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We study the geometric properties of a 2m-dimensional complex manifold M
admitting a holomorphic reduction of the frame bundle to the structure group
P C Spin(2m,C), the stabiliser of the line spanned by a pure spinor at a point.
Geometrically, M is endowed with a holomorphic metric g, a holomorphic volume
form, a spin structure compatible with g, and a holomorphic pure spinor field £ up
to scale. The defining property of £ is that it determines an almost null structure,
i.e. an m-plane distribution N¢ along which g is totally degenerate.
We develop a spinor calculus, by means of which we encode the geometric properties
of N¢ corresponding to the algebraic properties of the intrinsic torsion of the
P-structure. This is the failure of the Levi-Civita connection V of g to be compatible
with the P-structure. In a similar way, we examine the algebraic properties of the
curvature of V.
Applications to spinorial differential equations are given. In particular, we give
necessary and sufficient conditions for the almost null structure associated to a pure
conformal Killing spinor to be integrable. We also conjecture a Goldberg—Sachs-type
theorem on the existence of a certain class of almost null structures when (M, g)
has prescribed curvature.
We discuss applications of this work to the study of real pseudo-Riemannian
manifolds.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Let M be a complex manifold of dimension n, and denote by TM and T*M its holomorphic tangent

and cotangent bundles respectively, and by FM its holomorphic frame bundle. Following [28], we define

a holomorphic metric on M to be a non-degenerate holomorphic section g of the bundle ®2T* M — here

©® denotes the symmetric tensor product. We identify TM and T*M by means of g. The pair (M, g)

will be referred to as a complex Riemannian manifold, and is characterised equivalently by a holomorphic

reduction of the structure group of FM to the complex orthogonal group O(n,C). Analogously to real

pseudo-Riemannian geometry, there is a unique torsion-free holomorphic affine connection V preserving g,
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also referred to as the Levi-Civita connection of g, with associated curvature tensors, which depend holo-
morphically on M. We shall also assume the existence of a global holomorphic volume form e € T(A"T*M)
normalised to g(e,e) = n! — here, we have extended g to a non-degenerate bilinear form on the bundle
A*TM of holomorphic differential forms, and its dual. This induces a further holomorphic reduction of the
structure group of FM to the complex special orthogonal group SO(n,C). The pair (g,£) can be used to
define a holomorphic Hodge duality operator x on A*T* M. We shall henceforth assume n = 2m. Then *
squares to plus or minus the identity on A" T* M, and thus splits A" T* M as a direct sum of the two eigen-
subbundles ATT*M of %. Elements of ATT*M are referred to as holomorphic self-dual and anti-self-dual
m-forms.

This article is concerned with the local geometric properties of an almost null structure on (M, g), i.e. a
holomorphic rank-m distribution N' C TM totally null with respect to g, i.e. g(v,w) = 0 for all v and w in
N, and dim N, = m at any point p of M. Being determined (i.e. annihilated) by a holomorphic m-form,
an almost null structure may be either self-dual or anti-self-dual, and is also referred to as an a-plane or
B-plane distribution accordingly.

There is a slick way to describe an almost null structure if we assume in addition (M, g) to be spin, i.e.
it admits a holomorphic reduction to Spin(2m, C), the two-fold covering of SO(2m, C). In this case, (M, g)
is endowed with two irreducible spinor bundles ST and S~. Sections of TM acts on sections of ST via
Clifford multiplication - : TM x S* — ST. In particular, a holomorphic section ¢ of St or S~ determines
a distribution N¢ on M in the sense that

Ne)p i={veT,M:v-&}, at any point p in M.

The defining property of the Clifford multiplication tells us that N is totally null. When N¢ has dimension
m at every point, £ is said to be pure. If we refer to a pure spinor £ defined up to scale as a projective pure
spinor [€], it is clear that a projective pure spinor field [{] determines a unique almost null structure N.
Conversely, any almost null structure arises in this way. Whether ¢ lies in ST or S~ corresponds to whether
N is self-dual or anti-self-dual. All spinors in S *+ are pure in dimensions two, four and six, but when m > 3,
the property of being pure imposes non-trivial algebraic conditions on the components of a spinor.

The geometric properties of an almost null structure N associated to a projective pure spinor [£] can be
expressed in terms of the covariant derivative of [¢]. For instance, if N is integrable, i.e. [['(Ng),I'(NVe)] C
I'(NVe), then one can show that the leaves of its foliation are totally geodetic, i.e. VxY € I'(N) for any
holomorphic sections X, Y of N¢. This condition can also be expressed as [20]

Vx&=Ax¢E, for any X € I'(Ng), and some holomorphic function Ax dependent on X, (1.1)

where, with a slight abuse of notation, V denotes the spin connection induced from the Levi-Civita connec-
tion. Note that (1.1) is independent of the scale of £. Further, if £ satisfies (1.1), then

C(X,Y,Z,W)=0,  forall X,Y,Z W € (Ne). (1.2)

where C denotes the Weyl tensor of V, i.e. the conformally invariant part of the Riemann tensor of V.

The investigation of conditions such as (1.1) and (1.2) will be the subject of this article. For this purpose,
we note that an almost null structure Ng on (M, g) associated to a projective pure spinor field [¢] is
equivalent to a holomorphic reduction of the structure group of FM to the stabiliser P C G := Spin(2m, C)
of [¢] at a point. This P is an instance of a parabolic subgroup, and is isomorphic to the semi-direct product
Gy X Py where part Gy is reductive, and Pj is nilpotent. The Lie algebras p C g = s0(2m,C) of P is
isomorphic to go @ p., where go = gl(m, C) and p, = A2C™ are the Lie algebras of Gy and Py respectively.
Here, we have identified (NV¢), = C™ at any point p.
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Condition (1.1) is intimately connected to the notion of intrinsic torsion or structure function of a first-
order G-structure [9,3,40]. In the present context, where the structure group is P, this is an invariant of NV,
which, at any point, lies in the P-module 20 := U ®g/p, where ¥ = C?™ is the standard representation of g.
Geometrically, it is the obstruction to finding a unique torsion-free connection compatible with Ne. In other
words, it measures the failure of the Levi-Civita connection to preserve Ng. A number of geometric proper-
ties of N can be encoded as P-invariant algebraic conditions on its intrinsic torsion. For instance, condition
(1.1) can be shown to be equivalent to the intrinsic torsion belonging to a certain proper P-submodule of 2.
Identifying all the possible P-submodules of 2 provides a systematic way of ‘classifying’ G-structures with
structure group P. Such an approach was adopted to provide a classification of almost Hermitian manifolds
by Gray and Hervella in [17].

Dealing with condition (1.2) is similar. In general, if 91 is a finite G-module, P induces a filtration

oy =m*tcmfcm~tc...cm et .=m (1.3)

of indecomposable P-modules 9t¢ for some k and ¢. The nilpotent part P, acts trivially on each of the
associated quotients 9 /9M+L while the reductive part G, and hence P, acts reducibly on these. This
applies in particular to the case where 9 is the space € of Weyl tensors at a point. We shall see, in this
case, k = ¢ = 2, and condition (1.2) tells us that the Weyl tensor belongs to the P-submodule ¢~1 := 91!
at a point. A precedent for this approach in almost Hermitian geometry can be found in [48,14].

The aims of the paper are to

e give a P-invariant decomposition of the space 2J of intrinsic torsions;

e give P-invariant decompositions of the spaces of curvature tensors, in particular, the tracefree Ricci
tensors, Cotton—York tensors and Weyl tensors;

o apply these decompositions to the study of almost null structures and pure spinor fields on complex
Riemannian manifolds.

An integral part of this article will be the construction of a spinor calculus in relation to the P-structure
above. This essentially impinges on the remark [20,7] that if £ € T'(S™) is pure, then any Z € T'(N;) satisfies

g(Z,X)=(¢, X -¢), for some ¢ € I'((S7)*) and for any X € I'(TM). (1.4)

Here (-,-) is the natural pairing between S~ and (S7)*. This fact will allow us to construct maps whose
kernels can be used to define certain P-submodules of a given P- or G-module. This is a standard procedure
in representation theory where (irreducible) representations are described in terms of kernels of suitable
multilinear maps. For instance, the kernel of the symmetrisation map ®2C™ — ©2C™ is the irreducible
SL(m, C)-module A2C™. The only difference here is that the maps will now depend on [¢].

Before we proceed, it is important to note that there will be obstructions to the global existence of
a holomorphic metric or of a holomorphic volume form, not to say of a holomorphic spin structure on a
complex manifold. While these issues are interesting in their own right, we shall not be concerned with them
in this article, some of which are dealt with in [28]. This being said, all our considerations will essentially
be local. In particular, we must emphasise that a spin structure can always be introduced locally, and our
use of spinors in this context arises essentially from practical considerations.

What is more, a complex manifold M can always be manufactured by complezifying a real-analytic
oriented manifold M’ — see [49,51,13]. In this case, M is endowed with a reality structure that singles
out M’ as a real slice in M. Any real analytic structure on M’ can be extended to a holomorphic one
in a neighbourhood of M’ in M. This will apply more particularly to a metric ¢’ and spin structure on
M'’. We then obtain a spin complex Riemannian manifold (M, g) from (M’,¢’). This approach is typically
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exemplified by the study of real-analytic four-dimensional Lorentzian manifolds, which was central to the
development of twistor theory — see [36,37] and references therein.

In fact, it is instructive to recall how (1.1) and (1.2) look like when (M, g) is a four-dimensional complex
Riemannian manifold. First, Spin(4, C) is no longer simple, but isomorphic to SL(2,C)* x SL(2,C)~ where
SL(2,C)* are two copies of SL(2,C) acting on S*. Following [36], we adorn elements of St and S~ with
abstract indices, e.g. EA/ and ¢ respectively. Let us fix a projective spinor [fAl] in PS*. Using the fact that
TM = 8 ® ST in dimension four, the relation (1.4) simply tells us that any vector Z45" tangent to the
distribution defined by €4" must be of the form ZAB" = ¢A¢B" for some ¢4. Then, equation (1.1) can be
re-expressed as

PNV antp =0, (1.5)

where V 4p/ is the Levi-Civita connection. Similarly, condition (1.2) can be shown to reduce to one on the
self-dual part of the Weyl tensor, which we identify with a totally symmetric spinor' W 4/ g/c/pr:

Uapop e8¢ eP = 0. (1.6)

When (M, g) is the complexication of a real-analytic four-dimensional Lorentzian manifold, equation (1.5)
describes a real-analytic shearfree congruence of null geodesics, and any spinor fA/ satisfying (1.6) is referred
to as a (gravitational) principal spinor of U 4/ p/cvps. Both concepts play an important réle in the study of
exact solutions of Einstein’s field equations.

Finally, while complexifying a smooth pseudo-Riemannian manifold will present difficulties in general,
the present work can be easily adapted to the setting of an oriented and time-oriented smooth real manifold
M equipped with a metric g of signature (m,m) and a spin structure, without the need of complexification.
One can then define smooth real almost null structures on (M, g) associated to smooth real pure spinor
fields.

An odd-dimensional analogue of the present paper is given in [44].

Structure of the paper Section 2 contains a construction of a spinor calculus based on a choice of pure
spinor up to scale. Proposition 2.9 is a new algebraic characterisation of intersections of a- and [-planes.
Algebraic applications are then given in sections 3 and 4: Proposition 3.2 gives an invariant decomposition
of the space of intrinsic torsions, while Propositions 4.1, 4.2 and 4.3 give invariant decompositions of the
spaces of Ricci tensors, Cotton—York tensors and Weyl tensors respectively.

Geometric applications can be found in section 5: Proposition 5.4 is a direct consequence of Proposi-
tion 3.2, and characterises the intrinsic torsion of an almost null structure N in terms of the covariant
derivative of its associated projective pure spinor [£]. Proposition 5.10 examines the conformal invariance of
the intrinsic torsion of Ng. Integrability conditions for the existence of geodetic and recurrent pure spinors
are derived in Propositions 5.11 and 5.12 respectively. In section 5.2, we study the relation between solu-
tions to differential equations on pure spinor fields: Propositions 5.20 and 5.23 give necessary and sufficient
conditions on a pure conformal Killing spinor for its associated almost null structure to be integrable. Next,
we put forward Conjecture 5.27 generalising the complex Goldberg—Sachs theorem of [43]. Finally, in sec-
tion 5.3, we briefly discuss the extent to which the findings of the present article can be applied to real
pseudo-Riemannian manifolds.

We round up the paper with three appendices. We have collected in Appendix A material describing the
go- and p-submodules of the spaces of curvature tensors. Appendix B contains a brief discussion of spinor
calculus in dimensions four and six. In Appendix C we give some concise background on conformal spin
geometry.

! This is often referred to as the Weyl spinor in the extant literature, but we shall avoid the term in this article.
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2. Spinor calculus

The aim of this section is to construct a spinor calculus given a preferred pure spinor, emphasising its
relation with representation theory. While we recall standard facts on the theory of spinors, which can be
found in one form or another in the literature [8,6,7,22], in particular the appendix of [37], our approach,
which extends the calculus of [20], is relatively novel. Details on the representation theory aspect are given
in [1,15,11].

