγ δ

)

Nβγ δ − 2
(

∇δNαβγ

)

Nδβγ
)

.

Renaming the indices and using (4.3e) eventually leads to ∇αΛ = 0, as required. ��
Remark 4.2 We see at once from (4.6a) that an almost CR–Einstein manifold admits a trans-
verse infinitesimal CR symmetry. If the almost CR structure is integrable, Definition 4.1
corresponds to the one given in [11] and [33]. In the latter reference, they are referred to as
transversally symmetric pseudo-Einstein spaces. Condition (4.6c) alone defines the notion
of pseudo-Einstein structures [32]. The geometric interpretation of (4.6b) will be given in
Sect. 4.3.

Remark 4.3 In dimension three, one can still define a Webster–Tanaka connection. Since
the Nijenhuis tensor Nαβγ and Chern–Moser tensor Sαγ̄ βδ̄ do not exist here, CR flatness is
equivalent to the vanishing of the fourth-order CR invariant

Q
αβ

:= i∇0Aαβ − 2i∇αT β + 2Pα
γ Aγβ , where T α := 1

3

(

∇αP − i∇γ Aγα

)

. (4.12)

One can also use equations (4.5) to define the notion of a CR–Einstein manifold, but the
second Bianchi identities no longer implies (4.6c) in the sense that Λ is not necessarily
constant. One may then make the additional assumption that the Webster–Ricci tensor is
proportional to the Levi form by a constant factor. Such a condition is, however, too strong
since it is equivalent to (M, H , J ) being locally flat as can be gleaned from equation (4.12).

4.3 Relation to almost Kähler geometry

Recall (see e.g. [25]) that an almost Kähler manifold is an almost Hermitian manifold
(M̃, h

˜

, J
˜

), where h
˜

is a Riemannian metric and J
˜

an almost complex structure compati-
ble with h

˜

, such that the Hermitian 2-form ω
˜

:= h
˜

◦ J
˜

is closed, i.e. dω
˜

= 0. When J
˜

is
integrable, (M̃, h

˜

, J
˜

) is said to be Kähler. An almost Kähler manifold that is not Kähler
will be referred to as strictly almost Kähler. We take the dimension of M̃ to be 2m with
m > 1, since clearly, for m = 1, almost Kähler necessarily implies Kähler. In abstract index
notation, we shall use minuscule Roman letters starting from the middle of the alphabet,
i.e. i, j, k, . . ., for sections of TM̃, of its dual, and tensor products thereof. Indices will be
lowered and raised by means of hĩ j and its inverse h

˜

i j .
Denoting by ∇̃ the Levi–Civita connection associated to h

˜

, the Hermitian 2-form satisfies
[25]

∇̃ iω
˜

jk = 2J
˜

j
�N
˜

�ki ,
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where N
˜

jk
i = N[̃ jk]i is the Nijenhuis tensor of J

˜

which, for an almost Kähler manifold,
satisfies N[̃ jki] = 0 and J

˜

(i
�N
˜

j)�k = 0. This is the obstruction to the integrability of J
˜

. Thus,
when J

˜

is integrable, we have ∇̃ iω
˜

jk = 0.
The complexified tangent bundle TM̃ splits as CTM̃ = T (1,0)M̃⊕ T (0,1)M̃, and in line

with our previous notation, we shall use minuscule Greek letters for sections of T (1,0)M̃,
and their barred analogues for sections of T (0,1)M̃, e.g. v

˜

α ∈ Γ (T (1,0)M̃), and w
˜

ᾱ ∈
Γ (T (0,1)M̃), and similarly for their duals. In this notation, the only non-vanishing complex
components of N

˜

i jk are N
˜

αβγ and N
˜

ᾱβ̄γ̄ .

Lemma 4.1 An almost Kähler manifold (M̃, h
˜

, J
˜

) admits a unique linear connection ∇̊̃ that
preserves both h

˜

and J
˜

and has torsion given by

2∇̊̃[i ∇̊̃ j] f
˜

= Nĩ j
k ∇̊̃k f

˜

, for any smooth function f
˜

onM̃.

Its relation to the Levi–Civita connection ∇̃ is given by

∇̊̃ iα
˜

j = ∇̃ iα
˜

j − α
˜

kNk̃i j , for any 1-form α
˜

j . (4.13)

Proof The required properties of ∇̊̃ follow from the ansatz (4.13) and the fact that N
˜

(i j)k = 0

and J
˜

( j
�N
˜

k)�i = 0. Uniqueness can easily be proved as in the case of the Levi–Civita
connection. ��

The connections ∇̃ and ∇̊̃ clearly coincide if and only if J
˜

is integrable. Their relation can
be expressed by writing the structure equations explicitly in terms of a unitary frame {θ

˜

α}:

dθ
˜

α = θ
˜

β ∧ Γ̊
˜

β
α − 1

2
N
˜

β̄γ̄
αθ
˜

β̄ ∧ θ
˜

γ̄ = −Γ
˜

α
β ∧ θ

˜

β − Γ
˜

α
β̄ ∧ θ

˜

β̄ , (4.14)

and similarly for its complex conjugate. Here, Γ
˜

α
β and Γ̊

˜

β
α are the respective connection

1-forms of ∇̃ and ∇̊̃ with respect to {θ
˜

α}. A cursory comparison of (4.14) with (4.1b),

with Aᾱβ̄ = 0, reveals that the connection ∇̊̃ is closely related to the Webster–Tanaka
connection, and its properties, such as the Bianchi identities, mirror those of the Webster–
Tanaka connection. This analogy justifies the discrepancy in the choice of staggering of
indices between Γ

˜

α
β and Γ̊

˜

β
α . For the same concern of convention, the respective curvature

tensors of ∇̃ and ∇̊̃ will be defined by

2∇̃[i ∇̃ j]αk̃ =: R
˜

i jk
�α
˜

�
, 2∇̊̃[i ∇̊̃ j]αk̃ =: −R̊

˜

i jk
�α
˜

�
,

for any 1-form α ĩ . The complex components of R
˜

i jk�
can then be expressed as

R
˜

αβγ δ = 2∇̊̃[γ |N
˜

αβ|δ] , R
˜

γ δ
β

α = ∇̊̃βN
˜

γ δα
, R

˜

γ
δβ

α = R̊
˜

γ
δ
α

β − N
˜

βεδN
˜

εαγ
,

and from the last equation, we deduce R
˜

γ δ
αβ = −N

˜

αβεN
˜

γ δε . The Ricci tensor of ∇̃ is defined
to be Ric

˜

i j := R
˜

ik j
k as is conventional. The complex components of the Ricci tensor are

given by

Ric
˜

αβ
= 2∇̃γN

˜

γ (αβ)
, Ric

˜

α
β = R̊ic

˜

α
β − N

˜

αδγ
N
˜

βδγ , (4.15)

where we have defined

R̊ic
˜

αβ̄ := R̊
˜

γ
γ

αβ̄ .
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This choice of definition is analogous to the definition of the Webster–Ricci tensor and will
prove judicious in the light of Corollary 4.1. The next result follows directly from identities
(4.15).

Proposition 4.2 Let (M̃, h
˜

, J
˜

) be an almost Kähler manifold. Denote by ∇̃ the Levi–Civita

connection of h
˜

and by ∇̊̃ the compatible linear connection of Lemma 4.1.

1. The Ricci tensor of ∇̃ commutes with J
˜

, i.e. J
˜

(i
kRic
˜

j)k = 0, if and only if ∇̊̃γN
˜

γ (αβ)
= 0.

2. The metric h
˜

is Einstein, i.e.

Ric
˜

i j = Λ
˜

hĩ j , with constant Λ
˜

, (4.16)

if and only if

∇̊̃γN
˜

γ (αβ)
= 0 , R̊ic

˜

αβ̄
− N

˜

αδγ
N
˜

β̄
δγ = Λ

˜

h
˜

αβ̄
, with constant Λ

˜

. (4.17)

Let us return to a partially integrable contact almost CR manifold (M, H , J ). We recall
here thatwe assume that theLevi formhas positive definite signature. Suppose that (M, H , J )

admits an infinitesimal transverse symmetry e0, i.e. e0 is the Reeb vector field of some
contact form θ0 for which the pseudo-Hermitian torsion tensor vanishes, i.e. Aαβ = 0. Let
us denote by M̃ the (local) leaf space of the corresponding foliation. Then, since J and dθ0

are preserved along the flow of e0, they descend to M̃ endowing it with an almost Kähler
structure (h

˜

, J
˜

)—under the assumption of integrability, this is already proved in [33]. In a
nutshell:

Proposition 4.3 Let (M, H , J ) be a partially integrable contact almost CR manifold that
admits an infinitesimal transverse symmetry e0. Then, (H , J ) induces an almost Kähler
structure (h

˜

, J
˜

) on the (local) leaf space M̃ of the foliation defined by e0. Further J is
integrable if and only if J

˜

is.

In fact, the Webster–Tanaka connection ∇ descends to the compatible connection ∇̊̃ on
(M̃, h

˜

, J
˜

) defined in Lemma 4.1. In particular, the restriction of the curvature of ∇ to pro-

jectable vector fields can be identified with the curvature of ∇̊̃. Hence, with reference to
Proposition 4.1 and Proposition 4.2—see, in particular, equations (4.17)—we obtain as a
corollary of Proposition 4.3:

Corollary 4.1 Let (M, H , J )be a partially integrable contact almost CR manifold that admits
an infinitesimal transverse symmetry e0. Let θ0 be the contact form dual to e0 and ∇ its
corresponding Webster–Tanaka connection. Denote by (M̃, h

˜

, J
˜

) the almost Kähler (local)
leaf space of the foliation defined by e0.

