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1. Introduction and motivation

One of the milestones in the development of general relativity, the Goldberg-Sachs theorem, first formulated in 1962,
states [1] that a four-dimensional Einstein Lorentzian manifold admits a shearfree congruence of null geodesics if and only
if its Weyl tensor is algebraically special. It has proved invaluable in the discovery of solutions to Einstein’s field equations,
and the Kerr metric is a prime example of its application [2].

A number of versions of the Goldberg-Sachs theorem subsequently appeared, and revealed a far deeper insight into
the geometry of pseudo-Riemannian manifolds. To start with, the Einstein condition can be weakened to a condition on
the Cotton-York tensor [3,4], whereby the conformal invariance of the theorem is made manifest. Further, the theorem
turns out to admit a complex holomorphic counterpart [5,6], and other variants on real pseudo-Riemannian manifolds
of arbitrary metric signatures [7-11]. In all these versions, real or complex, the underlying geometric structure is a null
structure, i.e. an integrable distribution of totally null complex 2-planes. In the real category, the metric signature induces
an additional reality structure on the complexified tangent bundle, which adds a particular ‘flavour’ to this null geometry.
Thus, in Lorentzian signature, a null structure is equivalent to a Robinson structure (also known as an optical structure), i.e. a
congruence of null geodesics along each of which a complex structure on its screenspace is preserved [12,13]. In particular,
such a congruence is shearfree. Similarly, a Hermitian structure on a proper Riemannian manifold can be identified with a
null structure.

That distributions of totally null complex 2-planes on pseudo-Riemannian manifolds represent fundamental geometric
objects forms the backbone of twistor theory, or more generally spinor geometry, and a number of geometric properties of
spacetimes can be nicely formulated in this setting [ 14,6]. These ideas generalise to higher dimensions: in even dimensions,
a null structure is now an integrable distribution of maximal totally null planes; in odd dimensions, the definition is
identical except that the orthogonal complement to the null distribution is also required to be integrable. Applications of
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higher-dimensional twistor geometry can be seen in the work of Hughston and Mason [15], who give an even-dimensional
generalisation of the Kerr theorem as a means to generating null structures on open subsets of the conformal complex sphere.
More recently, it was noted by Mason and the present author [16] that the higher-dimensional Kerr-NUT-AdS metric [17] is
characterised by a discrete set of Hermitian structures, and its Weyl tensor satisfies an algebraic condition generalising the
four-dimensional Petrov type D condition. As in four dimensions [ 18], these results were shown to arise from the existence
of a conformal Killing-Yano 2-form.

Such findings suggest that a higher-dimensional Goldberg-Sachs theorem should be formulated in the context of null
structures, and to this end, an invariant classification of the curvature tensors with respect to an almost null structure
appears to be the most natural framework. Such a classification already exists in almost Hermitian geometry [19,20], but
curvature prescriptions that are sufficient for the integrability of an almost Hermitian structure do not appear to have been
investigated. In Lorentzian geometry, the Weyl tensor has also been subject to a classification [21-26] which has mostly
focused on the properties of null geodesics. In fact, according to this approach, the geodesic part of the Goldberg-Sachs
theorem admits a generalisation to higher dimensions [27], but its shearfree part does not. In fact, shearfree congruences of
null geodesics in more than four dimensions, which, as remarked in [28], are no longer equivalent to Robinson structures,
have not featured so prominently in the solutions to Einstein’s field equations [29,24].

On the other hand, the present author [30] put forward a higher-dimensional generalisation of the Petrov type II
condition, which, together with a genericity assumption on the Weyl tensor and a degeneracy condition on the Cotton-York
tensor, guarantees the existence of a Robinson structure on a five-dimensional Lorentzian manifold. A counterexample to
the converse is given: the black ring solution [31] admits pairs of null structures, but the Weyl tensor fails to be ‘algebraically
special relative to it’ in the sense of Theorem 1.1. In the same reference, it is also conjectured that these results are also true
in arbitrary dimensions, and in the holomorphic category. It is the aim of the paper to turn this conjecture into a theorem.
To be precise, we shall prove

Theorem 1.1. Let N be a holomorphic distribution of totally null m-planes on a (2m + €)-dimensional complex Riemannian
manifold (M, g), where € € {0, 1} and 2m + € > 5, and let N denote its orthogonal complement with respect to g. Suppose
the Weyl tensor and the Cotton-York tensor (locally) satisfy

cX,Y,Z,-)=0, AZ,X,Y)=0,

respectively, for all vector fields X, Y € I'(N 1), and Z € I" (N). Suppose further that the Weyl tensor is otherwise generic. Then,
the distributions & and N+ are (locally) integrable.