2.1. Clifford algebras and spinor representations

Let U be an n-dimensional complex vector space. We shall adopt the abstract index notation of [36] for
most of this paper. Standard index-free notation will be used on occasion. Elements of U and its dual U*
will carry upstairs and downstairs lower-case Roman indices respectively, e.g. V® € ¥ and «, € U*. This
notation extends to tensor products of U and U*, i.e. we write T,y for an element of @?Y* ® W @ V*.
We equip U with a non-degenerate symmetric bilinear form gup = gap) € ©27*. Here, as elsewhere,
symmetrisation is denoted by round brackets, while skew-symmetrisation by square brackets, e.g. agpe =
Qabe] € A30*. The metric tensor g, together with its inverse g®® establishes an isomorphism between 0
and *U*, so that one will lower or raise the indices of tensorial quantities as needed. We shall also make a
choice of orientation, i.e. an element of A", and denote the associated Hodge star operator on A*J by .
Elements of the two eigenspaces A0 and A0 of x on A" are referred to as self-dual and anti-self-dual
m-forms respectively.

We shall be dealing with spinor representations, and for this reason, we shall essentially view any finite
representation of the complex special orthogonal group SO(2m, C) as finite representation of the spin group
G := Spin(2m, C), the two-fold covering of SO(2m, C).

The Clifford algebra CL(5,g) of (B, g) is defined as the quotient algebra ®° /T where J is the ideal
generated by elements of the form v ® v + g(v,v), where v € 2. This implies that C{(0, g) is isomorphic
to the exterior algebra A®*U as vector spaces, the wedge product of the latter being now replaced by the
Clifford product - : CL(0, g) x CL(T, g) — CL(B, g) defined by v w := v Aw — g(v)w for any v and w in Y
viewed as elements of C4(, g).

From now on, we assume n = 2m. Let 9 C U be a totally null m-dimensional subspace, i.e. glm = 0,
and fix a dual 91" of 91 so that U = 9 ® M*. Then the vector space & := A®*I can be turned into a
Cl(%0, g)-module by restricting the Clifford product to it: for any £ € A*S, (v, w) € NS N* = Y, the action
of U C Cl(V, g) on & is given by (v,w) - & = v A& —wi€. The 2™-dimensional C£(T, g)-module & is known
as the spinor space of (U, g). Further, & splits as & = &+ @ &, where & are the +-eigenspaces of the
orientation on U, viewed as an element of C4(J, g), with

St A" A" NG ..., STAINE AT TNG ...

The 2™~ -dimensional complex vector spaces &+ and &~ are called the positive and negative (chiral) spinor
spaces respectively, and can be shown to be irreducible representations of G = Spin(2m, C).

It turns out that the Clifford algebra can also be realised as the algebra of complex 2™ x 2™-matrices
acting on & = GT®G ™. Elements of G, respectively &, will carry upstairs primed, respectively unprimed,
upper-case Roman indices, e.g. £, respectively o, and similarly for their duals (67)* and (&7)* with
downstairs indices, e.g. 14 and S respectively. As we shall be working with &* rather than &, it will be
convenient to think of the generators of the Clifford algebra C¢(, g) in terms of the (Van der Waerden)
~y-matrices 7, 48" and Yaar B, which satisfy the (reduced) Clifford property

’

Yot S0 =—gadi Yaa 0y = —gabd} (2.1)
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where (55 and 6% are the identity elements on G+ and &~ respectively. Thus, only skew-symmetrised
products of y-matrices count, and we shall make use of the notational short hand

’

Bl !

— Cy C B B ._ C C. B
Yaraz...agA” = Var A VaxCl - YaglCq—1  + Taraz..agA’ = Vag A’ Yascy - “YaglCh_y >

’

B B ._ C
.- "Yap]CI/) ) Yairas...ap A’ = Vag A’ 'YarCy

’

B % e, (2:2)

._ Cy C
VYaras...ap A = Va1 A 1’70,20{ 2

>~

where p is even and ¢ is odd. These matrices give us an explicit realisation of the isomorphism C(0, gas)
A\° U as vector spaces. Since x : AFY 5 A?m=k93 it is enough to consider forms of degree from 0 to m.

The spinor space & and its dual &* are equipped with non-degenerate bilinear forms, which realise the
isomorphisms

Yarp,Yap : GF = (65", when m even,

YaB,vAp 1 6% = (67", when m odd, (2.3)

by means of which we can raise or lower spinor indices. Thus, the y-matrices (2.2) give rise to bilinear maps
Yaraz...apA'B’ 5 Yaras..ayAB, for p=m  (mod 2),

Yaraz...apA’B s Varas..apAB , forp=m—1 (mod 2), (2.4)

from &% x &* or & x &F to A*Y. The spinor indices of the maps (2.3) and (2.4) are subject to symmetries
as explained in [37], and this allows us to prove the following technical lemma needed subsequently.

Lemma 2.1. When m — p is even,

B D
YaA’ ’Ybl...prD%C' = (_1)m ('Ycabl...pr’C’ +gca’yb1...bp,1pr’C’

—2D Gy [(aVe)bs... byl arcr + PO+ 1) Galbs Glelos Vos...by 1 by A’C")
In particular,
Y 4P Yoy v, 8DYacr P = (=1)"2(m — p)Y,..p, 4007 -

When m — p is odd,

7

B D —1
Yarr " Yoy b8 Vec” = (—1)" " (Veaby..by A7C + GeaVor..by_1b, AC

—2DGby (Y )bs.. by A7C + PP+ 1)Galby Iielbs Vos...bp—1 by]A'C)

In particular,

’

Y a PV b, 8D Vac? = (=1)"712(m = p)yp,.pparC -

Our treatment will be overwhelmingly dimension independent, and for this reason, we shall avoid making
use of the bilinear forms (2.3) and (2.4). It suffices to say that when p = m, the bilinear forms (2.4) are
always symmetric, and yield injections from ATU to ®2G&¥, and surjections from ©2G* to ATU*.

2.2. Null structures and pure spinors
Definition 2.2. A null structure on U is an m-dimensional vector subspace 91 C U that is totally null, i.e.

gap XYY =0 for all X, Y € M. A self-dual, respectively anti-self-dual, null structure is called an a-plane,
respectively, a S-plane.
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Let {A/ be a non-zero spinor in &1, and consider the map
A =Pyt U6,
By (2.1), the kernel of ¢4 : 0 — G~ is totally null.

Definition 2.3. A non-zero (positive) spinor €4’ is said to be pure if the kernel of €4 : U — &~ is
m-~dimensional, and thus defines a null structure.

The projectivisation of the line <§A/> spanned by a pure spinor §A/ will be referred to as a projective
(positive) pure spinor [£4] € PST.

The same definitions apply to a negative spinor.

Leaving the details aside, one can show

Proposition 2.4. (See [8].) There is a one-to-one correspondence between projective pure spinors and null
structures on (0, g). Positive, respectively negative, pure spinors correspond to self-dual, respectively anti-
self-dual, null structures.

Henceforth, we shall assume m > 2 leaving the special case m = 2 to Appendix B.1. For the remaining
of this section and sections 3 and 4, fAl will denote a positive pure spinor. It goes without saying that our
statements apply analogously to negative pure spinors. We set

6% = (¢V), " =imé V6", V=0, Vri=kel): V6, (2.5)
so that one can express the a-plane associated to EA' as the filtration
{0} =% cuz cY 7. (2.6)

The full meaning of this notation, borrowed from [11], will be explained in the course of this section. For
the moment, the reader should think of these numerical indices as homogeneity degrees. Thus, the map ¢4
yields an isomorphism between DU / Uz and GMT_Q, which we can write as

m m—2
4

(szr%/sn%)@@ ~ U (2.7)
While the factor &% on the LHS of (2.7) may appear notationally redundant, it nonetheless balances the
degrees on each side of (2.7), i.e. —3+ 2 = ™=2_ From (2.7), it is also clear that ™7 is an m-dimensional
subspace of G~

With a slight abuse of notation, we can also think of the map ¢2 dually as €2 : % < (67)* so that the
dual counterpart of (2.7) is given by

® (6*’"’22/6*’"7‘6) , (2.8)

where we have defined

m—2 m—6

G T = (67)", G T i=ker&d U« (67)",

~

and made use of Yz = (%*% / ‘Z]%) . Isomorphism (2.8) can be expressed concretely as follows.

Lemma 2.5. (See [20,7].) A non-zero vector V is an element of Uz if and only if Vo = £*Bug for some

. . _m=2 __m—6
non-zero spinor vy in &~ 1 /&7 1 .
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Since Y2 is a totally null m-dimensional vector subspace, we can now conclude
Proposition 2.6 (/20]). A non-zero spinor §A/ s pure if and only if it satisfies
£l =0. (2.9)

Applying Lemma 2.1 to Proposition 2.6, one recovers the following well-known characterisation of pure
spinors due to Cartan.

Proposition 2.7. (See [8].) A non-zero spinor €A is pure if and only if it satisfies
’Yal..,apA’B’fA/gB/ =0, forallp<m,p=m (mod4),
»yA,BlgA/gB/ =0, when m =0 (mod 4), (2.10)
Yoramarp € €5 £0.
In particular, all non-zero spinors are pure when m < 3

We shall refer to both equations (2.9) and (2.10) as the purity conditions of a spinor &4,

Proposition 2.7 tells us that the only non-trivial irreducible component of the tensor product {AlfBl of
a pure spinor {Al lies in AT"0. In fact, the self-dual m-form ¢q,.. .4, = 'yalv_.amA/BfA/fB/ annihilates Q]%,
ie. E“lAgbalaQ___am = 0. In particular, it must be null (or simple or decomposable), i.e.

1 _m-—2 _m—6
Day...a,, = 5(‘1411 ~-~§f,;n5A1...Am e A"z, for some €4,...4,, € A\ (6 T /671 )
The next proposition generalises Proposition 2.7 in a certain sense.

Proposition 2.8. (See [8].) Let a?' and B4 be two pure spinors of opposite chirality. Then the a-plane
associated to o’ intersects the B-plane associated to B4 in a totally null k-plane where k = m — 1 (mod 2)
and k <m — 1 if and only if
A pB _ _
Yaras...a,ArBCT 7 =0, forallp <k, p=k (mod 2),
’yA/BaA/ﬂB =0, when m =1 (mod 2), (2.11)
'Valag...akA’BOlA ﬂB # 0 .

Let BB and p? be any two negative pure spinors not proportional to each other. Then the B-planes
associated to BB and p? intersect in a totally null k-plane where k = m (mod 2) and k < m —2 if and only

if
Valaz..AapABﬂApB =0, forallp<k,p=k (mod 2),
yapBipP =0, when m =0 (mod 2), (2.12)

’Yalag...akABﬂA,DB ?é 0.

The same result holds for any two positive pure spinors not proportional to each other.

An application of Lemma 2.1 leads to the following reformulation of Proposition 2.8 when &k = m — 1 and
k=m—2.
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Proposition 2.9. Let o and B4 be two pure spinors of opposite chirality. Then the a-plane associated to
EA/ intersects the B-plane associated to B* in a totally null (m — 1)-plane if and only if

ozaAﬁf/ = -2 aB,,BA, (2.13)

where 0% := v g AaB and 44 = o5 BB,
Let BB and p* be any two negative pure spinors not proportional to each other. Then the [-planes

associated to BB and p? intersect in a totally null (m — 2)-plane if and only if

BHUA pB) — (2.14)

a 9

where 3% =~ A" BB and poA = 4o pA pB.
The same result holds for any two positive pure spinors not proportional to each other.
Finally, as a direct consequence of the previous propositions, we obtain

m—2

Corollary 2.10. Let §A/ be a pure spinor, and let W2 and "1 be defined as in (2.5). Then

e Any non-zero spinor in S" T isa pure Spinor.

e The B-plane associated to any non-zero spinor in S™T" intersects the a-plane Uz in a totally null
(m — 1)-plane.

e The B-planes associated to any two non-proportional non-zero spinors in S™T" intersect in a totally
null (m — 2)-plane.

Proof. Let 34 and p? be a two non-zero spinors in S™7 so that A = b2 and p? = peA for some b®
and p® not Uz In particular, we can assume b%, p® to lie in a complementary subspace of Pz in 0, so that
they are null, and thus annihilate 34 and p# respectively. Assume that 54 pP! #£ 0. We simply check:

o BN BT = b ya s (€4ER) + A ALY €P) + dbgboe B = 0.

o B8 = e (<beCree — 2aP) = —25¢P .

o Finally, since S™7" is a vector space of pure spinors, the sum of 44 and p” is also a pure spinor, and
the result follows by polarisation, i.e. 0 = (B“A/ + p“A/) (ﬂf/ + pf/) = 25(1(,4/%3’) i.e. the algebraic
condition (2.14) is satisfied.

The result follows by Proposition 2.9. 0O

Remark 2.11. The last part of Corollary 2.10 is an articulation of a standard theorem [10,7] which states
that a sufficient and necessary condition for the sum of two pure spinors to be pure is that their respective
totally null m-planes intersect in a totally null (m — 2)-plane.

Splitting It is often more convenient to eliminate the quotient vector spaces in the isomorphisms (2.7) and
(2.8) in favour of splittings adapted to them. We split the filtration (2.6) as
U =0_

&, (2.15)

[N
=

where ‘17_% CYU o s complementary to ‘B% = U2 and is linearly isomorphic to DUt /%%. We note that

Pl 1 is a totally null m-plane dual to U 1= 2 by virtue of U = U*. In particular, there exists a pure

spinor 14+ dual to §A/ such that U _1 annihilates 4/, i.e.