1. The Ricci tensor of the Levi-Civita connection ∇̃ of h
˜

commutes with J
˜

, i.e. J
˜

(i
kRic
˜

j)k =
0, if and only if ∇γNγ (αβ) = 0.

2. The metric h
˜

is Einstein, i.e. equation (4.16) holds, if and only if θ0 defines an almost
CR–Einstein structure on (M, H , J ), i.e. equations (4.6) hold with Λ = Λ

˜

.

This corollary is also given in [33] for CR–Einstein structures andKähler–Einsteinmanifolds.
We shall now provide a converse of Corollary 4.1 using a modification of the construction

given in the integrable case in [33]. Let (M̃, h
˜

, J
˜

) be a 2m-dimensional almost Kähler
manifold, F̃ its U(m)-frame bundle andM the total space of the circle bundle associated to
the anti-canonical bundle of (M̃, h

˜

, J
˜

), i.e.

M := F̃ ×det S1 �−→ M̃ , (4.18)
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where det : U(m) → S1. The compatible connection ∇̊̃ on M̃ given in Lemma 4.1
induces a principal bundle connection 1-form γ̊ on M with values in iR. We can write

γ̊ = i
(

dt − i� ∗Γ̊
˜

γ
γ
)

where Γ̊
˜

α
β is the connection 1-form on TM̃ with respect to some

unitary frame {e
˜

α
}, and t is a coordinate on S1 such that eit ∈ S1. Then, in terms of the dual

coframe {θ
˜

α},

dγ̊ = � ∗ ((

R̊ic
˜

αβ̄ − N
˜

αγ δ
N
˜

β̄
γ δ

)

θ
˜

α ∧ θ
˜

β̄ − iη
˜

)

,

where

η
˜

:= i
(

2N
˜

αγ δ
N
˜

β̄
γ δ − N

˜

γ δα
N
˜

γ δ
β̄

)

θ
˜

α ∧ θ
˜

β̄

+ i

2
∇̊̃γN

˜

αβγ
θ
˜

α ∧ θ
˜

β − i

2
∇̊̃ γ̄N

˜

ᾱβ̄γ̄
θ
˜

ᾱ ∧ θ
˜

β̄ .

Suppose now that h
˜

is Einstein, i.e. (4.16) holds. Then

dγ̊ = −i� ∗
(

1

2
Λ
˜

ω
˜

+ η
˜

)

,

where we recall that ω
˜

denotes the Hermitian 2-form on (M̃, h
˜

, J
˜

). Since both ω
˜

and dγ̊ are
closed, so must η

˜

. Hence, locally, we can write ω
˜

= dα
˜

and η
˜

= dβ
˜

for some 1-forms α
˜

and
β
˜

on M̃. Define

θ0 := 1

Λ
˜

(

iγ̊ − � ∗β
˜

)

, if Λ
˜

�= 0, (4.19a)

θ0 := iγ̊ − � ∗β
˜

+ 1

2
� ∗α

˜

, if Λ
˜

= 0. (4.19b)

In both cases, θ0 is a horizontal 1-form on M satisfying dθ0 = 1
2�

∗ω
˜

, i.e. θ0 is a contact
form. These definitions of θ0 are unique up to the addition of an exact 1-form d f , where f is
a diffeomorphism on M, such that £v f �= −θ0(v) for any smooth vertical vector field v on
M, i.e. � ∗v = 0. Further, since the contact distribution H is fibrewise isomorphic to TM̃,
it also inherits a bundle complex structure from J

˜

, thereby endowing M with a partially
integrable contact almost CR structure (H , J ). By construction, the triple (H , J , θ0) defines
an almost CR–Einstein structure on M. In summary:

Proposition 4.4 Let (M̃, h
˜

, J
˜

) be a 2m-dimensional almost Kähler–Einstein manifold so
that equation (4.16) holds. Denote by F̃ its U(m)-frame bundle. Then, the associated circle

bundle M := F̃ ×det S1 �−→ M̃ inherits an almost CR–Einstein structure (H , J , θ0) from
(M̃, h

˜

, J
˜

) with θ0 given by (4.19), i.e. the Webster–Tanaka connection satisfies equations
(4.6) with Λ = Λ

˜

.

Remark 4.4 In the integrable case, a similar construction is given in [3] where the resulting
CR–Einstein manifold is described as a Sasaki manifold over a quantizable Kähler–Einstein
manifold. Here, ‘quantizable’ means that the Kähler manifold admits a principal circle or
line bundle together with a connection 1-form whose exterior derivative is the pullback of
the Kähler form. Such a definition can also be extended to the non-integrable case, and in
fact, leaving global considerations aside, any almost Kähler–Einstein manifold is (locally)
quantizable by Proposition 4.4. An almost CR–Einstein manifold can also be constructed
more simply as a trivial line bundle over an almost Kähler–Einstein manifold.
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The offshoot is that, at least from a local perspective, one can construct any almost
CR–Einstein manifold as a circle bundle over an almost Kähler–Einstein manifold. In the
integrable case, the existence of Kähler–Einstein manifolds is well established—see, for
instance, [10] and references therein. The non-integrable case is somewhat more problem-
atic. The Goldberg conjecture [21] states that any compact almost Kähler–Einstein manifold
is necessarily Kähler, a conjecture proved to be correct when the scalar curvature is non-
negative [63]. However, non-compact strictly almost Käher–Einstein manifolds do exist. In
dimension four, Nurowski and Przanowski constructed a Ricci-flat example in [46]. Their
method, generalised by Tod, was used to characterise certain families of Ricci-flat strictly
almost Kähler–Einstein manifolds in [6]—see also [4]. References [1,5] provide examples
in any even dimensions, which are not necessarily Ricci-flat. Any of these manifolds can be
used to produce non-integrable almost CR–Einstein manifolds by applying Proposition 4.4.

5 Almost Robinson structures

Further details on the content of this section can be found in [18,47,74,75]. Let (M, c) be a
time-oriented and oriented Lorentzian conformal manifold of dimension 2m + 2. An almost
Robinson structure on (M, c) consists of a pair (N , K ) where N is a complex distribution
of rank m + 1, totally null with respect to c, and K is a real null line distribution such that
CK = N ∩ N . When N is involutive or integrable,3 i.e. [N , N ] ⊂ N , we say that (N , K )

is a Robinson structure. The quadruple (M, c, N , K ) is referred to as an almost Robinson
manifold or almost Robinson geometry, and as a Robinson manifold or Robinson geometry
when N is integrable.

The complex distribution N in the definition above is also referred to as an almost null
structure [68]. It is said to have (regular) real index one: at every point p ofM, the dimension
of the real span of Np ∩ N p is one [29].

One can equivalently describe an almost Robinson structure as an optical structure whose
screen bundle HK = K ⊥/K is equipped with a bundle complex structure J compatible with
the screen bundle conformal structure. Here, we identify the eigenbundles H (1,0)

K and H (0,1)
K

of J with the subbundles N/CK and N/CK of CHK . Under certain conditions, (N , K )

induces an almost CR structure (H , J ) on the (local) leaf space of K, and one can show that
the involutivity of (N , K ) is equivalent to the involutivity of (H , J ).

An almost Robinson structure clearly defines an optical structure K and a congruence of
null curves K associated to it. But in general, not every optical geometry is endowed with a
distinguished almost Robinson structure. There is, however, one exception that is particularly
relevant to the present article: let (M, c, K ) be an optical geometry of dimension 2m + 2
with twisting congruence of oriented null geodesics K. Let k be an optical vector field, and
suppose that its twist satisfies

τ ikτ
k

j + 1

2m
τ k�τ

k�hi j = 0 . (5.1)

Then, we can always find an optical vector field whose twist defines a bundle complex
structure J on the screen bundle HK , compatible with the conformal structure there [17,18].
In other words, the twist induces an almost Robinson structure on (M, c). We shall refer to an
almost Robinson structure arising in this way as a twist-induced almost Robinson structure.