In fact, we shall demonstrate more than this. We shall define further degeneracy classes of the Weyl tensor and the
Cotton-York tensor with respect to ., and show that these also imply the integrability of & and & . We shall also be able
to weaken the genericity assumption on the Weyl tensor in Theorem 1.1 to such an extent as to guarantee the integrability
of up to 2™ canonical null distributions and their orthogonal complements. Consequently, Theorem 1.1 will be generalised
to the category of smooth pseudo-Riemannian manifolds of arbitrary metric signature.

The structure of the paper is as follows. In Section 2, we lay bare the algebraic properties of null structures by means of
their stabiliser p, say, which is well-known to be a parabolic Lie subalgebra of the complex special orthogonal group. Their
properties are already well-documented in [32,33], and we use these sources to set up the algebraic background and the
notation used throughout the paper.

These algebraic considerations are then translated into the language of vector bundles in Section 3. In particular, algebraic
classes of Weyl tensors and Cotton-York tensors are defined in terms of p-invariant filtered vector bundles. We also examine
the geometric characteristics of almost null structures such as integrability conditions and geodetic property.

In Section 4, we present the main results of this paper. It begins with a restatement of the complex four-dimensional
Goldberg-Sachs theorem in the notation introduced in Section 3. We discuss to which extent it may be generalised to higher
dimensions. Building on [30], we argue that the existence of a null structure together with a degenerate Cotton-York tensor
does not necessarily lead to further, i.e. ‘special’, degeneracy of the Weyl tensor, in the sense of Theorem 1.1. On the other
hand, we show that certain algebraic classes of the Weyl tensor, which generalise the Petrov type Il and more degenerate,
guarantee the integrability of an almost null structure, provided that the Weyl tensor satisfies a genericity assumption, and
the Cotton-York tensor is sufficiently degenerate. We then prove the conformal invariance of these results.

In Section 5, after a heuristic discussion on the genericity assumption on the Weyl tensor, we extend Theorem 1.1 to the
case of multiple null structures, which may be viewed as a generalisation of the Petrov type D condition. This allows us to
show how it also applies to real pseudo-Riemannian smooth manifolds of arbitrary metric signature, giving special attention
to proper Riemannian, split signature and Lorentzian manifolds.

We end the paper with some remarks on the relation between the Goldberg-Sachs theorem and parabolic geometry.

We have collected the complex Bianchi identity in component form in an Appendix.

2. Algebraic preliminaries

This section is largely a down-to-earth application of the theory of parabolic Lie algebras given in [33]. Other useful
references on parabolic geometry and representation theory are [32,34].
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Let (V, g) be a (2m+-¢)-dimensional complex vector space, where € € {0, 1}, equipped with a non-degenerate symmetric
bilinear formg : V x V — C.If U is a vector subspace of V, we shall denote its orthogonal complement with respect to g
by U+, and its dual by U*. Fix an orientation for (V, g), and denote by  the Hodge duality operator on the exterior algebras
/A\°V and A\® V*. The group of automorphisms of V preserving g of determinant 1 is the complex special orthogonal group
SO(2m + €, C). It will be denoted G for short, and its Lie algebra so(2m + €, C) by g.

Definition 2.1. A null structure on (V, g) is a maximal totally null subspace N of V, i.e.

{(0ycNcNtcv, (2.1)
where dimN = m.

There are notable differences between the even- and odd-dimensional cases, which we state as a lemma.

Lemma 2.2. Let N be a null structure. Then

(1) whene = 0, N = N, and N is either self-dual or anti-self-dual, i.e. for any @ € /\" N, either x® = @ or x0 = —®;
(2) when € = 1, N is a proper subspace of N*, and N* /N is one-dimensional.