1
2
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Y_1 =kern : V— (67)", (2.16)

2

Conversely, any choice of spinor dual to fA, induces a splitting (2.15) of 5.
With no loss, we normalise §A/ and n4/ as fA/nA/ = —%. We set

(G} m=2 1= imnga : Y — (6_)*,

so that by Lemma 2.5, any vector V¢ in ‘D_% takes the form V¢ = U%UA for some spinor v4 in 6717.772 =

&, dual to S _m_z.
Finally, to make the pairing between & _ m—2 and & m_2 mMore explicit, we introduce the map

I = nept™ 6~ - 6. (2.17)

By the Clifford property (2.1), I3 is idempotent with trace I4 = m. Thus, I3 must be the identity on
G%, or dually, on 6_%4.

2.8. The stabiliser of a projective pure spinor in s0(2m,C) for m > 2

We now turn to the decomposition of the Lie algebra g := s0(2m, C), which we shall identify with the
space AZ0* of 2-forms by means of gq;. We remind the reader that we assume m > 2.

Filtration The filtration (2.6) on U induces a filtration of vector subspaces
{0} =2g’cgtcg’cgl:=g (2.18)
of g, where
0" = {0 €0: 600 =0}, o' = {dw €0: P =0} . (2.19)
In fact, as can easily be checked from the definitions (2.19), g is a filtered Lie algebra, in the sense that the
Lie bracket [,-] : g x g — g is compatible with the filtration on g, i.e. [g¢, g] C g‘t/, with the convention
g° = {0} fori >2,and g* = g for all i < —1.

Proposition 2.12. The Lie subalgebra p := g° is the stabiliser of fA,, i.e.

’ ’ ’
¢ab’}/abB’A fB o é-A )

Proof. From the identity £*4¢¥Bgp,, = —i(babgD/’yabD/C/’ycclA B it follows that the stabiliser of £4" is
contained in g°, and, by rewriting ¢.,,7"’p A (B = ¢&A for some ¢, and using (2.9), in fact contains
0

¢'. O

The Lie subalgebra p is a Lie parabolic subalgebra of so(2m,C). From the Lie bracket commutation
relation of g¢, each vector subspace g’ is a p-module.

Splitting The splitting (2.15) of U adapted to the null structure associated to fA/ endows g with the
structure of a |1|-graded Lie algebra, i.e.

g=g-1®go® g1, [9i, 5] C @ity s (2.20)
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where g; C g’ are complementary to gi*!, for each i = —1,0,1, and we set g; := {0} when |i| > 2 for
convenience. Explicitly, we have

In particular, g; and g_; are dual to one another, and go is isomorphic to gl(m,C), the Lie algebra of
the complex general linear group GL(m,C) with standard representation U 1. If nas is a pure spinor with

nacd = —1 so that (2.16) holds, then we can write

bab = NaaBd™" +280nypoa” + 600 € s 1@ g0 Do,

where ¢A8 = ¢lABl ¢ /\ZGmT—z, paB € 67%—2 ® GmT—a, ®aB = PaB] € /\267%_2. Here, we emphasise
that spinor indices should not be raised nor lowered, i.e. 922, ¢ 45 and ¢4 P are independent of each other.

By the commutation relation, g; is nilpotent. Further, since g¢ is reductive, there is a direct sum decom-
position gg = 30 ® sly where 3¢ is the one-dimensional centre of gg, and sl is the simple part of gg, which
is isomorphic to sl(m, C), the Lie algebra of the complex special linear group SL(m, C). The centre 3¢ can
be seen to be spanned by the element

1
Eqop := *5[‘3%]/1 = —&dma + 59ab s (2.21)

with respect to which any ¢4, € sl is tracefree, i.e. E%¢p,, = 0. More generally, any ¢q, € go admits the
decomposition

Pab = dwab + 2&anypda” € g0 =30 @ slo,

where ¢ € C and ¢, € (‘57%—2 ® GmT—Q is tracefree in the sense that ¢4ZI3 = 0 where we recall

I8 = €24y, p is the identity on 6m;2 (see (2.17)). Here, we have defined, for convenience, wqp := —2 Egp

so that w,w.? = gg.

The element E,; has the property 24 E,¢ = %5“‘4 and ngEba = —%n“A, i.e. Egp has eigenvalues :I:% on
P 1 The action of Fy,;, extends by derivation to any tensor product of U and U*, and in particular Fg
has eigenvalues ¢ on g; for i = —1,0, 1. Now, the image of E in the Clifford algebra C4(0, g) restricted to

m

End(6+) is EB/AI = —%Eab'y“bB/A,, and has eigenvalues 7 on 6%, and similarly for the action of E,; on

&~ and their duals. For these reasons, Eg;, is referred to as the grading element of g.

Parabolic Lie subgroups Moving to the level of Lie groups, we denote by P the stabiliser of the projective
pure spinor [£] in G = Spin(2m, C) so that P has Lie algebras p. More precisely, P admits a Levy decom-
position P = G x P, where the image of Go in SO(2m, C) under the covering map is the complex general
Lie group GL(m,C) while P, has nilpotent Lie algebra g;. Any of the p-invariant structures, including
filtrations and associated graded vector spaces, considered in this article are also P-invariant and can be
regarded as finite representations of P. Similarly, we can view go-modules as G-modules.

Associated graded vector space Associated to the filtration (2.18) is the graded p-module gr(g) =
@.__, er;(g) where gr;(g) := g’/g'™". In fact, each gr,(g) is a p-module since [g*,g’] C g't*. Each gr,(g) is
lineraly isomorphic to the go-module g; of the splitting (2.20). There is a further direct sum decomposition

gro(g) = gy ® 9o, where g5 == (g1 +30) /o1, g6 := (g1 +5lo) /o1,

of p-modules, where g§ = 30 and g} = sly as vector spaces. Let us set g%, := gr,,(g) for convenience. Then
we can represent gr(g) in the form of a directed graph
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a0
NG
g?\ /901 (2.22)
96

where the arrows are defined by the property
o —ofl, & cwm-al, (2.23)

for any irreducible gg-module éf linearly isomorphic to gz . Here the - denotes the algebraic action of g on
any g-module.
Such a description can be made explicit by defining the maps, for any ¢4 € g,

MO () =& Bay,  HMIY() =Y by, HTIG(0) 1= gc%cw%%c/*fcdc'md- (2.24)

m—4

where €4 == €5y, A28 — & and 67T = im A AU — GT. Then the kernels of the maps SHZ
correspond to the p-submodules of g, i.e.

I
o

gl +3%0 = {(bab €g: gntl)(gb) = O}a gl + sl = {¢ab €g: gH8(¢)
¢ = (6w € 0+ 0, (6) = 0}, o' = {dw € g+ ITI3(9)

},
11§ (¢) = 0} .

Mo

The inclusions g' C g* + 30 C g° and g' C g" + 5l C g° now follow from ker {IT - ker gTI% ;. Passing now

to the associated graded module gr(g), we can express the irreducible p-modules g} in terms of gﬂg , e.g.
9 = {¢ab € g’ : {lg(e) = 0} /e, g5 = {¢ab eg’: {IH(g) = 0} /g",

and so on. The irreducibility of gz from the fact that the maps gHg are saturated with symmetries.

2.4. Generalisations

In more generality, for any arbitrary finite g-module 9, the parabolic subalgebra p induces a filtration
o=t cmtcm~tc...cm M com b .=m, (2.25)

for some k and ¢, of p-modules, with associated graded p-module gr(9M) = @ gr;(M), where gr;(M) :=
M /ML on which the grading element E acts diagonalisably, with eigenvalues i. Each gr;(9) splits
as a direct sum of irreducible p-modules gr;(M) = M? & M} @ ... & M! for some £ depending on i,
and each 9)?{ is isomorphic to an irreducible gg-module Dfuﬂf It is in fact easier to obtain the irreducible
go-modules of gr(M) by ‘branching’ from g to go. Using ad hoc methods, one can construct suitable bases
for the irreducible gp-modules, and check that they add up to a basis for 91. In particular, one must have
dimM =3, - dim M) = Y, . dim M.

We can then construct a graph on gr(91) as follows: we let the nilpotent part g; of p act on each ifnf , and
draw an arrow Dﬁz — ME_| for some 1, j, k, whenever 9523 C g1 -OMF . This graph allows us to identify the
p-submodules of 97 obtained by letting p act on each 9313 . Such p-submodules can be expressed in terms of

kernels of maps ?‘Hg analogous to (2.24). From the irreducibility of 9/, each ?HZ must be ‘saturated’ with

1
symmetries in the sense of [36]. The main application of this procedure will be found in section 4, where we

shall take 9 to be the space of some irreducible (algebraic) curvature tensors.
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If 90 is a tensor, as opposed to spinor, representation, then we can view it as a g-submodule of ®” J.
The filtration (2.6) induces a filtration of p-modules on " U, and thus on M in the obvious way: each 9N’
in (2.25) is a p-submodule of

Z Vi @...0 Y.
it tip=j

When 90 is one of the spinor modules &+, the description of the filtration of p-modules can be carried out
as follows. Define the maps

A ._ ¢B’ A A2k-1 - A’ . ¢B’ A’ A2k +
ay...asn_1 =& Yay..amk 1B A L6, ay...asp =87 Yay.amB” AT = 6T,

for k = 1,...,m. Then, using the Clifford property (2.1), one can see that &% admit p-invariant filtrations

m m—4

m —4 m
G141 cCc6 T Cc...Cc6 T CcB T =6"
m-2 m—6 ——t . when m is even,
67T C6 C..C6G T Cc6 T =6~
m m—4 m—6 m—2
GicG&G T Cc..c6TF Cc6 T =6T
m—2 m—t s when m is odd,

T c6&T C...CE& T C6 T =6

where we have defined 6% := (¢4) and

m—4k+2 m—4k
1

APy 6T, 67T =imed AT - 6T,

i A
6 L lmgal...azk,l

for k =1,...,m. Using the isomorphisms (2.3), the above filtrations are also filtrations on the dual spinor
spaces (G%)*, where each of the p-modules can be identified with the kernels

m—4k—2

G s :kerffl

k—4

: /\2]’“_1%* <~ (6_)* ) G_mii = ker gﬂBl/ma% ; /\ka* « (6+)* ’

<-G2k—1

for k=1,...,m,and & "7 =keré4 : C + (&)
A choice of splitting (2.15) fixes go-modules &; C &% such that &' = &; & *! and thus induces gradings

6%@6@@...@67@@67%:6-’_
* : when m is even,
6%%@6%4@@67%% @67%—2:67

Cm ®Cma1@... 06 _ms BS_mo2=6"
* * * when m is odd.
6%@6%76@...@67%74@6_%:67

The grading element F of g defined by (2.21) has eigenvalues Qi%m on 62izvn.
Finally generalising (2.8), one has isomorphisms

/\ksn%gg%@(@—""i%/e—W) , k=0,...,m—1,
ATY: 26T 96T,

the latter being the purity condition of Proposition 2.7. In particular, when k& = 2, we have

m m—4

glgg%@)(@— 24/6—"‘4’8>7 (9—1/90)(@6% ~G /@5%.

We note that this description of &= is consistent with the identification of & with IXDisH
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2.5. Null Grassmannians

The space of all null structures in (0, g) splits into two connected components Gr;f (U, g) and Gr,, (9, g),
which we identify with the spaces of self-dual null structures (a-planes) and anti-self-dual null structures
(B-planes) in (2, g) respectively. These spaces are conventionally referred to as null (or isotropic) Grassman-
nians. Proposition 2.4 tells us that Gr,} (%, g) can be identified with the space of all projective pure positive
spinors, and must therefore be isomorphic to the homogeneous space G/ P where as before G = Spin(2m, C)
and P is the stabiliser of a projective pure positive spinor. The description of Gr,, (U, g) is similar. In
particular, when m = 1,2, 3, the absence of purity conditions means that each of Gri(iﬁ, g) is isomorphic

m—1

to the complex projective space Ccpz™ ), and when m > 3, each can be realised as compact complex

subvarieties of P&* of dimension %m(m — 1) being the dimension of g_1 = g/p.

2.6. Real pure spinors

One can also consider a 2m-dimensional real vector space U equipped with a definite or indefinite non-
degenerate symmetric bilinear form g. In general, the spinor representations of (U, g) are complex vector
spaces equipped with a real or quaternionic structure. We then have a notion of pure spinor of real index
r, where 7 is the real dimension of the intersection of the associated totally null complex m-plane ¢ of
the complexification of (2, g) with its complex conjugate. The real index depends on the signature of g.
For instance, if g is positive definite, r is always zero: 91 and its conjugate define a Hermitian signature on
(20, g). In Lorentzian signature, r is always 1, and the analogous structure is known as a Robinson structure
[32,47,45]. We refer to [27] for details.

More relevant to the present article, however, is the case when g has signature (m, m). Then, m > r =m
(mod 2), and the spinor representations are spanned by real pure spinors (when r = m) associated to real
totally null m-planes in 2U. The algebraic setup of the previous sections carries over to this real setting with
no major change. The complex Lie algebra so(2m, C) is replaced by the real form so(m,m). The parabolic
Lie subalgebra stabilising a real pure spinor is a real form of the complex parabolic p, and is also described
in terms of a |1|-grading on so(m,m). The story is similar at the Lie group level, where Spin(2m,C) is
replaced by the connected identity component of the real Lie group Spin(m,m). The next two sections 3
and 4 can also be translated into this real case with no important issue.