3 Again, no difference will be made between the two terms in this article.
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As shown in [17,18], a twist-induced almost Robinson structure with non-shearing con-
gruence of null geodesicsK induces a partially integrable contact almost CR structure (H , J )

on the leaf spaceM ofK. Further, locally there is a one-to-one correspondence betweenmet-

rics in
n.e.
c and contact forms in Ann(H). More specifically, there is a unique optical vector

field k whose twist is normalised to 2m for any metric g in
n.e.
c . In particular, for every g

in
n.e.
c , the 1-form κ = g(k, ·) satisfies £kκ = 0 and descends to a contact form 2 θ0 on

(M, H , J )—the factor of 2 has been added for later convenience. We can choose a coframe
{θ0, θα, θ ᾱ} adapted to (H , J ), which we then pull back toM. Similarly, the Levi form hαβ̄

can be pulled back to M and can be identified with the screen bundle metric induced from
g. Denoting by � the local surjective submersion from M to M, we can then express the
metric g as

g = 2 θ0 � θ0 + 2 hαβ̄θα � θ β̄ , (5.2)

where

κ = θ0 = 2� ∗θ0 , θα = � ∗θα , θ ᾱ = � ∗θ ᾱ , hαβ̄ = � ∗hαβ̄ .

and the 1-form λ = θ0 onM is uniquely determined by g and any adapted frame for a given
contact form θ0. Its exterior derivative

dθ0 = −Bαβθα ∧ θβ − 2 Bαβ̄θα ∧ θ β̄ − Bᾱβ̄ θ ᾱ ∧ θ β̄

−Cαθα ∧ θ0 − Cᾱθ ᾱ ∧ θ0 − 2 Eαθα ∧ θ0 − 2 Eᾱ θ̄ ᾱ ∧ θ0 − E0θ
0 ∧ θ0 , (5.3)

defines smooth functions Bαβ , Bαβ̄ , Cα , Eα and E0, and their complex conjugates when

relevant. Note that E0 is real and Bαβ̄ = −Bαβ̄ . Taken together, equations (5.3) and (4.1)
form the Cartan structure equations for g, which in turn determine the connection 1-form of
the Levi–Civita connection ∇ uniquely. Explicitly, and dropping � ∗ for clarity, we have

∇θ0 = 2i hαβ̄θα ∧ θ β̄ + 2 Eαθα � θ0 + 2 Eᾱθ ᾱ � θ0 + E0θ
0 ⊗ θ0 , (5.4a)

∇θα = ∇θα − 1

2
Aα

β̄θ β̄ ⊗ θ0 − Nα
β̄γ̄ θ γ̄ ⊗ θ β̄ − 2i θ0 � θα

+ 2 Bβ
αθ0 � θβ + 2 Bβ̄

αθ0 � θ β̄ − 2 Eαθ0 � θ0 − Cαθ0 ⊗ θ0 , (5.4b)

∇θ0 = 1

2
Aαβθα � θβ + 1

2
Aᾱβ̄ θ ᾱ � θ β̄

− 2 Bαβ̄θα ∧ θ β̄ − Bαβθα ∧ θβ − Bᾱβ̄ θ ᾱ ∧ θ β̄

− 2 Eαθα ∧ θ0 − 2 Eᾱθ ᾱ ∧ θ0 − E0θ
0 ⊗ θ0 + Cαθ0 ⊗ θα + Cᾱθ0 ⊗ θ ᾱ . (5.4c)

The curvature tensors of∇ are computed inAppendixA aswill be needed in the next sections.
Now let {e0, eα, eᾱ , e0} be the frame on M dual to {θ0, θα, θ ᾱ, θ0}. In relation to our

previous notation, e0 = k and e0 = �. Choose a local affine parameter φ for the geodesics
of K so that

k = ∂

∂φ
, λ = θ0 = dφ + λαθα + λᾱθ ᾱ + λ0θ

0 ,

for some smooth functions λ0, λα and λᾱ onM. The second of these equations follows from
the fact that λ(k) = 1. Throughout this article, we shall write ḟ := £k f , f̈ := £k£k f and so
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on, for any smooth function f . This notation will be extended to tensor fields annihilated by
k. Now, taking the exterior derivative of λ, we deduce that

Bαβ = −∇[αλβ] + λ[αλ̇β] + 1

2
Nαβγ λγ ,

Bαβ̄ = −1

2

(

∇αλβ̄ − ∇ β̄λα − λαλ̇β̄ + λβ̄ λ̇α + iλ0hαβ̄

)

,

Cα = −1

2

(

∇αλ0 − ∇0λα − λαλ̇0 + λ0λ̇α − Aαβλβ
)

,

Eα = 1

2
λ̇α ,

E0 = 1

2
λ̇0 .

We also note that locally, with this choice of frame, sections of the eigenbundles H (1,0) and
H (0,1) of J can be pulled back to sections of the bundles N/CK and N/CK , respectively. In
particular,

e0 = 1

2

(

e0 − λ0e0
)

, eα = eα − λαe0 , eᾱ = eᾱ − λᾱe0 .

With our conventions, sections of N/CK and N/CK will be adorned with minuscule Greek
indices, plain and barred, i.e. vα and wᾱ , respectively, and similarly for their duals.

6 Optical geometries, almost Robinson structures and almost CR
structures

We are now in a position to return to our study of non-shearing congruences of null geodesics.
We assume n = 2m with m > 1. For clarity, we project the integrability condition (3.5) onto
the screen bundle:

W 0
i j
0 = τ ikτ

k
j + 1

2m
τ klτ

klhi j . (6.1)

With reference to the algebraic constraint (5.1) on the twist, we conclude that the LHS of
(6.1) vanishes, i.e. W 0

i
0

j = 0, if and only if the twist of K induces an almost Robinson
structure. Therefore, following the discussion of Sect. 5 on the relation between almost CR
structures and almost Robinson structures, we immediately arrive at the first main result,
Theorem 1.1, where we note that the curvature condition (1.2) is equivalent to

κ [a Wb]e f [cκd]kek f = 0 , for any optical vector field k, with κ = g(k, ·).
If any of the equivalent conditions of Theorem 1.1 is satisfied, we can then choose a metric

g in
n.e.
c , cast it in the form (5.2), and use the computation of the curvature tensors for g

given in Appendix A. This will be assumed throughout the remaining of the paper. Using
the index notation introduced earlier accordingly, we shall give further results that relate the
degeneracy of the Weyl tensor to the invariant properties of the almost CR structure on the
leaf space. Note that none of the statements will depend on the choice of frame for (N , K )

as can be checked using the results of [67].
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Proposition 6.1 Let (M, c, N , K ) be a (2m+2)-dimensional twist-induced almost Robinson
geometry, where m > 1, with non-shearing congruence of null geodesics K. Then, the Weyl
tensor satisfies

W 0
α
0
β = 0 , (6.2a)

W 0
α
0
β̄ = 0 , (6.2b)

(

W 0
αβγ̄

)

◦ = 0 . (6.2c)

Proof Conditions (6.2a) and (6.2b) follow from Theorem 1.1—see also equations (A.1) and
(A.2). For condition (6.2c), we refer to equation (A.5). ��

In addition, with reference to equations (A.4), (A.9), (A.10) and (A.11), and Sect. 4.2, we
find

W 0
αβγ = −2iNβγα , (6.3a)

Wαβγ δ = 2∇[α|Nγ δ|β] , (6.3b)
(

Wᾱβγ δ

)

◦ =
(

∇ ᾱNγ δβ

)

◦ , (6.3c)

(

Wβδ̄γ̄ α

)

◦ =
(

1

2
Nγ̄ δ̄

εNαβε − Nε(αβ)Nγ̄ δ̄
ε − Nε

(γ̄ δ̄)
Nαβε + Nε(αβ)N

ε

(γ̄ δ̄)

)

◦
+ Sαγ̄βδ̄, (6.3d)

where we recall ∇ is the Webster–Tanaka connection corresponding to the contact form θ0

associated to the metric g, Nαβγ and Sαβ̄γ δ̄ are the Nijenhuis tensor and the Chern–Moser
tensor of (M, H , J ), respectively. As a direct consequence of equations (6.3), we obtain the
following three theorems:

Theorem 6.1 Let (M, c, N , K ) be a (2m + 2)-dimensional twist-induced almost Robinson
geometry, where m > 1, with non-shearing congruence of null geodesics K. Denote by
(H , J ) the induced partially integrable contact almost CR structure on the (local) leaf space
M of K. The following statements are equivalent:

1. In addition to conditions (6.2), the Weyl tensor satisfies

W 0
αβγ = 0 . (6.4)

2. The almost Robinson structure (N , K ) is integrable.
3. The almost CR structure (H , J ) is integrable.

If any of these conditions holds, the Weyl tensor also satisfies

Wαβγ δ = 0 , (6.5a)
(

Wγ̄ δαβ

)

◦ =
(

Wγ̄ δ̄αβ

)

◦ = 0 . (6.5b)

Remark 6.1 The combined equations (6.2a), (6.4) and (6.5a) can be rewritten as

W (u, v, w, z) = 0 , for any sections u, v, w and z of N ,

and constitute the integrability condition of an almost Robinson structure regardless of
whether the associated congruence of null curves is geodesic and non-shearing, or not—see
[27,67,68]. Thus, from the remaining conditions in (6.5b), we see that the degeneracy of the
Weyl curvature is stronger when the almost Robinson structure is induced from a twisting
non-shearing geodetic congruence. On the other hand, condition (6.4) is sufficient to establish
the involutivity of the almost Robinson structure.
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By inspection of (6.3d), we prove:

Theorem 6.2 Let (M, c, N , K ) be a (2m + 2)-dimensional twist-induced almost Robinson
geometry, where m > 1, with non-shearing congruence of null geodesics K. Denote by
(H , J ) the induced partially integrable contact almost CR structure on the (local) leaf space
M of K. The following statements are equivalent:

1. In addition to conditions (6.2), the Weyl tensor satisfies
(

W(α
(β

γ )
δ)

)

◦ = 0 .

2. The Chern–Moser tensor and the Nijenhuis tensor of (H , J ) satisfy

Sα
γ

β
δ +

(

Nε(αβ)N
ε(γ δ)

)

◦ = 0 . (6.6)

Remark 6.2 In dimension five, i.e. m = 2, condition (6.6) reduces to Sα
γ

β
δ = 0.

Combining Theorem 6.1 and Theorem 6.2 proves:

Theorem 6.3 Let (M, c, N , K ) be a (2m + 2)-dimensional twist-induced almost Robinson
geometry, where m > 1, with non-shearing congruence of null geodesics K. Denote by
(H , J ) the induced partially integrable contact almost CR structure on the (local) leaf space
M of K. The following statements are equivalent:

1. In addition to conditions (6.2), the Weyl tensor satisfies

W 0
αβγ =

(

W(α
(β

γ )
δ)

)

◦ = 0 .