In what follows, we describe the Lie algebra of the stabiliser of the null structure.
2.1. Graded Lie algebras and parabolic subalgebras

Even dimensions greater than four (¢ = 0, m > 2). By Lemma 2.2, we can rewrite filtration (2.1) in the form
VicVIcvoz (2.2)
By convention, one take Vi = {0} for all k > 3, and V3 = Vforall k < —1. The meaning of this notation will become

apparent in a moment. For definiteness, we also assume, with no loss of generality, that N is self-dual. Choose a subspace
1 1 . 1 .
V_1 C V72 complementary to V 2, so that setting V1 := V2, the vector space V can be expressed as the direct sum
2 2

V=VipV_ 1. (2.3)
2 2

We can then adopt the following arrangement of basis for V and of symmetric bilinear form g

I [ A O )

Assuming m > 2, the Lie algebra g = so(2m, C) can now be expressed as the graded Lie algebra

g=9-1Dgo D g1, (2.4)

where

— 00 . _ t _ 0 Y . _ t
9—1_{<Z 0).ZeMat(m,(C),Z_—Z}, 91_{<0 0>.Y6Mat(m,<C),Y_—Y},

go = {<§ _(;(t> X e gI(m, C)} .

Here, gl(m, C) denotes the Lie algebra of the complex general linear group GL(m, C), Mat(m, C) the ring of all m x m matrices
over C, and -* matrix transposition. The Lie bracket is compatible with the grading of g, i.e. [g;, gj] C giy; for all i, j, with the
convention that g; = {0} for all i > |1|. Further, being a reductive Lie algebra, go decomposes as go = g3 @ 3(go), where g
is semi-simple and isomorphic to s{(m, C), and 3(go) is the centre of gy and is one-dimensional. In particular, 3(gg) contains
the element

1(1, 0
E'=§<0 —1m>’

and we see that the adjoint action of E on g is given by Ad(E)(X) = iX for all X € g;, and any i € {—1,0, 1}. For this
reason, E is referred to as the grading element of g. The grading on g induces a filtration g' C g° C g~! = gon g, where
g = gi®- - Pg;.Setting p := g°, we see that p preserves the filtered Lie algebra (g, {g'}). The Lie algebra p is an example of
a parabolic Lie subalgebra of so(2m, C). The above description is also referred to as a standard parabolic Lie subalgebra, and
any parabolic Lie subalgebra preserving a self-dual null structure must be SO(2m, C)-conjugate to it.!

—_

1 These definitions are usually given in terms of the root system of a semi-simple Lie algebra. This is not needed for the purpose of the present article,
and we refer the reader to [32,33] for a more thorough treatment.
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It is now apparent that our choice of notation for the filtration (2.1) is justified by the fact that E also induces the grading
(2.3) on V, since for any element v € V;, one has E - v = iv. In particular, the filtration (2.1) is p-invariant.

On the other hand the grading (2.3) is only invariant under gg, not p. We can nonetheless define the associated graded
vector space gr(V) to (V, {V'}) by gr(V) := €D,(gr;(V)) where gr;(V) := V'/V™1 which is clearly p-invariant. Restricting the
natural projections 7r; : V' — gr;(V) to V;, one then obtains isomorphisms V; = gr;(V), and thus an isomorphism gr(V) = V.

Remark 2.3. The stabiliser of an anti-self-dual null structure can also be described in terms of a standard parabolic Lie
subalgebra of s0(2m, C). It is however not SO(2m, C)-conjugate to the parabolic Lie subalgebra preserving a self-dual null
structure as given above. Nonetheless, they enjoy the same properties, and the distinction between these two Lie algebras
will not be crucial to the applications covered in this paper—the notation in the anti-self-dual case mirrors that introduced
above for the self-dual case. The situation in four dimensions is slightly different as we shall see presently.