3. Decomposition of the intrinsic torsion

As before, we assume m > 2. Let us consider the p-module
W=V (g/p) (3.1)

where, as usual, g := s0(2m,C), with standard representation U, and p the parabolic Lie subalgebra
of g stabilising a projective pure spinor [§A/]. In section 5, we shall give the module 20U the geometrical
interpretation of the space of intrinsic torsions of a G-structure with structure group P.

Notation 3.1. In the table of the following proposition, ‘p-module’ and ‘gp-module’ are abbreviated ‘p-mod’
and ‘go-mod’ respectively. We also use the notation @M’ for the Cartan product of two representations 9t
and M’ — see [12]. This is the unique irreducible representation of highest dimension in the tensor product
M M. For gl(m, C)-modules, this is either the symmetric product ®, the tracefree tensor product ®., or
a combination of both depending on 9t and 9V. Finally, the algebraic action of g on any g-module will be
denoted by a dot -.
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Proposition 3.2. The p-module 20 admits a filtration
W2 CW 7, (3.2)

of p-modules on 2, where W2 =V~ 2 ® (7'/8%) and W2 =Y ® (g71/g%).
The associated graded p-module

gr(A) =gr 1 (W) B gr 3(W) =W @ (Qn—% /m—%) (3.3)
decomposes into a direct sum

gr (Qﬁ)zﬂﬁgl@ﬁﬂil, gr

2 2

(W) =W’ 5 & W 5,

2 2

N[=

of irreducible p-modules as described below:

p-mod go-mod Dimension p-mod go-mod Dimension
w0 , NG Frm(m—1)(m—2) 20, U1 m
2 2 b) 2
W, V,0(NWDy)  gmm®-1) W, Vo (AB_y)  dmimim-2)
Further,
, . , 3 1
W] = {Tanet"76° € W' FIFT) =0, for all k£ 7}/ W, i=—2, -, (3.4)
where
ET (1) 1= Tt Mg P e,
FIL 5 (I) := Dapet AP Pe
F ) (1) = € Toea™P 1'% + P Theat ™,
| e 2(,,11_1) (&[IB Tpeaf@P v pr O 4 B Ty gD vy, C]) , m >3,
S, (D) =
: Panc€ €€ — 1 (68 Tyuatfsn™19) + €18 1T 08507, P 1) + LEPATyataPC, m =3,

where Type € BV @ g. For m = 3, we have made use of the isomorphism &+ = (&7)*. Notationally, the

primed indices are eliminated, and the y-matrices take the form A8

and ¥* ap, and are skew-symmetric
in their spinor indices.

Finally, the p-module gr(2W) can be expressed by means of the directed graph

in_l > in_é

2 2

S

Qﬂgl > QUO_Q

2 2

where the dotted arrow occurs only when m > 3. Here, an arrow from QI]Z to Wk | for some i, j, k implies
that W) C gy - WE | for any choice of irreducible go-modules W and WE_| isomorphic to W and Wk _,
respectively, or equivalently that ker ?Hf C ker ?Hi&y
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Proof. Since 27 is not a g-module, one cannot strictly follow the argument of section 2.4. The idea is never-
theless very similar. We first note that the filtration (2.6) on U induces the filtration (3.2) of p-submodules
of 25. Now consider the associated graded p-module (3.3). To make the analysis more tractable, we can
work with the grading (2.15) so that we have linear isomorphisms

2

gr_s (W) =T, © (AZ%_%) SO DR (/\2%_%) ,

between p-modules and gp-modules. That each of these go-modules splits into irreducibles, i.e. 0 3 @

2

! 3 = /\SQL% &) (m,% © (Ain,%)) and 200 1 ! 1 = QL% &) (m% © (/\2%7%)> respectively, is clear.

1
2 2 2
m—2
Let us be a bit more explicit by viewing an element of 2072 as an element of Y~2 ® (/\26 1 ), ie. of

the form T .£0B£°C or FabcabeB, (mod aagB/) where T'gpe = [gppe lies in the g-module U © g. This means
that 202 = {T apePBeC € W2 : TypefaAPBEC = 0}. To describe elements of the go-modules Qvﬁf we
write
TapcfPPEC = neaT 4B 4+ 2T 459
[opet?l = (1aaT4PC + 4T 4 BY) ey s+ 2 (€8T ac® + naal*c) v,

’yaD’AFabcgbCDl — FEBCT]bBT]cC'ybCEA + 4FCCA + 21—\14007 (35)

where T4 B¢ =T4 [BC], rABC — I‘A[BC], I4p% and T4 5 are all elements of tensor products of 6mT—2 and

6_% — see Appendix A.1. As before, 4" and 14 satisfy €4 na = —%, and we recall that I§ := ¢4, 4
is the identity on & moz. In particular, the irreducible go-components of an element of 20 are determined by

rABC) ¢ gy , | PABIC c gt |
-2 -2
. 2 o
A% e, , 1,80 - = _[Blp,Plclcapt, (3.6)
2 m — 1 2

Using (3.5) and (3.6), it is then straightforward to check that the p-modules defined by the kernels of the
maps ?Hf are related to ?mf as shown by (3.4).

To obtain the diagram encoding the full p-invariance, we must also examine the action of the nilpotent
part g; of p on each of these irreducible gg-modules. This can be checked by a direct computation or by
noting that ker ?Hi C ker ?Hf_l for suitable 4, j and k.

Finally, extra care must be taken when m = 3 where /\3‘Z]i% are one-dimensional. We can realise g; as
the pairing of %_%/%% and /\3%%: any element of g; can be written in the form ¢, = %Eabc(bc for some
vector ¢¢ € %7%, where €43 € /\3%%. It then follows that g; - /\3177% - m,%. This also explains why we

have distinguished the cases m = 3 and m > 3 in the definition of the map ?Hi 1. One may also use the
2

identity
2 1
€A Do = — 2" Tapeire P = — 29" prlancg Py e,
where e48¢ = %VGAB%CD &p is completely skew-symmetric. 0O

4. Decomposition of the curvature

As before, we assume m > 2. Consider the following g-modules:



180 A. Taghavi-Chabert / Differential Geometry and its Applications 46 (2016) 164-203

g-mod Dimension Description
5 (2m — 1)(m+1) {Bup € D0+ Dy = B(apy . 2.7 = 0)
A %m(m + 1)(m - 1) {Aabc €@ Agpe = Aa[bc] 7A[abc] =0,A%. = 0}
¢ %m(m +1)(2m+1)(2m — 3) {Cabed € R : Cupeq = C[ab][cd] 7C[abc]d =0,C%q =0}

These modules are to be interpreted as the spaces of irreducible curvature tensors of the Levi-Civita con-
nection at a point, more precisely, of the tracefree Ricci tensors, Cotton—York tensors and Weyl tensors.

We shall give p-invariant decompositions of these modules, where p is the stabiliser of a projective
pure spinor [{A/] in g. We state the results without proofs, which essentially follow from the discussion of
section 2.4, and arguments similar to the proof of Proposition 3.2. Details can be worked out using the
material contained in Appendix A, in particular, the bases for the gg-modules and the multilinear maps
referred to in the following propositions. Notation 3.1 applies.

4.1. Decomposition of the space of tracefree Ricci tensors
Proposition 4.1. The space § of tracefree symmetric 2-tensors admits a filtration
{0} =3 cF cFcy =3,
of p-modules
§ = {Pw €F: 1Y, (@) =0}, i=0,1,

where the maps EH? are defined in Appendix A.2.
Further, each p-module §*/F1 is an irreducible p-module as described below:

p-mod go-mod Dimension p-mod go-mod Dimension

3 View.

m? —1 3L VeV fmm+1)

1
2

4.2. Decomposition of the space of Cotton—York tensors
Proposition 4.2. The space 2 of tensors with Cotton—York symmetries admits a filtration
5 3 1 1 3
{0} =z CcAzCcA> CA 2 CA 2 =,
of p-modules

A = {Aape € A: JTI;_ 1 (A) =0, for all k}, i=—

N W

where the maps ?Hf are defined in Appendix A.2.

The associated graded p-module gr(A) = @i%__g gr; (), where gr;() = A1 /AL, splits into a direct
- 2
sum

gri%(ﬁl) = Qloig ) gri%(m) = 2[1% @Qlli% @Q@t% )

of irreducible p-modules as described below:
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p-mod go-mod Dimension
A ‘Zji% © g+1 %m(m2 -1
2 RUSSRON B8 im(m —2)(m+1)
2 Vi1 ©@sly im(m +2)(m — 1)
Further,
A = {Aape €A FTE(A) =0, for all k # j}/AT, for |i| = 3.

Finally, the p-module gr(A) can be expressed by means of the directed graph

where an arrow from 521] to A¥ | for some i,j, k implies that Ql] C g1 - A7, for any choice of irreducible
go-modules Qlj and Qlk 1 isomorphic to Qlj and AE_| respectively, or equwalently that kermﬂj C ker Q‘Hf 1

4.8. Decomposition of the space of Weyl tensors
Proposition 4.3. The space € of tensors with Weyl symmetries admits of a filtration
{0}==3cecelce?cetce?=c¢, (4.1)
of p-modules
€' = {Capea € € : {11} (C) =0, for all k}, i=-1,0,1,2,

where the maps ng are defined in Appendiz A.2.
The associated graded p-module gr(€) = @?:_2 gr;(€), where gr;(€) := € /¢71 ] splits into a direct sum

gri,(€) = el,, gri (@) = ¢, oy, gro(€) =2 €) & €5 & € © €5,

of irreducible p-modules as described below:

p-mod  go-mod Dimension
p-mod go-mod Dimension
@ 30 © 1
0 1,2/ 2 0 0 30
¢l  9+1©@9g+41 mi(m*—1) L )
¢ slyp @ 30 m°—1
0 1 0 0
(8 941 © 30 gm(m —1) 9

¢ g1@g_1 Fm*(m+1)(m—3)

¢} g+1 ©sl Im2(m? -4
= 1ok 5m ) ¢ slhosly im2(m—1)(m+3)
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with the proviso that €3 does not occur when m = 3. Further
¢) = {Cupeq € T ng(C’) =0, for all k # j}/& for || < 1.

Finally, the p-module gr(€) can be expressed by means of the directed graph

N\

H—C2H€1

e
2

s —— 0",

\@j/

where an arrow from ng to €F | for some i,j,k implies that éf C g éf_l for any choice of irreducible
go-modules Qv:f and €¥_| isomorphic to ¢ and €F_, respectively, or equivalently that ker gﬂf C ker ngﬁl.

5. Differential geometry of pure spinor fields

Throughout this section, (M, g) will denote an n-dimensional complex Riemannian manifold, where
n = 2m, i.e. a complex manifold M equipped with a global non-degenerate holomorphic section g,; of
©2T* M, where T* M is the holomorphic cotangent bundle of M. We also assume that (M, g) is equipped
with a global holomorphic volume element and a spin structure. These data are equivalent to a holomorphic
reduction of the structure group of the frame bundle FM of M to G := Spin(2m, C), with Lie algebra g.
Holomorphic vector bundles over M can be constructed in terms of finite representations of G or g in
the standard way [40,11]. For instance, if U is the standard representation of G, then the holomorphic
tangent bundle is simply TM := FM X0, and holomorphic sections of TM can be viewed as equivariant
holomorphic functions on FM taking values in 2. Similarly, the spinor bundle, the chiral positive and
negative spinor bundles, S, ST and S~ arise from the spinor representations &, &+ and G~ respectively.

The unique torsion-free metric-compatible holomorphic Levi-Civita connection and its associated covari-
ant derivative on M will both be denoted by V,. Recall that for any other metric-compatible holomorphic
connection J,, the difference between V, and 9, is given by

V.Vl =08,VP +T,.ve, (5.1)

for any holomorphic vector field V¢, for some holomorphic tensor field I'pe = g For instance, if
J, preserves an orthonormal frame, then 'y, can be identified with the components of the Levi-Civita
connection 1-form in that frame. The torsion of 9, equals 2I'(4;). The Riemann tensor of V, is given by

2V, ViV = RuV,
for any holomorphic vector field V¢, and satisfies the Bianchi identity

VieRpgae = 0. (5.2)
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The Riemann tensor splits into O(2m, C)-irreducible components as
4 2
Raped = Caped + mq)[c\[agbﬂ d] + ngc[agb]d ) (53)

where Cypeq is the Weyl tensor, @, the tracefree part of the Ricci tensor Rgp := Ryep®, and R := R,® the
Ricei scalar. For m > 2, this decomposition is also SO(2m, C)- and G-irreducible. When m = 2, the Weyl
tensor splits into a self-dual part and an anti-self-dual part, each SL(2, C)-irreducible.

Sections of ST and S~ will be denoted in the obvious way by means of the abstract index notation
of section 2, e.g. by ¢4 and ¢4 and similarly for their dual. The spin connection on S, St and S~ can
be constructed canonically as a lift of the Levi-Civita connection, and will also be denoted V,. It has the
property of preserving the Clifford module structure of S in the sense that

Va(VP%a Y)Y = (VaVO)ya® + Vipa BV

for any holomorphic vector field V* and positive spinor field §A/, and similarly for the other spinor bundles.
Lifting any other metric-compatible holomorphic connection 9, to S, we have, with reference to (5.1),

’ ’ ]_ ’ ’
VafA = afA - Zrabc"ych’A gB ) (54)

for any holomorphic spinor field & A’ Finally, the curvature of the spin connection is given by
Al 1 cd A’ ¢B'
QV[avb]f = —ZRabcd'Y B &,

for any holomorphic spinor field & A/, and similarly for spinors of other types.
Notation 5.1. As in sections 2, 4 and 3, we shall use the short-hand notation

A B’ A ! B’ Al B’ B’
o =& YaB' ", Sab =87 Yarm " NaA = YaA" NB’, NabA’ = YabA'~ 1B’

A" ._ B, _A A ._ B A
Ca Ea C YaB ) ab " C YabB
. ’
and so on, for spinors &4, n4/, CA.