2. (H , J ) is locally flat, i.e. the Chern–Moser tensor and the Nijenhuis tensor of (H , J )

vanish, i.e.

Sαγ̄ βδ̄ = Nαβγ = 0 .

If any of these conditions holds, the Weyl tensor also satisfies conditions (6.5).

The previous theorem immediately yields:

Corollary 6.1 Let (M, c) be an oriented locally conformally flat manifold of even dimension
greater than four. Suppose that it admits an optical structure K with twisting non-shearing
congruence of geodesics K. Then, the twist of K induces a flat contact CR structure on the
(local) leaf space of K.

Remark 6.3 Theorem 6.3 and Corollary 6.1 should be contrasted with the situation in dimen-
sion four where:

1. CR flatness cannot be inferred from the Petrov types alone. For instance, the so-called
Robinson congruence whose underlying CR structure is flat, occurs in Minkowski space
(Petrov type O), the Taub-NUTmetric (Petrov type D) and Hauser’s waves of Petrov type
N—see [47,74].

2. Conformal flatness does not imply CR flatness. Indeed, the Kerr theorem asserts that any
analytic non-shearing congruence of null geodesics in conformally flat spacetime arises
as the intersection of a complex submanifold of complex projective 3-space CP3 and the
real five-dimensional CR hyperquadric embedded therein. There are many examples of
such complex submanifolds that do not give rise to a flat CR structure: for instance, the
locus of a homogeneous polynomial of degree two in CP3—see [47,53,54,74].
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7 Algebraic conditions on theWeyl tensor

The purpose of this section is to justify an additional assumption on the Weyl tensor that
we will be using when solving the Einstein field equations. We start by recalling the well-
known fact [13,55] that at any point p of a four-dimensional Lorentzian conformal manifold
(M, c), the Weyl tensor determines four null directions, and thus four optical structures in a
neighbourhood of p: any null vector k that defines such a null direction is a solution of

κ [a Wb]e f [cκd]kek f = 0 , where κ = g(k, ·),
and (the span of) k is said to be a principal null direction of theWeyl tensor at p. If k satisfies
the stronger condition

kd Wdae[bκc]ke = 0 , where κ = g(k, ·),
the corresponding null direction is said to be repeated. In this case, we say that theWeyl tensor
is algebraically special at p, or of Petrov type II or more degenerate at p. This condition
is particularly important in general relativity especially in relation to the Goldberg–Sachs
theorem [19,20] as explained in the introduction.

In the present context, our starting point is an optical geometry (M, c, K ) of dimension
2m + 2 greater than four, with twisting non-shearing congruence of null geodesics K. As in
dimension four, the line distribution K provides a number of criteria on the basis of which
we may describe the algebraic degeneracy of the Weyl tensor as is discussed in e.g. [41,48].
One such degeneracy criterion is that for any optical vector field k, the Weyl tensor satisfies

κ [a Wbc] f [dκe]k f = 0 , where κ = g(k, ·). (7.1)

Taking the trace and the tracefree part of condition (7.1) yields the two respective weaker
conditions

kd Wdae[bκc]ke = 0 , (7.2)
(

κ [a Wbc] f [dκe]k f
)

◦ = 0 . (7.3)

Condition (7.3) has no analogue in dimension four and turns out to be too strong under general
assumptions. Instead, we shall show that condition (7.2) will be sufficient to facilitate our
computations.

Let us examine the consequence of each of these conditions in the present context. As
before, we assume the setting of Theorem 1.1 and work with a metric g given by (5.2) in an
adapted frame.

7.1 Degeneracy condition (7.2)

Let us rewrite condition (7.2) as

Wα
0
β
0 = Wα

0
β̄
0 = 0 , (7.4)

Wα
0
0
0 = 0 . (7.5)

Conditions (7.4) is trivially satisfied by virtue of Theorem 1.1. On the other hand, from
equations (A.3) and (A.18), the LHS of (7.5) yields

Wα
00

0 = 1

2m

(

(2m − 1)Ėα − (2m − 4)iEα

)

.
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We thus see that condition (7.2) is equivalent to

Ėα = 2m − 4

2m − 1
iEα i.e. λ̈α = 2m − 4

2m − 1
iλ̇α . (7.6)

This ODE has general solution

λα = −2i
2m − 1

2m − 4
Eαe

2m−4
2m−1 iφ + λα , m �= 2 , (7.7a)

λα = 2Eαφ + λα , m = 2 , (7.7b)

for some functions Eα and λα on (M, H , J ).

7.2 Degeneracy condition (7.3)

Let us now rewrite the LHS of (7.3) as
(

W 0
i jk

)

◦. This tensor splits into three components
under the structure group of the almost Robinson manifold [67]:

–
(

W 0
αβγ̄

)

◦, which vanishes—see (6.2c) of Proposition 6.1, or (A.5),
– W 0

αβγ , which is proportional to the Nijenhuis tensor—see (6.3a) or (A.4),
– and the trace of

(

W 0
i jk

)

◦ with respect to the bundle Hermitian form ωi j induced from
the twist of k, and which is proportional to Ei by a constant factor, as follows from (A.3),
(A.5) and (A.18).

Hence, given our assumptions, condition (7.3) holds if and only if Nαβγ = 0 and Eα = 0.
In the context of finding solutions to Einstein field equations, such a condition is too strong
since we will allow the almost Robinson structure to be non-integrable, i.e. Nαβγ does not
necessarily vanish. We shall show, however, at Step 2 of Sect. 8.1 that λα , and thus Eα , must
eventually vanish.

8 Einsteinmetrics

Throughout this section, we assume that (M, c, N , K ) is a twist-induced almost Robinson
geometry of dimension 2m + 2 with non-shearing congruence of null geodesics K as in
Theorem 1.1. We assume m > 1, only pointing out notable differences when m = 1. We
now seek a metric in the conformal class c, which satisfies the Einstein field equations (8.1).

We proceed as follows. Let g and ĝ be two metrics in c related by (2.1). For convenience,

and with no loss of generality, we take g to be in the conformal subclass
n.e.
c so that it takes

the form (5.2) and we can use the computation of the curvature given in Appendix A. The
reader should also refer to Sect. 5 for the general setup and notation. The unknown metric ĝ
must satisfy the Einstein field equation with pure radiation

̂Ricab = Λĝab + Φκ̂a κ̂b , (8.1)

where Λ is the cosmological constant and Φ a smooth function on M, which may or may
not be identically zero. In terms of the Schouten tensor, these read as

̂Pab = 1

2(2m + 1)
Λĝab + 1

2m
Φκ̂a κ̂b . (8.2)

At Step 2 below, we shall also impose condition (7.2) on the Weyl tensor.
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8.1 Computations

Following the strategy set up in [37], we shall integrate the components of the Einstein field
equations (8.2) successively. The computation of the components of ̂Pab will be achieved
using the transformation law (2.5) between the Schouten tensors of g and ĝ, and the com-
ponents of the curvature tensors given in Appendix A. The computation is lengthy, and we
have deliberately left out many details.

• Step 1: ̂P00 = 0 . (8.3)

We compute

̂P00 = 1 − ϕ̈ + ϕ̇2 .

Hence, equation (8.3) holds if and only if

ϕ̈ − ϕ̇2 = 1 .

The general solution to this equation is ϕ = 1
2ϕ − ln | cos(φ + ψ)| where ψ and ϕ are

functions on M. Hence the conformal factor is given by e2ϕ = eϕ

cos2(φ+ψ)
. We can use ϕ to

change adapted CR frames by absorbing eϕ into θ0. Further, a change of affine parameter
along the geodesics of k together with some redefinitions of the functions λα and λ0 can be
used to eliminate the function ψ . Thus, with no loss of generality, we shall take

ϕ = − ln | cosφ| ,
Hence, the conformal factor can be taken to be

e2ϕ = 1

cos2 φ
= sec2 φ .

For future use, we record ϕ̇ = tan φ and ϕ̈ = sec2 φ.

Remark 8.1 The inverse of the conformal factor is a periodic function of period π , and one
can already anticipate that the metric ĝ is defined on a circle bundle over M. With no loss
of generality, we may choose φ to lie in the interval (−π

2 , π
2 ). This is particularly relevant to

the relation with Fefferman–Einstein metrics given in Sect. 9.1.

• Step 2: ̂Pα
0 = 0 . (8.4)

We find

̂Pα
0 = 1

2m
(Ėα − 4iEα) + (1 − iϕ̇)λα + ϕ̇Eα

Hence, equation (8.4) holds if and only if

λ̈α − (4i − 2m tan φ) λ̇α + 4m(1 − i tan φ)λα = 0 . (8.5)

The general solution of this second-order linear ODE will be treated elsewhere. Instead, at
this stage, we shall impose the condition (7.2) so that λα takes the form (7.7). Plugging (7.7)
into the above equation and assuming m > 1 yields

λα = 0 .
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Remark 8.2 In dimension four, that is, when m = 1, the situation is remarkably different. For
one, if one assumes the Einstein condition, the degeneracy condition (7.2) on theWeyl tensor
follows from the Goldberg–Sachs theorem. In addition, the general solution of the system of
ODEs (7.6) and (8.5) is given by

λα =
(

1 + 1

2
e−2iφ

)

λα ,

for some smooth functions λα on M. We thus recover the result already obtained in [37].
The fact that λα may be nonzero here allows many more possible solutions of the Einstein
field equations.

• Step 3: ̂Pαβ = 0 . (8.6)

We compute

̂Pαβ = 1

m
∇γNγ (αβ) + i

2
(1 + iϕ̇)Aαβ .

Hence, equation (8.6) holds if and only if

Aαβ = 0 , (8.7a)

∇γNγ (αβ) = 0 . (8.7b)

• Step 4:
(

̂Pαβ̄

)

◦ = 0 . (8.8)

We compute

̂Pα
β = 1

2m

(

Ricα
β − NαδγN

βδγ
)

− 1

2m(2m + 1)

(

1

2
λ̈ 0 + (

2(m + 1)2 − m(2m + 1)ϕ̈
)

λ0 + mΛ

)

δβ
α , (8.9)

where we have defined

Λ := 1

m

(

Sc − NαδγN
αδγ

)

.

Taking the tracefree part of (8.9), we immediately conclude that (8.8) holds if and only if

Ricα
β − NαδγN

βδγ = Λδβ
α . (8.10)

Condition (8.10) together with conditions (8.7) allows us to conclude immediately that the
almost CR manifold is CR–Einstein, and in particular, Λ is constant.

• Step 5: ̂P = m + 1

2m + 1
Λ . (8.11)

We take the trace of equation (8.9) to find

̂Pα
α = − 1

2(2m + 1)

(

1

2
λ̈ 0 + (

2(m + 1)2 − m(2m + 1)ϕ̈
)

λ0

)

+ m + 1

2(2m + 1)
Λ , (8.12)

and we compute

̂P00 = − 1

2(2m + 1)
Λ + 1

2(2m + 1)
λ̈ 0 + 1

2
ϕ̇λ̇0 +

(

m + 1

2m + 1
+ 1

2
ϕ̈

)

λ0 . (8.13)
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Hence, using the fact that̂P = 2e−2ϕ
(

̂P00 +̂Pα
α
)

, we find

e2ϕ̂P = 1

2(2m + 1)
λ̈ 0 + ϕ̇λ̇0 +

(

−2m(m + 1)

2m + 1
+ (m + 1)ϕ̈

)

λ0 + m

2m + 1
Λ .

Therefore, equation (8.11) holds if and only if

λ̈ 0 + 2(2m + 1) tan φλ̇0 + (−4m(m + 1) + 2(m + 1)(2m + 1) sec2 φ
)

λ0

= 2(m + 1)Λ sec2 φ − 2mΛ . (8.14)

Equation (8.14) is a second-order linear ODE with general solution

λ0 = 1

2m + 2
Λ +

(

1

2m + 1
Λ − 1

2m + 2
Λ

) m
∑

j=0

a j cos
2 j φ

+b cos2m+2 φ + c cos2m+1 φ sin φ , (8.15)

where the ai are given by

a0 = 1 , a j = 2m − 2 j + 4

2m − 2 j + 1
a j−1 , j = 1, . . . , m ,

and b and c are arbitrary functions on M.

• Step 6: ̂P00 = 1

2(2m + 1)
Λe2ϕ . (8.16)

From equation (8.13), we conclude that equation (8.16) holds if and only if

λ̈ 0 + (2m + 1) tan φλ̇0 + (

2(m + 1) + (2m + 1) sec2 φ
)

λ0 = Λ sec2 φ + Λ . (8.17)

Since the function (8.15) is also a solution of (8.17), we will be able to reduce the number
of arbitrary functions to one. To facilitate the computation, and for future use, we reduce the
second-order ODEs to a first-order ODE by plugging equation (8.14) into (8.17). We find

tan φλ̇0 − (

2m + 2 − (2m + 1) sec2 φ
)

λ0 = Λ sec2 φ − Λ . (8.18)

It remains to plug the solution (8.15) into (8.18), which gives the relation

b = −2

(

1

2m + 1
Λ − 1

2m + 2
Λ

)

am . (8.19)

At this stage, all the coefficients of the function λ0 with the exception of c have been deter-
mined.

Remark 8.3 One can alternatively usêPα
α = m

2(2m+1)Λe2ϕ . In this case, equation (8.12) tells
us that λ0 must satisfy

λ̈ 0 + (

4(m + 1)2 − 2m(2m + 1) sec2 φ
)

λ0 = −2mΛ sec2 φ + 2(m + 1)Λ . (8.20)

Plugging (8.20) into (8.14) also yields (8.18), fromwhich the same conclusion (8.19) follows.

• Step 7: ̂Pα0 = 0 . (8.21)

We compute

̂Pα0 =
(

− 1

4m
cos2m φ + i

2m
cos2m+1 φ sin φ + 1

2m
cos2m+2 φ

)

∇αc .
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Hence, equation (8.21) holds if and only if ∇αc = 0. We can take a covariant derivative ∇ β̄

of this expression and commute the derivatives so that the first of the commutation relations
(4.2) together with the fact that c is real allows us to conclude ∇0c = 0, i.e. c is constant.

We have now completely determined the function λ0, and thus the 1-form λ and metric ĝ.
There remains to check, in the final step, under which conditions the metric ĝ is consistent
with the remaining component of (8.2).

• Step 8: ̂P00 = Φe4ϕ . (8.22)

Our previous findings lead us to assert that̂P00 = 0. Thus, equation (8.22) holds if and only
if Φ = 0, i.e. our hypotheses do not allow for the presence of pure radiation on (M, ĝ).

8.2 Conclusions

From the computations of Sect. 8.1, we extract the following results:

Theorem 8.1 Let (M, c, K ) be a (2m + 2)-dimensional conformal optical geometry, where
m > 1, with twisting non-shearing congruence of null geodesics K. Suppose that the Weyl
tensor satisfies

W (k, v, k, ·) = 0 , for any sections k of K , v of K ⊥,

so that (M, c, K ) admits a twist-induced almost Robinson structure (N , K ). Denote by
(H , J ) the induced partially integrable contact almost CR structure of positive definite sig-
nature on the (local) leaf space M of K, and by � the natural projection from M to M.

1. Suppose that c contains a metric ĝ whose Ricci tensor satisfies

̂Ric(w,w) = 0 , for any sections w of N .

Then, M is locally diffeomorphic to
(−π

2 , π
2

) ×M, and there is a distinguished contact
form θ0 for (H , J ) with Levi form h such that the pseudo-Hermitian torsion tensor Aαβ

and the Nijenhuis tensor Nγαβ satisfy Aαβ = ∇γNγ (αβ) = 0, and the metric ĝ takes the
form

ĝ = sec2 φ g , for − π

2
< φ <

π

2
,

where

g = 2 κ � λ + h ,

κ = 2� ∗θ0 , h = � ∗h , λ = dφ + λ0 � ∗θ0 ,

for some smooth function λ0 on M.
2. Suppose that c contains a metric ĝ whose Ricci tensor satisfies

̂Ric(v, v) = Λĝ(v, v) , for any section v of K ⊥,

̂Ric(k, ·) = Λĝ(k, ·) , for any section k of K ,

for some constant Λ, i.e. κ[a ̂Ricb][cκd] = Λκ[a ĝb][cκd] and ka
̂Rica

b = Λkb, for any
optical 1-form κa and optical vector field ka. Then, part (1) holds. In addition, the almost
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pseudo-Hermitian structure (H , J , θ0) is almost CR–Einstein, and the function λ0 is now
given by

λ0 = Λ

2m + 2
+

(

Λ

2m + 1
− Λ

2m + 2

)

⎛

⎝

m
∑

j=0

a j cos
2 j φ − 2am cos2m+2 φ

⎞

⎠

+c cos2m+1 φ sin φ ,

where Λ := 1
m

(

Sc − NαδγN
αδγ

)

, c is a smooth function on M, and

a0 = 1 , a j = 2m − 2 j + 4

2m − 2 j + 1
a j−1 , j = 1, . . . , m .

3. Suppose that c contains a metric ĝ whose Ricci tensor satisfies

̂Ric(v, ·) = Λĝ(v, ·) , for any section v of K ⊥,

i.e. κ[a ̂Ricb]c = Λκ[a ĝb]c for any optical 1-form κa. Then, part (2) holds. In addition, the
function c in λ0 is now a constant.
Further, ĝ must be Einstein. In other words, c cannot contain a metric ĝ that satisfies the
Einstein field equation with pure radiation (8.1) with nonzero Φ.

Proof Part 1 follows from Steps 1, 2 and 3 of Sect. 8.1. Part 2 from Steps 1 to 6, while
including Steps 7 and 8 as well, proves part 3. ��

Combining part 3 of Theorem 8.1 with Theorem 6.1 now gives Theorem 1.2 where we
have written ‖N‖2h = NαβγN

αβγ .

Remark 8.4 To construct examples illustrating Theorems 1.2 and 8.1, it suffices to choose
a known almost Kähler–Einstein manifold (M̃, h

˜

, J
˜

) as discussed at the end of Sect. 4.3,
extend (h

˜

, J
˜

) to an almost CR–Einstein structure (H , J , θ0) on a rank-1 associated bundle
M as in Proposition 4.4, which we then lift to M = (−π

2 , π
2

) × M as an almost Robinson
structure (N , K ) for the Einstein metric ĝ as in Theorem 1.2.