Assumptions 5.2. Throughout this section, we shall assume that our tensor and spinor fields depend holo-
morphically on M, and T'(-) will denote the space of holomorphic sections of a holomorphic fibre bundle.
The reader will sometimes be reminded of this assumption for clarity. The application of this work to real
pseudo-Riemannian manifolds is given in section 5.3.

Further, unless otherwise stated, we shall assume m > 2 for definiteness, although many of the results
here specialise to the case m = 2 too. Appendix B.1 contains a brief review of this case.

Finally, let us emphasize that our results will be essentially local.

5.1. Projective pure spinor fields
We first make the following definition.
Definition 5.3. An almost null structure N on (M, g) is a rank-m distribution that is totally null, i.e.

g(v,w) = 0 for all sections v, w of A/. An almost null structure is (anti-)self-dual if it is annihilated by an
(anti-)self-dual m-form.
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A self-dual, respectively, anti-self-dual, almost null structure will also be referred to as an a-plane, respec-
tively, B-plane, distribution. We shall denote the bundle of all self-dual, respectively, anti-self-dual, almost
null structures on (M, g) by Gr;" (TM, g), respectively Gr (TM, g). These bundles have fibres isomorphic
to the %m(m — 1)-dimensional family Gr;’ (T,M, g) of a-planes, respectively Gr,,(T,M, g) of B-planes, in
TpM at any point p.

The existence of an almost null structure does not require a spin structure. But the latter allows us to
identify almost null structures with pure spinor fields up to scale, i.e. spinor fields satisfying condition (2.9)
or (2.10) at every point. For, by Proposition 2.4, a totally null m-dimensional vector subspace of the tangent
space at a point can be identified with a pure spinor up to scale. Thus, we shall also identify the bundles
Gri(TM, g) with the bundles of projective pure spinors of either chirality.

Now, let [€4'] be a holomorphic projective pure spinor field, i.e. a holomorphic section of Gr (T M, g),
and denote by N its associated almost null structure, which can also be assumed to be holomorphic. Then
the structure group of FM is reduced to the stabiliser P of [§A/] as described in section 2, and we obtain
filtrations of vector bundles, together with their associated graded vector bundles, constructed from finite
representations of P or its Lie algebra p. For instance, the filtration p-modules {€?} on the space € of tensors
with Weyl symmetries gives rise to a filtration of vector subbundles C* over M, where C* := FM xp €%,
and so does the story go for the associated graded p-modules gr;(€), its irreducible modules @z and the
graded go-modules €; in the obvious way and notation [11]. We shall then recycle the notation of sections 3
and 4, and Appendix A in this curved setting as the need arises. We shall characterise the (local) algebraic
degeneracy of curvature tensors with respect to [€4'] by means of the maps gHZ , ?HZ and gHi )

5.1.1. Intrinsic torsion

Having singled out a holomorphic projective pure spinor field [€4] on M, it remains to characterise
the various degrees of ‘integrability’ of the P-structure it defines. Following [40], the P-structure being
integrable to first order, i.e. there exists a torsion-free connection compatible with the P-structure, is
essentially equivalent to [5‘4,] being parallel with respect to the Levi-Civita connection V,, i.e.

Val€¥]1=0, ie V&P =P, (5.5)
for some 1-form «a,. Equation (5.5) can be more conveniently expressed as
(Va8 =0, or equivalently, (VB =0, (5.6)

which is also equivalent to the Levi-Civita connection being p-valued.
The obstruction to (5.6) is known as the intrinsic torsion or structure function of the P-structure defined
by [€4'] [9,3,40]. Measuring the extent to which (5.6) fails can be achieved by characterising

m—2
’

(Va'P)ef € B2 @ A?6™ (5.7)
as an element of a p-submodule of 2 =V @ (g/p). Here, we have made use of the fact that the connection
1-form is g-valued, and the pair of skew-symmetric spinor indices of (5.7) projects out the part of g not in p.
This can be made more explicit by choosing a connection J, that preserves [EAl] so that (5.4) becomes
’ 1 ’ ’ ’

Vot = —ZFabcvbCBrA ¢ (mod a.é?). (5.8)
In fact, with no loss of generality, we could choose 9, to preserve a chosen §A/. This makes contact with
the description of elements of 2 given in section 3. The expression (5.8) allows us to express the algebraic
characterisation of the intrinsic torsion of the P-structure of Proposition 3.2 in terms of (5.7). This yields
the next proposition, and we leave the details of the proof the reader.
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Proposition 5.4. Let [5‘4/] be a holomorphic projective pure spinor field on (M, g), and let T yp£°P¢°C € 20
be its associated intrinsic torsion. Then, pointwise,

. ?HQQ(F) =0 if and only if
2

(€4 v,eP)ed) = o; (5.9)

. ?Hl_%(F) =0 if and only if
(£ AV P =0; (5.10)

. ?HS%(F) =0 if and only if
YV, — &PVt = 0; (5.11)

. %UHl_%(F) =0 if and only if

2

(Vot™)e + —— (20" 4 180, ) =0, m>3;  (512)
(VoeP)es + (P79 + @ Ve) - 2 (Vi =0, m=3;  (.13)

where we have made use of the isomorphism &% = (&7)* when m = 3.

These statements are independent of the scaling of 5‘4/.

Remark 5.5. For the case m = 3, we refer to Appendix B.2 where conditions (5.9), (5.10), (5.11) and (5.13)
are given as conditions (B.10), (B.11), (B.12) and (B.13).

5.1.2. Geometric properties
Definition 5.6. An almost null structure N is said to be totally geodetic if VxY € T'(N) for all X, Y € T'(N).

Clearly, if NV is totally geodetic, it is integrable as a distribution, i.e. [['(N),T'(N)] C T'(N). By the
Frobenius theorem, N is locally tangent to a foliation by m-dimensional complex submanifolds of M, each
of which is a totally geodetic and totally null. In fact, the converse is also true [43].

Lemma 5.7. An almost null structure is integrable as a distribution if and only if it is totally geodetic.
We shall henceforth also refer to an integrable almost null structure as a totally geodetic null structure.

Proposition 5.8. (See [20].) Let N¢ be an almost null structure with associated projective pure spinor field
(€4 on (M, g). Then Ne is totally geodetic if and only if (€4 satisfies

(£21V,e"B)ef =0, or equivalently, (§“AVG§[B/)§O] =0. (5.14)

Proof. Using the decomposition (3.5) together with (5.8), we find (£44V ,£2B)¢C = I'EBC for some functions
I'4BC that we can identify with the components of the Levi-Civita connection with respect to a basis for
Ne. But M being totally geodetic is equivalent to g, X*Y°V.Z? = 0, for all X, Y, Z* as shown in [43].
Hence the result. O

Equation (5.14) also appears (in a slightly different form) in [29] in the Hermitian setting.
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Definition 5.9. We shall refer to a projective pure spinor field [5‘4/] satisfying (5.14) as geodetic.
Conformal invariance With reference to Appendix C, one can prove

Proposition 5.10. Conditions (5.9), (5.10) and (5.12) are conformally invariant.
Suppose further that [¢4'] satisfies (5.12) and

EAVEE — Bt = —(m - 1)EV PV, f, (5.15)

for some holomorphic function f. Then there exists a holomorphic conformal rescaling of the metric such
that [€4'] is parallel, i.e. it satisfies (5.6).

Curvature conditions

Proposition 5.11. (See [20,42,/3].) Let &4 be a geodetic pure spinor on (M, g), i.e. &4 satisfies (5.14), i.e.
its associated almost null structure Ne is totally geodetic (or equivalently, integrable). Then

grALBLCePC g =0, ie.  §%,(C)=0. (5.16)

Proof. We first note that (5.14) can be rewritten as €AV, €8 = aA¢B’ for some a?t. Differentiating it

along Ng yields
aAaBé'C/ + gaAgvaavbfc/ _ (gaAvaOéB)gcl + OéAOéBé-C/ )
Commuting the derivatives leads to

]. ! ’ !
jRabcdgaAbevcdnc P =2 (e v, Bt (5.17)

which is equivalent to £24¢0B¢eC¢dP Ry .0 = 0. The decomposition of the Riemann tensor together with the
purity condition concludes the proof. 0O

Closing this section, we give the integrability condition for the existence of a parallel projective pure
spinor.

Proposition 5.12. Let [§A/] be a parallel projective pure spinor on (M, g), i.e. A satisfies (5.6). Then

gaAgbBRabcd = 07 (518)
¢APo, =0, e S0, (@) =0 (5.19)
ABECChea =0,  de. 24 (C) =ML, (C) =0 (5.20)

and in addition, when m > 3,
fI5(C) =0. (5.21)
Further,
R=0 =  C)=0 (ie € Cuwe® =0,)
and in addition, when m > 2,

SHY(®) =0 (ie. &P =0) = fI5(C) = 0.
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Proof. Taking a covariant derivative of equation (5.5) and commuting the derivatives yield

1 ’ ’ ’
71Rabcd7CdB’A gB =2 (v[aab])gA ;

which is equivalent to equation (5.18). Contracting equation (5.18) with 425 yields the condition (5.19)

on the Ricci tensor. Conditions (5.20) and (5.21) are obtained from the decomposition (5.3). We find

2 1
aA aD _ (A dD] Ae¢D
C =—& — R
5 a[bc]dg n_2 g[b c]d€ + TL(’I’L — 1) g[bgg] )
’ n — 4 ’ n — ’
£ Cocar™ =2 €7 0yt +2 —< REIET
n—2 n(n—1)

’ ’ n
faeC CaedfgdfF - _9 -

- 2 ! /
— RO,
and the remaining statements follow immediately from the formulae for gH%, gH(l), gHg of Appendix A.2. O

Remark 5.13. The purity condition is crucial in deducing conditions (5.20) and (5.21) on the Weyl tensor.
A study of pseudo-Riemannian manifolds admitting more general recurrent spinors was carried out in [16].

5.2. Spinorial differential equations

So far we have only considered spinorial differential equations on projective pure spinor fields, i.e. dif-
ferential equations that are invariant under rescalings of fAl. In this section, we study spinorial differential
equations on pure spinors of fixed scales emphasising their relations to the intrinsic torsion of their associated
P-structures.

5.2.1. Scale-dependent geodetic spinors
A scale-dependent variation of the geodetic spinor equation (5.14) is given by

£ 4v,e% =0, (5.22)

on a holomorphic pure spinor field §A/. Since f“B@a <Q_1§A/> =02 <§aBVa§A/>, equation (5.22) is

clearly conformally invariant if and only if the spinor field §A/ has conformal weight —1. Accordingly, the
integrability condition for (5.22) is expected to be conformally invariant. Indeed, a variation of the proof of
Proposition 5.11 with «, = 0 leads to

Proposition 5.14. Let ¢4 be a holomorphic pure spinor field satisfying (5.22). Then §H91(C) =0, ie.
CabcdgaAé-ngch’ —0.

5.2.2. Parallel pure spinors

The integrability condition for the existence of a parallel spinor §A/ is clearly that it annihilates the
Riemann tensor, i.e. Rapeqy®® B,A'gB’ = 0. The assumption that §A/ is pure allows us to derive more
information. To prove the next proposition, set a, = 0 in the proof of Proposition 5.12.

Proposition 5.15. Let 5‘4/ be a parallel pure spinor on (M, g), i.e. §A/ satisfies
V. =0. (5.23)

Then
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~dD’
Rabcdgp =0 ;

Sg(e) =0, i.e. DB =0,
R=0,
ey =o, ie. Capeat®P =0.

5.2.3. Null zero-rest-mass fields
Conditions weaker than (5.23) can be obtained by decomposing the covariant derivative of a spinor field
into two irreducible parts under Spin(2m, C). The smaller of these is known as the (Weyl-)Dirac equation

Y a BV =0, (5.24)

on a holomorphic spinor field §A,. It admits a generalisation to irreducible symmetric spinor fields of higher

. . 5 1At / 7oAl / . . 1At / . .
valence, i.e. spinor fields® @412+ Ak = p(A142--A%) gatisfying 'y“Ale’yaAéchAlA?“Ak = 0, which is known

as the zero-rest-mass (zrm) field equation [20],
N4 BV ¢4 A = . (5.25)

The case k = 2 corresponds to a closed, and thus coclosed, self-dual m-form. Equation (5.25) is conformally
invariant provided that its solutions QSA;A/?“'A;C are of conformal weight —m — k + 1. For k > 2, there is a
strong integrability condition on gsz/lA;"‘A;v given by the following lemma.