Under the assumptions of Theorem 1.2, the covariant derivatives of the coframe 1-forms
(5.4) with respect to the Levi–Civita connection ∇ of g reduce to

∇κ = 2 ihαβ̄θα ∧ θ β̄ + 1

2
λ̇0κ ⊗ κ , (8.23a)

∇θα = ∇θα − Nα
β̄γ̄ θ γ̄ ⊗ θ β̄ − 2 iλ � θα + iλ0κ � θα , (8.23b)

∇λ = iλ0hαβ̄θα ∧ θ β̄ − 1

2
λ̇0κ ⊗ λ . (8.23c)

The covariant derivative with respect to the Levi–Civita connection ̂∇ of ĝ can easily be
obtained using formula (2.2) with Υ = tan φ

(

λ − 1
2λ0κ

)

. For instance, one can easily verify
that the expansion of k = g−1(κ, ·) with respect to ĝ is given by ε̂ = 2m tan φ.

The non-vanishing components of the Weyl tensor, with reference to Appendix A, are
given by

Wγ
0
αβ = 2 iNαβγ , (8.24a)

Wγ δαβ = 2∇[γ |Nαβ|δ] , (8.24b)
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Wγ δβ̄α = ∇ β̄Nγ δα , (8.24c)

Wγ
δβ

α = Rγ
δ
α

β + NεβδNεαγ − λ0δ
β
α δδ

γ − λ0δ
δ
γ δβ

α − 1

2
λ0δ

β
γ δδ

α − 1

2
λ0δ

δ
αδβ

γ

+ 1

2m(2m + 1)

(

λ̈ 0 + 2(3m + 2)λ0 − 2(m + 1)Λ
)

δδ
αδβ

γ , (8.24d)

Wβ̄0
0

α =
(

1

2
iλ̇0 + 1

2m(2m + 1)

(

2m − 1

2
λ̈ 0 − (2m + 2)λ0 + Λ

))

hαβ̄ , (8.24e)

W0
00

0 = 1

2m + 1

(

2m − 1

2
λ̈ 0 − (2m + 2)λ0 + Λ

)

, (8.24f)

Wγ 0αβ = iλ0Nαβγ , (8.24g)

from which we can obtain nonzero expressions for W 0
0
α

β and Wαγ
δβ using the Bianchi

identities. When the almost Robinson structure is integrable, i.e. Nαβγ = 0, the Weyl tensor
satisfies the ‘Goldberg–Sachs’-type curvature condition put forward in [66]:

W (v,w, u, ·) = 0 , for all v,w, u ∈ Γ (N ).

A more detailed study of the curvature is given in [67]. For the time being, we draw the
following conclusion:

Proposition 8.1 Let (M, c, K ) be the optical geometry of Theorem 1.2. The following state-
ments are equivalent:

1. (M, c, K ) is (locally) conformally flat;
2. the almost Robinson structure (N , K ) is integrable, the almost pseudo-Hermitian struc-

ture (H , J , θ0) flat, and the metric ĝ flat (and in particular Ricci-flat).

Proof The equivalence follows essentially from equations (8.24). See Theorem 6.1 for the
integrability of (N , K ) and Theorem 6.3 for CR flatness. Now, equation (8.24g) tells us
that λ0 = 0, which means that Λ = Λ = c = 0. But this is equivalent to ĝ being Ricci-
flat. In addition, all the pseudo-Hermitian torsion and curvature invariants of θ0 vanish, i.e.
(H , J , θ0) is flat. ��

9 Special cases

9.1 Fefferman–Einstein metrics: (2m + 2)� = (2m + 1)� and c = 0

To any contact almost CR manifold (M, H , J ) of positive definite signature, one can asso-
ciate a canonical Lorentzian conformal manifold (M, cF ) on the total space of a circle
bundle associated to the canonical bundle of (M, H , J ). The construction was originally
due to Fefferman [15,16], and (M, cF ) has since been known as the Fefferman space of
(M, H , J )—see also [31]. Leitner subsequently generalised Fefferman’s construction to
partially integrable contact almost CR structures and allowed the inclusion of an additional
gauge field [34]. Regardless of the integrability and the presence of a gauge field, the resulting
conformal structure admits a null conformal Killing field, which generates amaximally twist-
ing non-shearing congruence of null geodesicsK having the almost CRmanifold (M, H , J )

as its (local) leaf space, and thus a twist-induced almost Robinson structure. Fefferman spaces
thus fall into the class of geometries considered in the present article. In the integrable case,
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a characterisation of conformal structures as Fefferman spaces was presented in [12,24]. The
non-integrable case will be given in [65].

A Fefferman–Einstein metric is a metric gF E in cF that is Einstein, at least on some open
subset ofM [33]—in the terminology of [11,22], such ametric arises from an almost Einstein
structure. We shall refer to (M, gF E ) as a Fefferman–Einstein space. In this definition, we
shall also include Einstein metrics in gauged Fefferman conformal structures over partially
integrable contact almost CR manifolds.

We now show that for some values of the parameters of the family of metrics found in
Theorem1.2, the resultingmetric is a Fefferman–Einsteinmetric. The proof of the implication
(1) ⇒ (5) is only given in the integrable case, but can also be obtained in the non-integrable
case by appealing to the results of [65].

Theorem 9.1 Let (M, c, K ) be the optical geometry of Theorem 1.2. The following state-
ments are equivalent:

1. k = g−1(κ, ·) is a conformal Killing field;
2. � = g−1(λ, ·) is a conformal Killing field;
3. λ0 is constant;
4. the parameters satisfy (2m + 2)Λ = (2m + 1)Λ and c = 0;
5. (M, ĝ) is locally isometric to a Fefferman–Einstein space.

Proof The equivalence of statements (1), (2), (3) and (4) is immediate from inspection of
equations (8.23a), (8.23c) and the definition ofλ0 in Theorem1.2. That (5) implies (1) follows
from [12,24,34]. To show that condition (1) implies (5), we assume that the underlying
almost CR structure is integrable, and we can check the criteria for the characterisation of
the Fefferman space given in Corollary 3.1 of [12]—see also [24]: under the assumption that
k is a null conformal Killing field, we must have, for any metric g in c,

ka Wabcd = 0 , (9.1a)

kcYabc = 0 , (9.1b)

1

(2m + 2)2
(∇aka)2 − kakbPab − 1

2m + 2
ka∇a∇bkb < 0 . (9.1c)

Here Yabc := 2∇[bPc]a is the Cotton tensor of g. The set of conditions (9.1) are conformally
invariant. Condition (9.1a) is satisfied by (8.24a), (8.24e) and (8.24f). Since c contains an
Einstein metric ĝ, we have ̂Yabc = 0, so condition (9.1b) holds. Finally, since for any metric

g in
n.e.
c , ∇aka = 0 and kakbPab = 1 by equation (A.17), we have that the LHS of equation

(9.1c) can be computed to be −1, which is indeed less than zero. This establishes (5). ��
Note that for a Fefferman–Einstein metric,Λ is determined byΛ. As a direct consequence

of Theorem 9.1, we obtain the following two corollaries.

Corollary 9.1 Let (M, c, K ) be the optical geometry of Theorem 1.2. Then, ĝ is a Ricci-flat
Fefferman–Einstein metric if and only if λ0 = 0, i.e. Λ = Λ = c = 0.

Corollary 9.2 Let (M, c, K ) be the optical geometry given in Theorem 1.2. Then, the Einstein
metric ĝ can be cast into the Kerr–Schild form

ĝ = gF E + sec2 φ

(

λ0 − 1

2m + 2
Λ

)

κ ⊗ κ , for − π

2
< φ <

π

2
,

where gF E is the Fefferman–Einstein metric associated to the underlying almost CR–Einstein
structure (H , J , θ0).
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The previous corollary comes as no surprise considering that the conformal factor involved
in ĝ (see Remark 8.1) and the function λ0 depend on periodic functions of period π , which
indeed suggests these Einstein metrics live on a circle bundle.

9.2 Taub–NUT-type spacetimes:� �= 0

Originally discovered in dimension four by Taub [70], and independently, by Newman, Unti,
Tamburino [42], the Taub–NUT spacetime is an Einstein Lorentzian manifold of dimension
2m +2 associated to any 2m-dimensional Kähler–Einstein metric [3,7,9]. We shall presently
show that the construction can be generalised to the non-integrable case and is locally iso-
metric to the class of metrics of Theorem 1.2 for which Λ �= 0.

Let (M̃, h
˜

, J
˜

) be a 2m-dimensional almost Kähler–Einstein manifold with nonzero Ricci
scalar 2mΛ

˜

. By Proposition 4.4, the circle bundle M −→ M̃ defined by (4.18) in Sect. 4.3
admits an almost CR–Einstein structure (H , J , θ0). Following our previous conventions, we
write Λ for Λ

˜

, and we omit pullback maps for clarity. We can then equip the radial extension
MT N = R × M of M, with coordinate r on R, with the Lorentzian metric

gT N = 1

Λ2F(r)
dr ⊗ dr − 4 F(r)θ0 ⊗ θ0 + r2 + Λ2

Λ2 h , (9.2)

where F(r) is a smooth function which satisfies

d

dr

(

(r2 + Λ2)m

r
F(r)

)

= (r2 + Λ2)m

r2
Λ − (r2 + Λ2)m+1

r2
Λ

Λ2 . (9.3)

for some constant Λ. We shall denote the constant of integration by M .
Up to rescaling of the constants by factors involvingΛ, the metric (9.2) corresponds to the

one given in e.g. [7] when (M̃, h
˜

, J
˜

) is merely Kähler–Einstein, and the choice of function
F(r) satisfying (9.3) is to ensure that gT N is Einstein. We shall show that this also holds true
when (M̃, h

˜

, J
˜

) is strictly almost Kähler.