Lemma 5.16. For k > 2, let p41424% be a solution of the zrm field equation (5.25) on (M, g). Then

’ ’ ’ ’ ’ 7
Yo AP 0y B Capeaypr (Co pCa ORGP = ¢,

Proof. We compute

0=2 ’yaC{ [A ,ybcé B]VQVZ;¢C{C§”'C;€
1

A b B d
=—=37"c;"7 cy” RabedV D

! ! ! ’ k 2
C} Ch...CLD -
2 ¢

A b B d
—c;" Y ¢y Rabeay ™" D

(C Cl CLICT LD
4

! ! ! k - 2
= Oy oMy py Blg@aCkPT 1 Y1 0y B Cavear™ pr

(C§¢C£-~~C£)010QD' )
The first term must vanish by symmetry consideration, which concludes the proof. O
A holomorphic irreducible symmetric spinor as above is said to be null if it takes the form
GG AL  eMgdy  eAy

)

for some holomorphic function @ and holomorphic pure spinor field §A/. In this case, the integrability
condition for the existence of a solution of equation (5.25) is given by the following

Corollary 5.17. For k > 2, suppose that d)AllA/Z'“A;c = ewf“‘llgAl2 . .§A;c is a solution of the zrm field equation
(5.25) on (M, g). Then

0, (C) =0,  de P Cueac? = 0. (5.26)

2 From a representational theoretic viewpoint, ¢A;A;...AL_ lies in the k-fold Cartan product of 7.
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The relation between pure solutions to the zrm field equation and geodetic spinors was first established by
Robinson [38] in four dimensions in his study of Maxwell’s equations. It was later generalised by Hughston
and Mason [20] to even dimensions.

Theorem 5.18. (See [38] and [20].) Let €4 be a holomorphic pure spinor field on (M, g) with almost null
structure Ne.

Let ¢ be a holomorphic function and suppose that ¢A3"'A;c = e¢§A,1§Al2 .. .fA;c satisfies the zrm field
equation (5.25). Then &4 locally satisfies (5.14), i.e. ¢4 is geodetic, i.e. Ne is totally geodetic.

Conwversely, suppose that fA/ is geodetic, i.e. N is totally geodetic. Then locally there exists a holomorphic
function i such that (/ﬁAlBl = eu’fA,fB, satisfies the zrm field equation (5.25). Suppose further that §A,
satisfies (5.26). Then locally, for every k > 2, there exists a holomorphic function ¢ such that oA Ak =
edf“‘/lf“‘/2 ...fA;c satisfies the zrm field equation (5.25). In both cases, there is the freedom of adding to ¢ a
holomorphic function constant along the leaves of Ne.

5.2.4. Conformal Killing spinors
The larger irreducible part of the covariant derivative of a spinor field leads to the twistor equation

’ ]_ ’
Vot + Joun 6 =0, (5.27)
on a holomorphic spinor field £¢4° — here, (5.27) determines (& = ?’ya A BV,4. We shall refer to a
solution of (5.27) as a conformal Killing spinor or twistor spinor. It is well-known that the twistor equation
is overdetermined, and for this reason, it is often more convenient to consider its prolongation [37,4]

1 /
VaC? + EPawafoA =0, (5.28)

b — R Jap 18 the Rho or Schouten tensor (see Appendix C). We immediately

R 1 1
where Pab = 5, m

deduce
1

2v/2(n — 1)

Equations (5.27) and (5.28) are conformally invariant, provided that under a conformal change of metric

V(A = — REA (5.29)

Gab = Q2gap for some non-vanishing holomorphic function €, 5‘4/ and ¢4 transform as

’ AT ’ A~ 1
S N a U (cA + —na“‘) : (5.30)
V2
The equivalence class of pairs of spinors (fA/,CA) ~ (éA/,éA) is a section of what is known as the local
twistor bundle [37] or spin tractor bundle [21]. Such a pair of spinors will be referred to as a tractor spinor.
This bundle arises from a chiral spinor representation for Spin(2m + 2, C).

We shall mostly be concerned with the case where the conformal Killing spinor fA/ is pure. We note
that the purity of fA/ does not in general entail the purity of ¢4 in dimensions greater than six. For future
reference, we record the integrability condition for a pure conformal Killing spinor.

Proposition 5.19. Let fA/ be a pure conformal Killing spinor on (M, g) with (B = @'yaAIBVafA/. Then
Capeal®® =0, ie. (o) =o, (5.31)
CabchCdC - 2\/§Acabgcc = 07 (532)

A48 =0, ie. 2, (A) =0. (5.33)
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Here Agpe := 2V P, is the Cotton—York tensor (see Appendiz C).

Proof. The LHS of (5.31) and (5.32) are the usual integrability conditions for a (not necessarily pure)
conformal Killing spinor (see e.g. [4]), and the RHS of (5.31) is simply the interpretation in the case when
¢4 is pure. Condition (5.33) follows from (5.31) and (5.32). O

In four dimensions, a conformal Killing spinor is always geodetic [34,37], but it is not so in general in
higher dimensions. We can nevertheless give necessary and sufficient conditions for this to happen.

Proposition 5.20. Let §A/ be a pure conformal Killing spinor on (M, g) with almost null structure N¢. Set
(B = %'yaAIBVaﬁA/. Then &4 satisfies (5.10), i.e.

(€ 1VaE e =0.
Further, §A/ is geodetic, i.e. N is totally geodetic, if and only if
A =0, B = —a¢Pe (5.34)
i.e. ¢4, if non-zero, is pure, and its almost null structure N intersects Ne in a totally null (m — 1)-plane

at any point.
Suppose that 5‘4/ is geodetic so that (* satisfies conditions (5.34). Then (4 satisfies

(¢ vac) ¢ =0 (5.35)

Proof. From the twistor equation (5.27) and assuming §A/ to be pure, we compute

1 / 1
— AP B = ——er A B e

V2 V2

This expression is skew in BC and AB, which proves the first claim.

(€1Vag"?) & =~

To prove the second statement, we consider the contraction of equation (5.27) with ¢8| i.e.

’ 1 ’

aB A aB A
V& =—— . 5.36
Let us work at a point, and in line with the notation of section 2, set &% := (EA/>, G"T = im €4,
S"r :=im ¢4 and & " = im €/ . Generically, both sides of (5.36) lie in & " © &1, which contains

m—2

S™7T° ® G % . In fact, both sides of (5.36) will lie in ™7~ ® &% if and only if £24V &8 = BAEB’ for some
B4 in ™7 if and only if £ A g geodetic. In sum, the conformal Killing spinor & A g geodetic if and only if

1

aB ~A’
\/55 Ca - (5.37)

pAEP =
The ‘if’ part of the statement is immediate already from (5.36), so we focus on the ‘only if’ part.
We know that generically, ¢4 lies in GmT%, which contains &™7". One way to see this is to use (5.4)
where J, is so chosen as to preserve 5’4/. Then
1 m—6

CA — _m (FabcfabCA + 2Faab§bA) c 6 1
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m—2

Since the LHS of (5.37) isin 8”7 ®&1, so must be the RHS. This tells us that (** must be proportional to
B4 and lie in &7 too.? By Corollary 2.10, we conclude that ¢4 satisfies (5.34) as claimed. The geometric

interpretation is given by Proposition 2.9.

Finally, if €4’ is geodetic, then ¢4 satisfies (5.34) by the above argument, and a computation leads to
(VaCbB/) Gy = 2. % P CPB ¢C] from which (5.35) can be deduced. O
Remark 5.21. The statements of Proposition 5.20 are conformally invariant. In fact, it is straightforward to
check that conditions (5.34) are invariant under the transformation (5.30).

Further, the conditions that §A/ be pure and ¢4 satisfy (5.34) is equivalent to the corresponding tractor
spinor (€4°,¢4) being a pure section of the local twistor bundle, i.e. it is a pure spinor for Spin(2m + 2, C)
as stated in [20] — for a proof, see [46].

Remark 5.22. Clearly, if ( = 0 in Proposition 5.20, then £ is parallel and N¢ is thus integrable. One can
show [23] that if £ is a geodetic pure conformal Killing spinor then there exists a conformal rescaling such
that £ is parallel.

The next result is a refinement of Proposition 5.20 in the case m = 3. A proof is given in Appendix B.2.

Proposition 5.23. Let £4 be a conformal Killing spinor on (M, g) where M has dimension siz. Then 4
satisfies condition (5.13) (or (B.13)), and thus condition (5.10) (or (B.11)).

Example 5.24. It is shown in [5] how one can associate to a generic 3-plane distribution N on a six-
dimensional manifold M a conformal structure [g]. By generic, we mean that A/ is maximally non-integrable,
ie. T(N) + [L(WV),[(N)] = T(TM). The authors of [21] later characterised (M, [g]) in terms of a tractor
spinor (€4,¢4) which is generic in the sense that (£4,(?) satisfy the non-degeneracy condition £4¢4 # 0,
i.e. (€4,¢?) is an ‘impure’ tractor spinor for the group Spin(4,4). In this case, the conformal holonomy of
(M, [g]) being reduced to (a subgroup of) Spin(3,4). This example clearly works in the category of complex
Riemannian manifold — see section 5.3. Note that in this case, the intrinsic torsion of the P-structure
defined by [¢4] is not generic since (5.10) is satisfied.

5.2.5. Relation to the Goldberg—Sachs theorem in higher dimensions
The Goldberg—Sachs theorem [19] is a classical theorem of general relativity, which, in the context of the
present paper, can be interpreted in the following terms [18,43].

Theorem 5.25. Let (M, g) be a four-dimensional non-conformally flat spin complex Riemannian manifold
satisfying the Einstein equations Rgp = Agap for some constant A. Let [5’4/] is a holomorphic projective pure
spinor, then locally

Clapeaf®ePBecC = 0 — (€A is geodetic. (5.38)
One can show that the condition on the Weyl tensor really restricts to its self-dual part — see Appendix B.1.
There are other versions of the theorem, all of which are reviewed in [18]. A conformally invariant version

[26,39,37] motivated the author’s partial generalisation, which we present in truncated form in the language
of pure spinors.

3 This can also be computed by applying Cartan’s criterion (2.11) of Proposition 2.8 to (5.37) with k =m — 1 and ot = gA'.
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Theorem 5.26. (See [453].) Assume m > 2. Let [€4'] be a holomorphic projective pure spinor field on a
2m-dimensional spin complex Riemannian manifold (M, g) with associated almost null structure Ne. Sup-
pose that the Weyl tensor and the Cotton—York tensor satisfy the algebraic degeneracy conditions

£1°,(C) = €L, (C)

0 , ie. C«abcdgaAbegcC -0 ,
(5.39)

ie. AabcgaAbegcc =0.

Suppose further that the Weyl tensor is otherwise generic. Then locally, [fA/] is geodetic, i.e. N¢ is totally
geodetic (or equivalently, integrable).

When m = 2, Theorem 5.26 agrees with parts of the generalisation [26,39,37]. If (M, g) is assumed to be
Einstein, one can dispense of the genericity assumption and recover the (=) part of (5.38).

However, when m > 2, even if we assume that (M, g) is Einstein, the proof of Theorem 5.26 does not
account for all the possible degeneracies of Cyp.q and must depend on the genericity of Cypeq. In fact,
Proposition 5.20 invalidates the (=) part of (5.38): generically, a pure conformal Killing spinor ¢4 is not
geodetic, but satisfies (5.10). On the other hand, by Proposition 5.19, conditions (5.39) are satisfied except
for the genericity assumption, since gH?(C) = 0. This is independent of whether (M, g) is Einstein or not,
and in fact, with reference to Example 5.24, Einstein solutions where & A" g non-geodetic exist in dimension
six [21]. This suggests the following conjecture improving Theorem 5.26.

Conjecture 5.27. Suppose that [{A/} is a projective pure spinor field on a 2m-dimensional non-conformally
flat Einstein spin complex Riemannian manifold such that the Weyl tensor satisfies Copoqa€@A€PB£C = 0.
Then ¢4 satisfies (5.10), i.e.

(v e 0.

When m = 2, this conjecture does agree with the (=) part of (5.38). Variants involving the Cotton—York

tensor and weaker conditions on the Weyl tensor such as Cpeqf®A€08 deCl = 0 may also be possible.

5.8. Application to real pseudo-Riemannian manifolds

Let (M’,¢’) be a spin oriented 2m-dimensional real pseudo-Riemannian manifold where ¢’ has signature
(p,q) with p+ ¢ = 2m — we assume that (M’,¢’) is also time-oriented when pg # 0. We then have a
reduction of the structure group of the frame bundle FM’ of M’ to Sping(p, ¢), the two-fold covering of the
connected identity component SOq(p, ¢) of SO(p, q).

With reference to section 2.6, we define an almost null structure on (M’; ¢’) to be a totally null complex
m-plane distribution N” € TCM’. Here Tg/\/l' = C® TpM', and N, is totally null with respect to the
complexification of g, at any point p. A pure spinor field £ up to scale determines an almost null structure
N, and any almost null structure arises in this way. The complex conjugation on TC M’ that fixes g’ sends
N to its complex conjugate N ¢ which we can associate to the conjugate spinor € of £&. We shall assume
that the real index 7 : M' — Zxo : p = 1, 1= dim(Ng), N (Ng), of & is constant on M’. The structure
group of FM’ is reduced to the stabiliser of both [¢] and [¢] in Spiny(p, ¢) at any point. One can then study
the geometric properties of the resulting G-structure on the basis of the algebraic properties of its intrinsic
torsion. A notable example is when r = 0 and g is positive definite signature, so that (Ng, N g) define an
almost Hermitian structure [17,48,14].

Alternatively, if (M, ¢’) is real-analytic, then we can complexify M’ to a complex manifold M, and extend
g’ analytically to a holomorphic metric g on M. Similar extensions apply to any real-analytic structure on

(M’,g") such as spin structures and almost null structures [49.51,13]. We then have a complex Riemannian
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manifold (M, g) just as before except that it is endowed with an additional complex conjugation that fixes
the real slice M’. In particular, TM|,, = TCM’, and any real-analytic conjugate pair of complex almost
null structures (N, N ¢) extends to two independent holomorphic almost null structures (Ng,/v £), say, on
(M, g). In practice, it is enough to consider only one of these, and apply the machinery of the present paper
to it. The real geometry can then be recovered by applying reality conditions on tensor and spinor fields on
restriction to the real slice M’.