Definition 9.1 We call the Lorentzian manifold (MT N , gT N ) constructed above a Taub–
NUT-type spacetime.

A Taub–NUT-type spacetime is sometimes referred to more specifically as Taub–NUT-AdS
when Λ < 0, as Taub–NUT when Λ = 0, and as Taub–NUT–dS when Λ > 0. Here, AdS
stands for anti-de Sitter, and dS for de Sitter. The respective physical interpretation of the
constantsΛ and M is that of a cosmological constant and a mass. The parameterΛ is referred
to as the NUT (Newman–Unti–Tamburino) parameter.

Let us recast the metric (9.2) as

gT N = r2 + Λ2

Λ2

(

2κ � λ + h
)

,

where

κ = 2 θ0 + 1

ΛF(r)
dr , λ = Λ

r2 + Λ2 dr − 1

2

Λ2

r2 + Λ2 F(r)κ .

We note also λ = 1
2

Λ2

r2+Λ2

(

−2F(r)θ0 + 1
Λ
dr

)

. We now perform the change of variables

r = Λ tan φ , i.e. φ = arctan
r

Λ
.
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We note that r → ±∞ as φ → ±π
2 . This defines a diffeomorphism for φ ∈ (−π

2 , π
2

)

. Now

r2 + Λ2 = Λ2 sec2 φ ,
d

dφ
= r2 + Λ2

Λ

d

dr
, dr = Λ sec2 φ dφ .

Hence, defining

F(r) = −r2 + Λ2

Λ2 λ0 , i.e. λ0 = − Λ2

r2 + Λ2 F(r) ,

we have that κ = 2 θ0 − 1
λ0
dφ. The last term is clearly closed, and thus locally exact,

i.e. κ is gauge equivalent to 2 θ0. We can thus assume that κ = 2 θ0 by means of a local
diffeomorphism. It can then be checked that λ = dφ + λ0θ

0 as in Theorem 1.2. In addition,
we check that F(r) satisfies (9.3) if and only if λ0 satisfies

d

dφ

(

sec2m+2 φ

tan φ
λ0

)

= sec2m+4 φ

tan2 φ
Λ − sec2m+2 φ

tan2 φ
Λ ,

which is none other than equation (8.18). To ensure consistency of these equations, we must
have M = −Λ2m−1c. This proves the following result.

Theorem 9.2 Let (M, c, K ) be the optical geometry of Theorem 1.2. Assume Λ to be nonzero.
Then, the Einstein manifold (M, ĝ) is locally isometric to the Taub–NUT-type spacetime
(MT N , gT N ). In particular, gT N is Einstein with Ricci scalar 2(m + 1)Λ.

10 Further geometric properties

Viewed as a G-structure, the almost Robinson structure (N , K ) of Theorem 1.2 can easily be
described in terms of its intrinsic torsion as can be gleaned from equations (8.23). We shall
not pursue the matter here, which is dealt with in [18]. Instead, we focus on the existence of
additional geometric structures arising from the Einstein condition.

10.1 A distinguished conformal Killing field

Proposition 10.1 Let (M, c, K ) be the optical geometry of Theorem 1.2. Then, the vector
field v = g(α, ·), where α := λ+ 1

2λ0κ , is a Killing field for the metric g. Further, v descends
to the infinitesimal transverse symmetry e0 of the almost CR–Einstein structure (H , J , θ0)

on the (local) leaf space M of K.
This conformal Killing field is null if and only if ĝ is a Ricci-flat Fefferman–Einstein

metric.

Proof Using equations (8.23a) and (8.23c) together with the Leibniz rule, we find

∇α = 2iλ0hαβ̄θα ∧ θ β̄ − λ̇0κ ∧ λ ,

i.e. ∇α = dα, which shows that v is a Killing field for g as claimed. Further, since £kv = 0,
the vector field v projects down to a vector field v on (M, H , J ). It is then clear that v is
the Reeb vector field e0 of the contact form θ0. Thus, by definition of almost CR–Einstein,
it must be an infinitesimal symmetry of (H , J ). Finally, we note that g(v, v) = λ0, and the
last claim follows from Corollary 9.1. ��
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10.2 A second almost Robinson structure

Under the assumption of Theorem 1.2, the existence of the Einstein metric ĝ is essentially
equivalent to the existence of the distinguished 1-form λ. This not only determines a second
optical structure L , where L⊥ = Ann(λ), but also a second almost Robinson structure which
we now describe, carefully distinguishing between the cases λ0 �= 0 and λ0 = 0. When
λ0 �= 0, it will be convenient to apply a boost transformation to κ and λ to obtain

λ′ := 2
1

λ0
λ , κ ′ := 1

2
λ0κ . (10.1)

These 1-forms satisfy

∇λ′ = 2ihαβ̄θα ∧ θ β̄ − 1

2
λ̇0λ

′ ⊗ λ′ , (10.2a)

∇κ ′ = iλ0hαβ̄θα ∧ θ β̄ + 1

2
λ̇0λ

′ ⊗ κ ′ , (10.2b)

respectively.

Proposition 10.2 Let (M, c, N , K ) be the twist-induced almost Robinson manifold of Theo-
rem 1.2. Then, the null 1-form λ defines an optical structure L with non-shearing congruence
of null geodesics L, non-expanding with respect to g, and an almost Robinson structure
(N∗, L) dual to (N , K ), where

N∗ ∼=
(

N ∩ CHK ,L

)

⊕ CL , HK ,L = K ⊥ ∩ L⊥ .

These enjoy the following properties.

1. If ĝ is not a Ricci-flat Fefferman–Einstein metric, i.e. λ0 �= 0, then L is twisting and
(N∗, L) is twist-induced. Further, (N∗, L), with λ′ defined in (10.1), induces on the
(local) leaf space of L an almost CR–Einstein structure equivalent to (H , J , θ0).

2. If ĝ is a Ricci-flat Fefferman–Einstein metric, i.e. λ0 = 0, then λ is a null 1-form parallel
with respect to the Levi–Civita connection ∇ of g, and in particular, L is non-twisting.
Further, (N∗, L) induces a local foliation by 2m-dimensional Ricci-flat almost Kähler–
Einstein manifolds on the (local) leaf space of L.

Proof The existence of the dual almost Robinson structure is self-explanatory, and that L is
a non-shearing congruence of null geodesics, non-expanding with respect to g, non-twisting
when λ0 = 0, twisting otherwise, follows directly from equation (8.23c).

1. When λ0 �= 0, we can work with an adapted coframe {κ ′, θα, θ ᾱ, λ′} where κ ′ and λ′ are
defined by (10.1). By inspection of (10.2), we note that the sets of 1-forms {λ′, θα} and
{κ, θα} are on the same geometric footing. Both sets can be viewed as the pullbacks of
adapted CR coframes on the respective (local) leaf spaces ofL andK. There, their respec-
tive structure equations are clearly determined by the same almost pseudo-Hermitian
invariants. In particular, their respective pseudo-Hermitian structures must be equivalent.

2. When λ0 = 0, the existence of a foliation HL, say, by almost Kähler manifolds on the
leaf space ML of L follows from the analysis given in [17,18]. Note that the tensor h in
Theorem 1.2 can also be viewed as the pullback of a tensor field on ML, which restricts
to an almost Kähler metric on each leaf of HL. That these metrics are Ricci-flat can be
checked by restricting the Ricci tensor of g to projectable vector fields tangent to HK ,L

using the computation of Appendix A. ��
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Remark 10.1 By Proposition 8.1, if (M, c, K ) of Theorem 1.2 is conformally flat, then ĝ
is a Ricci-flat Fefferman–Einstein metric so that the null 1-form λ defines a non-twisting
non-shearing congruence of null geodesics.

Remark 10.2 When λ0 �= 0, the situation of Proposition 10.1 with respect to the almost
Robinson structure (N∗, L) is completely analogous, and one can check that £�′v = 0
where �′ = g−1(λ′, ·) with λ′ given by (10.1), i.e. v descends to the transverse infinitesimal
symmetry of the almost CR–Einstein induced by (N∗, L) on the leaf spaceML of L. In fact,
we can rewrite α = κ ′ + 1

2λ0λ
′.

On the other hand, when λ0 = 0, v = � = g−1(λ, ·) is tangent toL and thus projects down
to the zero vector field onML. However, k now commuteswith � and descends to a transverse
infinitesimal symmetry of the almost Kähler–Einstein foliation described in Proposition 10.2.
One can check that the quotient by this symmetry yields an almost Kähler–Einstein manifold.

Remark 10.3 Note that the distribution K+L is involutive, and thus (M, c, K ) is foliated by
two-dimensional leaves. It is straightforward to check that one recovers an almost Kähler–
Einstein manifold on the leaf space of this foliation. This was already noted in [33] in the
integrable case, where the Fefferman–Einstein space is described as a 2-torus fibration over
a Kähler–Einstein manifold.

11 Other signatures

The results presented in this article can easily be adapted to conformal structures of signature
(p + 1, q + 1) with both p and q even: here, the notion of almost Robinson structure is well
defined since for these signatures, the existence of an almost null structure of real index one
is possible—see [29]. The only point of caution is that since the screen bundle conformal
structure is no longer positive definite, the norm of the twist of a congruence of null geodesics
may be non-positive, in which case it cannot define an almost Robinson structure. In split
signature (m + 1, m + 1), one can define a totally real analogue of a twist-induced almost
Robinson structure if the norm of the twist is negative. When both p and q are both greater
than one, the twist endomorphism can be nilpotent, a property that allows yet another type of
geometric structure. All these cases will be treated elsewhere. If the twist of a non-shearing
congruence of null geodesics does induce an almost Robinson structure, the leaf space of the
congruence inherits a partially integrable contact almost CR structure, this time, of signature
(p, q).