Finally, if (M’,g’) is smooth, then we cannot in general complexify (M’ g’) to a complex Riemannian
manifold (M, g). This is particularly problematic for almost null structures with r # 0, m, notably in relation
with the existence of local ‘complex’ foliations on (M’, ¢’), the difficulty being in applying the Frobenius
theorem to a formally integrable, i.e. involutive, smooth complex distribution. For instance, Theorem 5.18
will not work in general — see [41] when m = 2, r = 1. Some of these issues are explained in [32,47] for the
case 7 = 1. The reader should be warned of any pitfalls regarding the use of the results of the present paper
in the smooth category.

We can however distinguish the two special cases:

1. When r = 0, ¢’ must have signature (2k, 2¢), and N and Ng can be identify with the +i-eigenbundles of
an almost complex structure J compatible with ¢’, i.e. an endomorphism .J of TM’ such that J? = —Id
and goJ = —J o g. The Newlander—Niremberg theorem [31] tells us that even if (M’, ¢’) is smooth, the
formal integrability of NV¢ (i.e. the vanishing of the Nijenhuis tensor of J) is equivalent to its integrability.

2. When r = m, ¢’ must have signature (m,m), and there is a real span of N¢ where £ can be taken
to be a real pure spinor. The stabiliser P’ of [{] in Sping(m,m) is parabolic, and N thus defines a
smooth P’-structure on (M’, g'). The representation theory of P’ works in the same way as its complex
counterpart. In fact, the spinor representations are the real spans of pure spinors, and all the vector
bundles considered are real and smooth. In this case, we can reformulate all the results of section 5
in the smooth real category: M is a spin oriented and time-oriented 2m-dimensional smooth manifold
equipped with a smooth metric g of signature (m, m) with Levi-Civita connection V, and we can safely
substitute the word ‘smooth’ for ‘holomorphic’. In particular, the Frobenius theorem applies to prove
Theorem 5.18.
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Appendix A. Spinorial description of curvature tensors
Throughout the appendix, U will denote a 2m-dimensional complex vector space equipped with a non-

degenerate symmetric bilinear form g,, and a pure spinor §A/ as in section 2, to which the reader should
refer for the notation.
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A.1. Elements of the go-submodules of §, 2 and €

Let us fix a pure spinor 74/ such that §A/77AI = —%. Then we have a splitting (2.15) of U where
RUFES ker £44 and Y 1= ker n% and Gmsz = im&*4 and 6_% = imn9% are go-modules. This splitting
induces a splitting of any g-submodule M of ®*Y into go-submodules. We can then use £%4 and n% to
project from 9 to any of its go-submodules, and dually, to inject any of its go-submodules into 1. In effect,
we convert spinorial quantities to tensorial ones, and vice versa. In fact, we can think of {£24, n%} as a basis
for U 1@ QL%, and these induce bases of gg-modules. The components of an element of 9 in this basis can
then be interpreted as a spinor. For instance, a spinor

oREEE w2 ®. 06 w2 ®Cn2®.. ®Cma,

4

will be sent to the tensor
gedef g | ecCpd Rl eUe.. . 0oVoVR...07.

If the go-module is irreducible, then its elements (i.e. their indices) will be saturated with symmetries. This
clearly applies to g-modules too. In the following any spinor will be referred to as (totally) tracefree if the
contraction of any pair of indices with the identity element I§ :=n%&5 (see definition (2.17)) vanishes, e.g.
o04P14 = 0. On the other hand, the image of I§ in A2 will be denoted by the 2-form wyp := 25[’3771;],4.

We apply this procedure to the irreducible go-modules §; ﬁlz , Qvii with reference to Propositions 4.1, 4.2
and 4.3 of section 4.

The tracefree Ricci tensor Let ®gp € §. Then

o &,y € Fo if and only if &y = 25{;7]1,)3@,43 for some tracefree ® 45;
o ®, € Fy if and only if @y, = AP 4p for some Pap = ®(ap), and similarly for §_1 = (§1)* by
substituting 74+ for fA,, and changing the index structure appropriately.

The Cotton—York tensor Let Agp. € A. Then

o Aupe € ﬁlg if and only if Agpe = Aawpe — Apwa + % ga[bwc]dAd for some A, = ¢5 Ac;
2

o Agpe €AY if and only if Ay = §bA§f77acAABC — 5&45[13170]0/1,430 for some tracefree A g% = A[AB]C;
2

o Aupe € 2% if and only if Ay = 2§f§€nc]CAABC for some tracefree Ay4g¢ = A(AB)C;
2

o Agpe € Qvl% if and only if Agpe = 5&4555514,430 for some Aapc = Aapcy) satisfying Ajapc) = 0.
2

Since (A/)* = A/
simply interchanging {A/ and 14 and making appropriate changes of index structures.

spinorial formulae for elements of AL ; for @ > 0 can be obtained from those of i[z by

79

The Weyl tensor Let Cypeq € €. Then

o Cuped € 6:8 if and only if Cypeq = ¢ (2 WapWed — 2 Wa[cWqpp + n%ga[c gd]b> for some complex c;

o Cubed € éé if and only if

6 (& e
Cabed = WapCed + Capwed — 2Wia|(c Capjp] — pr— (9101w a*Cloje + Giella @ “Clae)

where C,q := 25[277(1] pCcP for some tracefree CoP;
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e when m > 3, Cypeq € 53(2) if and only if
Cabed = 46 1conanCap P + €2 MacmpCas“” — 260 EEnaipnyCac®”?

for some tracefree CacPP = Cpycy!PP);

o Cupea € €} if and only if Copea = 40 €004 D11 CAc PP for some tracefree CacPP = ClacyPP);

o Capea € €0 if and only if Coped = WapCed + CapWed — 20 e Ca)jy) Where Cup = ¢ALBCap for some
Cop = Ciepy;

o Cuped € €1 if and only if Chpeq = 2§f§§f[€ﬂd]DCABcD 264 ﬁﬂb]DCABcD for some tracefree
Capc? = Crapc? satisfying Clape)® = 0;

* Capea € € if and only if Cupea = PSP Capep for some Capep = Clap)cp) satisfying

ClaBcp = 0.

Since (Qvif )* = ¢/ . spinorial formulae for elements of ¢’ , for i > 0 can be obtained from those of 512 by

simply interchanging ¢4 and 74/ and making appropriate changes of index structures.

79

A.2. Maps describing elements of p-submodules of §, 2 and €

The kernels of the following maps gl‘[g, ?HZ and gHZ are p-submodules of §, 2 and €. Their relations
to the irreducible p-modules Sg, le and Qfg as stated in Propositions 4.1, 4.2 and 4.3 of section 4 can be
verified using arbitrary elements @Z , Qvlf and éz as given in section A.1. This can also be seen from the fact
they are saturated with symmetries.

The tracefree Ricci tensor For @y € §, we define
My (2) =Py, FIIH(R) = £ s
The Cotton—York tensor For Agp. € XU, define
B0, (4) = €4 BEC Ay
15 (A) == € Agpe™

1 ’
ST (A) := €76 Agpe + ——7apr 1P €7D Ay,

?HZ—% (A) = ga(A gb B)Aabc + ’YCD’(A gd B)gbaD/Adba 3

3
2(n+2)

09 (A) = Aape™
1 /
SIIL (A) o= € Acab — ——= Va0 P Ayl
2 n—2
. 3 by
?H% (A) 1= A(ap)£™ — m'y(aD/AAb)cdg .

The Weyl tensor For Cupeq € €, define
gHO_Q(C) = gaAgngccngCabcd ;
S, (C) = £24€P B Cpeq

1 / ,
ng—l(C) .= gaAEbBé-cCOabce + n——’_2 (gaAgngcdD Cabcd'YeD’C _ ganb[A §CdD Cabcd'YeD’ B]) ,
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EY(C) = P ¢ Copea
’ 1 ’ ’
5Cr[(l) (C) = gabB gCDCabcd + EgabB gceD Cabce’YdD’D;

a 1 ae ! ae ’ ’
§I15(C) = €Y Cppegal™ + ¢  Creppyager P - £%Y Coeap € oAy g P

2(n—2)(n—4)

a 3 aeC’
gng(c) = 5 ACa(bc)dde - n—+4£ ¢ C(aed(b VC)C’(A ng)

aeC’ df F’ A D
Cae ’ c)F"
2(n+2)(n+4)§ &Y Yoo TV o

SH? (C) = gabB,Cabcd )

“ 1 ’ !
§111(C) :=€"P Capea + P (f(wc Vier Cacca — £%¢ Caeb[c’Vd]C’B) )

with the proviso that gH% does not occur when m = 3.
Appendix B. Spinor calculus in four and six dimensions

We briefly sketch the spinor calculus in dimensions four and six. Details for the former can be found in
[36,37] and references therein, and for the latter in [24,30]. Our notation will be consistent with the one
introduced in section 2. For definiteness, we work over C, but the real case is completely analogous.

B.1. Four dimensions

Let (M, g) be a four-dimensional complex Riemannian manifold equipped with a holomorphic volume
form and a holomorphic spin structure. We first work at a point. The spin group G := Spin(4, C) is isomor-
phic to TG x ~G, where *G := SL(2,C)* are two distinct copies of SL(2, C), acting on the two-dimensional
chiral spinor representations &*. All spinors in &% are pure. The spaces G* are equipped with volume
forms € 4.p: and €4p, with inverses eA'B" and 4B e, aA/cfeB/Cl = (51]2,/ and so on. These identify &+
with their dual (&%)*. Any irreducible representation of G is isomorphic to a k-symmetric power @&+
of &* for some k > 0 — here ©°&* = C. By extension, any irreducible representation of G is isomorphic
to (0"6T) ® (©'6&™) for some k, £ > 0. In particular, if 9 is the standard representation of SO(4, C), then
W =~ ST @G, and we shall convert tensorial indices into spinorial ones by means of the y-matrices 7% 44/,

which satisfy

gV aaV B =2eapean . (B.1)
Thus, for any vector V¢, we have VAB — %vaAB/Va.

The Lie algebra g of G splits into two irreducible parts Tg 2 s[(2, C)*, the Lie algebras of *G. These are
isomorphic to the spaces of self-dual and anti-self-dual 2-forms A%Z2. Correspondingly, a 2-form Fy;, splits
into self-dual and anti-self-dual parts represented by symmetric spinors ¢ 4-p- and ¢ 4p respectively, i.e.

Foy=dapeap +oapean € O*6TOS XAV AN2T2Tge g.

Accordingly, the space 2 of tensors with Cotton—York symmetries and the space € of tensors with Weyl
symmetries split into self-dual and anti-self-dual parts A+ =2 6T ® (@36i) and ¢+ = ©4&* respectively.
Further, we have § = (@26+) ® (@26*). Thus, the tracefree Ricci tensor, the Cotton—York tensor and the
Weyl tensor can be expressed as
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Dy = Paparp, Agpe = Asapcrepe + AaraBceprcr
Caved = VY arprcrpreapecp + VY aBecDEA'B'EC' D

respectively, where W4/ g/crpr and ¥V agop are the self-dual and anti-self-dual parts of Cgypeq respectively,
and Aaa por and Aaapce are the self-dual and anti-self-dual parts of Agp. respectively.

B.1.1. Projective spinor fields

Let [fA/] be a holomorphic projective spinor field on (M, g), so that the structure group of the frame
bundle is reduced to P, the stabiliser of [£ A,} in G at a point, with Lie algebra p. As in the higher-dimensional
case, P is also a parabolic Lie subgroup of G, and p induces a |1|-grading g = g1 © go © g—1- The only
difference now comes from the semi-simplicity of g: if 39 and sly denote the centre and simple part of g,
we have that Tp:=pNTg= 30D g and pN~g="g=sl. Then " GNP ="Gand "P:=TGNPisa
parabolic Lie subgroup of TG. In effect, we can write P = TP x ~G. This means that for any irreducible
G-module M = O*6T @ S~ for k, £ > 0, we have a filtration of P-submodules of 9t induced from a
filtration of T P-submodules of the TG-module ®*&*. Following section 2, set

&= ("), & =67, &"=6.
As a consequence of the two-dimensionality of G*, we can characterise S as
67 ={a? et : Y au =0}. (B.2)

More generally, any irreducible TG-module G~ % := ©*&~2 admits a filtration

k k k k k
G2CcG2lcG2?cCc...cG 2t cE 2 (B.3)
of T P-modules
k—20+2 _k A A A
S 2 ={dagay.a, €672 1 daayapay, 4, ETER L0 =0), for t=1,... k.
k—2042 k—2044

For any integer k, each summand & 2 /& z  in the associated graded module of (B.3) is a one-
dimensional * P-module isomorphic to a C-module 6k722£+2, on which the grading element £ 4/np/ has

. k—20+2
eigenvalue “—5

— here §A/77A/ =1

Intrinsic torsion The intrinsic torsion of the P-structure can be identified as an element of the P-module
20 := V@ g/p at a point. In fact, since ~g acts trivially on [¢4], it is enough to consider the P-module
T := Y ®tg/Tp. This is in fact consistent with the fact that the spin connection on ST takes value in *g.
We obtain a filtration of P-modules *90~2 < t90~2 = 90, where both *20~2 and t20~2 /720 are
one-dimensional. Details are left to the reader. The intrinsic torsion generically lies in +90~% and whether
it degenerates to an element of 902 or vanishes can be expressed by

VPV qnkp =0, ¢V anép =0,

respectively. Here V 4p/ stands for the Levi-Civita connection V,. These are precisely the geodetic spinor
equation (5.14) and the recurrent spinor equation (5.6) respectively.