In odd dimensions, the geometry of non-shearing congruences of null geodesics is much
more restrictive. The first point to note is that the leaf space is even-dimensional, which pro-
hibits the existence of a contact structure there. Second, the algebraic constraint (5.1) forces
the twist to be either identically zero or null, which restricts the possible metric signatures.
Hence, in Lorentzian signature, odd dimensions, a non-shearing geodetic congruence with
Weyl curvature prescription (1.1) must be non-twisting [49]. This is also true when p < 2
or q < 2. For other signatures, the situation is a little bit more delicate—again, this will be
treated elsewhere.

Acknowledgements The author would like to thank Rod Gover for useful conversations. Parts of the results
in this article were presented at the workshop “Twistors and Loops Meeting in Marseille” that took place in
September 2019, at CIRM, Marseille, France. Both the present article and the recent paper [3], which overlap
regarding some aspects and content of this topic, were written independently and simultaneously.
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A Computation of the curvature

In this section, we compute the curvature tensors of the metric g given in Sect. 5. The use of
the open-source software cadabra [51,52] was particularly helpful for that purpose. Not all
components of the curvature tensors are given, but all may be obtained by means of complex
conjugation and index manipulation. Parts of the first Bianchi identities are also given to
bring out other forms of the components—the remaining, ‘purely CR’, parts being given by
equations (4.3). We omit pullback maps for clarity.

A.1 Riemann tensor

Rγ
00

α = 0 , (A.1)

Rγ̄
00

α = −hαγ̄ , (A.2)

R0
00

α = Ėα − iEα , (A.3)

Rβδ
0

α = −2iNβδα , (A.4)

Rβγ̄
0

α = −2iEαhβγ̄ − iEβhαγ̄ , (A.5)

Rγ 0
0

α = −∇γ Eα + λγ Ėα + Eα Eγ + EβNβαγ − 1

2
iAαγ − iBγα , (A.6)

Rβ̄0
0
α = −∇ β̄ Eα + λβ̄ Ėα + Eα Eβ̄ + iE0hαβ̄ − iBαβ̄ , (A.7)

R0
00

0 = Ė0 − 2Eα Eα , (A.8)

Rγ δαβ = 2∇[γ |Nαβ|δ] , (A.9)

Rγ δ̄αβ = 2iBαβhγ δ̄ − 2iBγ [αhβ]δ̄ − ∇ δ̄Nαβγ + iAγ [αhβ]δ̄ , (A.10)

Rγ δ̄β̄α = Rγ δ̄αβ̄ − 2iBαβ̄hγ δ̄ − 2iBγ δ̄hαβ̄ − iBγ β̄hαδ̄ − iBαδ̄hγ β̄ + NεαγN
ε
β̄δ̄ , (A.11)

R0
0
α0 = 1

2
∇0Eα − 1

2
λ0 Ėα + Eβ Bαβ + Eβ Bα

β + iCα − Ċα , (A.12)

Rγ 0αβ = ∇γ Bαβ − λγ Ḃαβ + 2B[α δNβ]δγ + E[α Aβ]γ + 2E[α Bβ]γ − 1

2
∇0Nαβγ ,

(A.13)

Rβγ̄ α0 = −∇ γ̄ Bαβ + λγ̄ Ḃαβ + ∇β Bαγ̄ − λβ Ḃαγ̄ − 2Eα Bβγ̄ + Eβ Bαγ̄ − Eγ̄ Bαβ

+ 2iCαhβγ̄ − 1

2
Eγ̄ Aαβ + Bγ̄

δNδαβ − 1

2
∇ γ̄ Aαβ − 1

2
Aγ̄

δNδαβ , (A.14)

Rβ0α0 = −1

2
∇0Bαβ + 1

2
λ0 Ḃαβ + ∇βCα − λβ Ċα − Bα

γ Aβγ − EαCβ + Bαγ Bβ
γ

− CγNγαβ + Bβγ Bα
γ + EβCα − 1

2
E0Aαβ − E0Bαβ − 1

4
∇0Aαβ , (A.15)

Rβ̄0α0 = −1

2
∇0Bαβ̄ + 1

2
λ0 Ḃαβ̄ + ∇ β̄Cα − λβ̄ Ċα − Bαγ Aβ̄

γ

− EαCβ + Bαγ Bβ̄
γ − Bα

γ Bγ β̄ + Eβ̄Cα − E0Bαβ̄ − 1

4
Aαγ Aβ̄

γ . (A.16)

123



A. Taghavi-Chabert

A.2 The Ricci tensor

Ric00 = 2m , (A.17)

Ricα
0 = Ė α − 4iEα , (A.18)

Ricαβ = 2∇(α Eβ) − 2λ(α Ė β) − 2Eα Eβ + im Aαβ + 2∇γNγ (αβ) − 2Nγ (αβ)Eγ , (A.19)

Ricαβ̄ = ∇α Eβ̄ + ∇ β̄ Eα − λα Ė β̄ − λβ̄ Ėα − 2Eα Eβ̄

− 4iBαβ̄ + Ricαβ̄ − NαδγNβ̄
δγ , (A.20)

Ric0
0 = ∇α Eα + ∇α Eα − λα Ė

α − λα Ėα − 4Eα Eα + 2iBα
α + Ė 0 , (A.21)

Ric0β = ∇β E0 − 1

2
∇0Eβ − λβ Ė0 + 1

2
λ0 Ė β − 1

2
Eα Aβα − 2Eα Bαβ + 2Eα Bβ

α

− iCβ + ∇α Bαβ − λα Ḃ αβ − ∇α Bβ
α + λα Ḃβ

α

+ 1

2
BαγNαγβ + 1

2
∇α Aβα + 1

2
AαγNβαγ , (A.22)

Ric00 = ∇αCα + ∇αCα − λαĊ
α − λαĊα − 1

2
Aαβ Aαβ + 2Bαβ Bαβ − 2Bα

β Bβ
α .

(A.23)

A.3 The Ricci scalar

Sc = 4∇α Eα + 4∇α Eα − 4λα Ė
α − 4λα Ė α − 12Eα Eα

+2Ė 0 − 4iBα
α + 2Sc − 2NαβγN

αβγ . (A.24)

A.4 The first Bianchi identities

0 = Ḃαβ + 2∇[α Eβ] − 2λ[α Ėβ] − Nαβγ Eγ , (A.25)

0 = Ḃαβ̄ + ∇α Eβ̄ − ∇ β̄ Eα − λα Ė β̄ + λβ̄ Ėα + iE0hαβ̄ , (A.26)

0 = Ċα + ∇α E0 − ∇0Eα − λα Ė0 + λ0 Ėα − Aβα Eβ , (A.27)

0 = ∇[α Bβγ ] − λ[α Ḃβγ ] + B[α δNβγ ]δ + 2E[α Bβγ ] , (A.28)

0 = 2∇[α Bβ]γ̄ + ∇ γ̄ Bαβ − 2λ[α Ḃβ]γ̄ − λγ̄ Ḃαβ

+ 4E[α Bβ]γ̄ + 2Eγ̄ Bαβ − 2iC[αhβ]γ̄ + Nαβδ Bγ̄
δ , (A.29)

0 = ∇[αCβ] − λ[αĊβ] + 1

2
∇0Bαβ − 1

2
λ0 Ḃαβ

+ 2E[αCβ] + E0Bαβ + B[α γ Aβ]γ − 1

2
Nαβγ Cγ , (A.30)

0 = ∇αCβ̄ − ∇ β̄Cα − λαĊ β̄ + λβ̄ Ċα + ∇0Bαβ̄ − λ0 Ḃαβ̄

+ 2EαCβ̄ − 2Eβ̄Cα + 2E0Bαβ̄ − Bβ̄
γ Aγα − Aβ̄

γ Bγα . (A.31)
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5. Apostolov, V., Drăghici, T., Moroianu, A.: A splitting theorem for Kähler manifolds whose Ricci
tensors have constant eigenvalues. Internat. J. Math. 12(7), 769–789 (2001). https://doi.org/10.1142/
S0129167X01001052

6. Armstrong, J.: An ansatz for almost-Kähler, Einstein 4-manifolds. J. Reine Angew. Math. 542, 53–84
(2002). https://doi.org/10.1515/crll.2002.009

7. Awad, A.M., Chamblin, A.: A bestiary of higher-dimensional Taub-NUT-AdS spacetimes. Classical
Quantum Gravity 19(8), 2051–2061 (2002). https://doi.org/10.1088/0264-9381/19/8/301

8. Bailey, T.N., Eastwood, M.G., Gover, A.R.: Thomas’s structure bundle for conformal, projective and
related structures. Rocky Mountain J. Math. 24(4), 1191–1217 (1994)

9. Bais, F.A., Batenburg, P.: A new class of higher-dimensional Kaluza-Klein monopole and instanton
solutions. Nuclear Phys. B 253(1), 162–172 (1985). https://doi.org/10.1016/0550-3213(85)90524-3

10. Besse, A.L.: Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in
Mathematics and Related Areas (3)], vol. 10. Springer-Verlag, Berlin (1987). https://doi.org/10.1007/
978-3-540-74311-8
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