Many of the results of section 5 can easily be adapted to the four-dimensional setting. For instance,
equation (5.10) can be rewritten as

PV antp =€t Vap f.

We refer to the literature, notably [36,37] for a detailed study of these spinorial equations and others.
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Curvature tensors To describe irreducible P-submodules of (®k6+) ® (QKG_) for non-negative k and ¢,
it suffices to tensor the tP-invariant filtration on ©*&* with ©@¢&~. Thus, for the space §, we have a
filtration {0} =: §2 C §* C §° € F! := § of indecomposable P-modules. For the spaces A% we obtain
two distinct filtrations

TR ctar ctaTE ctaTr =Ty, A C AT =L
Finally, since P induces no non-trivial filtration on ~ €, we are left with a filtration
te2ctel ctel ctet cte?="Te, (B.4)
of T P-submodules of the space ™€ of self-dual Weyl tensors. Defining

+ o ’ ’ ’ ’ + , , ,
%ng(\lﬂ) — é—A é-B é—C é‘ \I]A,B,C/D/ s %Hgl(\lﬂ) — €A é—B é—C \IIA’B’C’D/ 7
+ ’ ’ + ’
() = ¢V P Vapicrp (V) = M Vapronp (B.5)

we see that T¢/ := ker+%H?_1 forall i =-1,0,1,2.
It is instructive to compare these maps with the maps ng defined in Appendix A.2, which can also be
used in dimension four. It is relatively straightforward to show that, in four dimensions,

§IIL,(C) = £1I5(C) = 0,
fI9(0) = "SImo(w) for i = —1,0,1,2,
§I05(C) = €aép Y aBen

while gH% is not defined. Since 5‘4/ is always assumed to be non-zero, one can interpret gH% as the projection
from € to ~€, and expect it to replace the self-duality condition in higher dimensions.

B.1.2. Principal spinors and the Petrov—Penrose classification
For comparison, we recall some of the related notions given in [36,37]. We say that 4" is a (k— £+ 1)-fold
principal spinor of an irreducible spinor ¢, a; if
bajay..apay, .. EMER L gh =0, (B.6)
In the case k = 4, we have a notion of (5 — ¢)-fold principal spinor of the self-dual Weyl tensor, which is
itself intimately connected to the Petrov—Penrose classification of the self-dual Weyl tensor [35,50,33]: at a

: . . ’ ’ ’ /
point p, ¥ 4/ g/ ps defines a homogeneous quartic polynomial ¥'(7) := Uapopmd 7B 7¢ 7P =0, where

[77‘4/] are homogeneous coordinates on CP!, the fibre of the projective spinor bundle over p. This polynomial
has four roots, and the multiplicities of these roots define the various Petrov types {1111}, {211}, {31},
{22}, {4} and {—} of ¥4 p/c/p. In the generic case {1111}, ¥’(7) has four distinct roots, and thus four
distinct principal spinors at p. Type {211} consists of a double root and two distinct simple roots, and
thus a 2-fold principal spinors and two distinct 1-fold principal spinors, and so on. Type {—} simply means
Vapcp =0.

It must be emphasised that in sharp contract with the main ideas of the present paper, the Petrov—Penrose
classification makes no assumption on the existence of a preferred (projective) spinor field on (M,g). In
fact, one could single out any spinor field €4 on (M, g). One would have a filtration (B.4) of + P-modules
on T€. Then &4 would be a principal spinor for U 4/ /v p if and only if +%:1_192(\1") = 0, which is already a
non-trivial condition from the viewpoint of the P-structure. More generally, comparison of the maps (B.5)
and the definition (B.6) of principal spinors, one has
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e Uy poprisof type {1111} with 1-fold principal spinor ¢4 if and only if +%Hg2(\lﬂ) =0,

e Upgiop is of types {211} or {22} with 2-fold principal spinor €4 if and only if +€H0 (T =0,
o Uapicip is of type {31} with 3-fold principal spinor £4” if and only if ¢HO( N = O

e Uy popris of type {4} with 4-fold principal spinor §A if and only if %H?(\Il )=0.

On the other hand, any principal spinor field fA/ of U4/ p/crpr on (M, g) defines a holomorphic reduction
to the structure group P, the stabiliser of [§A/] at a point in G, and one can relate the Petrov types with
(B.4) as we have just done.

B.2. Siz dimensions

Let (M,g) be a six-dimensional complex Riemannian manifold equipped with a holomorphic volume
form and a holomorphic spin structure. We first work at a point. The chiral spinor spaces are dual to each
other, i.e. (6%)* 2 &7, and can be identified with the four-dimensional standard and dual representations
of the spin group G = Spin(6,C) = SL(4,C). All spinors in &T are pure. One can then eliminate the use
of primed indices in favour of the unprimed ones, so we shall write & for &~ and &* for &T. We can also
convert tensor indices into a skew-symmetrised pair of indices by means of the skew-symmetric y-matrices
%7“,43 and %fyaAB, which satisfy the identity

aAB,bCD _ o ABCD

9y 487 cD = 2€ABCD Gavy Y ) gab”YaAB’YbC = 45[A 53] ;. (BT

ABCD

where eapcp = €[apcp) and € = ¢ ABCD] are volume forms on & and &* respectively satisfying the

normalisation
eapope” "M = 246f, 650657 .

d 1 ABCD

Skew- symmetrlsed pairs of spinor indices can be raised and lowered by means of 2 5EABCD an , e.g.

Vag = 25 ABCD VED The isomorphism A2G =2 A2G* is the spinorial counterpart of the metric 1som0rphlsm
between the standard representation U of SO(4,C) and its dual B*. More generally, we identify

U= A2G, AU =G e, 6%, SDU=NOR G ISR =YORCH

In addition, the tracefree Ricci tensor, the Weyl tensor, and the Cotton—York take the spinorial forms

Qo = Papep, Colet = 85[CC'D][E 5F]] ; Aw =4 AupicFop ™,
where ®apcp = Papjcp) satisfies @ apcip = 0, cSE C((gBD) is tracefree, and A pc? = AiaBic

satisfies A[ABC]D =0and Aapc? = 0.

B.2.1. Projective spinor fields
Let [£4] be a holomorphic projective spinor field on (M, g) so that the structure group of the frame
bundle is reduced to P, the stabiliser of [£4] at a point in G. As in section 2, P induces filtrations

(a)=61ce1=6", {f'ec6:p%=0}=61ce =6,

of P-submodules. We can also re-express &1 = {aa € & : {4ap = 0}. We can extend this argument to
spinors of any valence, and play the same game with 2 and g. In particular, the maps (2.24) defining the
irreducible p-modules g} of gr(g) can then simply be expressed as

M2 (¢) = Eud e, 15 (¢) := ¢a"¢n, MIG(0) = Eadm© — %554 opPén.
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Intrinsic torsion The intrinsic torsion of the P-structure at a point viewed as an element of the module
W := VB g/p was already described in section 3, and its description in terms of the Levi-Civita connection
in section 5.1.1. We have already noted the slight differences between six dimensions and higher dimen-
sions. These can be more clearly expressed in the present calculus. Thus, denoting by V 45 the Levi-Civita
connection, the geodetic spinor equation (5.14) and the recurrent spinor equation (5.6) read as

—
o8]
oo

L

(EpVPAE) Ec) =0,
(VAB¢c)€ép =0,

—
o8]
©

=

Taking the irreducible parts of these equations yield
€av*Pep =0,  (B.10)

(oY 465) €01 — 5 (€0V776x) 6hc) =0, (B11)

§aVP9o+E0VTPea =0,  (B12)
1
(VABg[C) €] — (V[AIESE) 5=§1§D] _ (ﬁEV[AlEf[C> 5I’ﬁ] -3 (gEVEFfF) 5[?45%] _0, (B.13)
which are equivalent to (5.9), (5.10) (5.11) and (5.13) respectively.
Proof of Proposition 5.23. Consider a conformal Killing spinor £4 on (M, g), i.e. a solution of
2
VABEo + ga[g‘vB}EgE =0.
A little algebra yields
2
(V*P¢¢) ) — 31095 V7 e =0,
E[A B 1 (A B|E Leacn EF _
&p (VPe0) 0] — s€cd) (VP1Pn ) — 20(t0B) (V5 €r) =0,
from which we deduce that &4 satisfies equations (B.13) and (B.11). This proves Proposition 5.23. O

Curvature tensors Finally, we record the maps given in Appendix A.2 characterising the P-submodules of

the spaces of curvature tensors in this spinor calculus:
o for F= (A26) O (A%26),
S0 (®) = §a P oyp S F) SIY(®) =& ®pope
o for A (A26) 6 ®, 6%,
?Ho,g (A) == EuApoyp "Epér
?HO,% (A) == EuApop”Es,
?Hl,% (A) == Aupc "¢ p)ée + Acpa “Epée
SI1% 4 (A) = EuApcyp " Ep — 35[12 Apcyp “Emée — ifm Apcyp “éa

S8 (A) == Aapc”ép,

Ol
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1
S5 (A) = &uApcep” — 5554 Apciptér,

=

2A
&'H

SN

(4) = Aapic"Ep) + Acpa "Ep) — % (AAB[C Polper + ACD[AF6%]§F> :
o for € X (0%6) ®, (026%),

¢125(C) = &4 Cjic € pi€etr ,

§112,(C) = g Chieénte,

§1L,(C) := Eu C e piér — 3554 Cjicépiréa — 35[ Diaéméréa,

£I5(C) = CSEécén,

?Hé(C) =¢a Cg]chE - B]C§E§F,
ETI3(C) = €1 cféﬁcsm 55[A Crieéméa - 55{5 paéméa + 6[E'OG doeatn ,
CI—IO(C() §D )

D
ng( ) *g[ACB]C 5( g])gﬁf’

Remark B.1. ‘Coarser’ versions of some of the maps gﬂf were already given by Jeffryes [25,30] in his
investigation of the ‘principal spinors’ of the Weyl tensor in dimension six. Our maps gHZ are saturated

with symmetries, and are thus more tightly connected to the representation theory of P on €.
Appendix C. Conformal structures

We collect a few facts and conventions pertaining to conformal geometry. We roughly follow [2], although
our staggering of indices differs from theirs. For specificity, we work in the holomorphic category.

A holomorphic conformal structure on a complex manifold M is an equivalence class of holomorphic
metrics [gap] on M, whereby two metrics gqp and g, belong to the same class if and only if

gab = Q2gaba (Cl)

for some non-vanishing holomorphic function 2 on M. The respective Levi-Civita connections V, and Va
of gap and §gp are then related by

VoV = VoV + QucVe, Qabe = Qab 9ac = 2L (a gpye — YeGab
for any holomorphic vector field V¢, where YT, := Q= !V,Q.
Spinor bundles We first note that under a rescaling (C.1), the y-matrices can be chosen to transform as
Yaa? = AaaB = Qyea® YaB ™ = Ao = Qe ?

where %AB/ and %B/A denote the v-matrices for the metric §qp. In addition, we can choose the
Spin(2m, C)-invariant bilinear forms on S to rescale with a conformal weight of 1, and their dual with
A'B s 4A'B = -1,A'B

when m is odd, and so on. This means in particular that the quantities *yaAB/ and v® 4p- when m is even,

a conformal weight of —1. For instance, va/p' — Y4/ = Qya/p- when m is even, y
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and 'yaAlBl and % 4/ps, and their unprimed counterparts, when m is odd, have conformal weight 0. Then
the spin connection V, is related to V, by

A ’ ’ 1 ’ ’
Vot = Vat™ = ST o Prap” € (C2)

for any holomorphic spinor field EA/, and similarly for unprimed and dual spinors. This connection can be
seen to preserve the hatted y-matrices and the hatted bilinear forms on S. This agrees with the convention
of [36] but differs from the more standard convention, used in [29] for instance.

Now assuming that §A/ is pure, and setting é{f = §B/’A7aBrA, we derive further

(Val'®) € = (Vag"®) & — 2m,"1P S,
NV — £V = Q1 (VWi — PV 4 (m - D)TEBEY )
(ébA@aébB) €0 =1 (€947 ,€"B) €€ .
The first two equations can be combined to yield
(VuPIE + 2 (P80 1 £ 0,0 ) = (Vae )l + 2 (P09 110w, 1)
a b m—1 a a a b m—1 a a

Curvature In conformal geometry, it is more convenient to use the alternative decomposition to (5.3)

1 1

Rabed = Cabed — 49ic|[a P ) q) » Pap = 5 ®ap — ngab, (C.3)

where the Weyl tensor Cqp.? is conformally invariant, and the Schouten or Rho tensor Py, transforms as
N 1 c N _92 c n—2 c
Py =Pup — Vo Xy + T, Ty — §TCT Gab » P=Q P-VeY, — TT T.), (C4)

where P := P,“. Finally, the Cotton—York tensor Agp. := 2V, P )y = —(n—3)VdCdabc, where the expression
on the RHS follows from the contracted Bianchi identity, transforms as flabc = Aupe — TCyube.
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