Four dimensions (¢ = 0, m = 2). The Lie algebra so(4, C) can also be described in terms of the grading (2.4). However, unlike
s0(2m, C) form > 2, so(4, C) is not simple, but splits into a self-dual part and an anti-dual part, each isomorphic to s((2, C),
and which we shall denote by *g and ~g respectively.? The stabiliser of a self-dual, respectively, anti-self-dual null structure
will then be a parabolic subalgebra of *g, respectively, ~g. Assuming that N is self-dual as above, and using the setting of
the previous section, the Lie algebras Tg and ~g are given by g = Tg_; @ *go @ Tg1 and ~g = g respectively. Here, we
have set *gq == g1, Tg_1 := g_1 and Tgo := 3(go). Setting Tg' := Tg; ® - - - @ *g; for each i, we obtain the induced filtration
+g' € T¢°  tg~1. Then, we see that both (*g, {*g'}) and the filtration (2.1) are preserved by the parabolic Lie subalgebra
p := Tg°. A similar filtration can be derived on ~g with respect to the parabolic Lie algebra preserving an anti-self-dual null
structure,

0dd dimensions (¢ = 1). By Lemma 2.2, the filtration (2.1) can be rewritten in the form
vicvicvlicv, (2.5)

and we set V¥ = {0} for all k > 2, and V¥ = V for all k < —1 for convenience. This notation will be justified in the same
way as in the even-dimensional case. As before, to describe the Lie algebra preserving this filtration, we introduce subspaces
V; C V' complementary to V4, fori = —1, 0, with V; = V!, so that

V=V,®Vo®V_,. (2.6)

If one adopts the following arrangement of basis for V and of symmetric bilinear form g, adapted to this direct sum

O e AL

the Lie algebra g = so(2m + 1, C) can be expressed as the graded Lie algebra

0=92®g-1DgoDg1 D,
where

0 Y O 0 0 U
g2:{<0 0 o):YeMat(m,C),Y:—Yf}, 91:{<0 0 0):U6(Cm},
0 00 0 U o0
X 0 0
go={<0 —X! 0):Xeg[(m,©)},
0 0 O

0 0 0 0 0 O
g2=11Z o0 0):ZeMat(m,(C),Z=—Zf , g1 = (0 0 V):VG(C’" .
0 0 O -Vt 0 0

The Lie bracket is compatible with the grading of g, with the convention that g; = {0} for alli > |2|. Again, go decomposes as
go = gy D 3(go), where g is semi-simple and isomorphic to sl(m, C), and 3(go) is the centre of gy and is one-dimensional.
In particular, 3(go) contains the grading element

1, 0 0
E=(0 -1, 0
0 0 O

of g since Ad(E)(X) = iX for all X € g;, and any i. The grading on g induces a filtration of Lie algebra ?ceglcg®cglc

g% = g, where g’ := g; @ --- ® g1. Again, setting p := g°, we see that p preserves the filtered Lie algebra (g, {g'}). It is a

2 Here, self-duality is defined via the standard identification so(2m, C) = /\2 V.
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standard parabolic Lie subalgebra of so(2m + 1, C), and the stabiliser of any null structure is SO(2m + 1, C)-conjugate to it.
We also note that our choice of notation for the filtration (2.5) reflects the grading (2.6) of E on V. It is then straightforward
to show that the filtration (2.5) is invariant under p.

As in the even-dimensional case, one can define associated graded vector space gr(V) to (V, {V'}) by gr(V) = D (gr;(V))
where gr;(V) := V/Vi*1, A choice of grading on V then allows one to establish an isomorphism gr(V) = V.

2.2. Induced filtered vector spaces

Any filtration {V} on a vector space V induces a filtration {(V*)'} on its dual V*, whereby each vector subspace (V*)' is
the annihilator of V1=, Further, the associated graded vector space gr(V*) is then such that gr;(V*) = (gr_;(V))*. Thus, the
filtrations dual to filtrations (2.2) and (2.5) are

VDI CVHcwH =V, @Y CV) cw vy =v
in even and odd dimensions respectively, and V! = (V*) for each i, by means of g.

Similarly, given two filtered vector spaces (V, {V'}) and (W, {W'}), one can naturally define a filtration {(V ® W)} on
their tensor product V ® W by setting

(V@ W)k.= Vi W,
i+j=k
and the associated graded vector space gr(V ® W) is such that gr,(V @ W) = &, ik gri(V) ® grj(W).
Another useful property of filtered vector spaces is that if U is a vector subspace of a filtered vector space (V, {Vi}), then
U inherits the filtration {V'} of V by setting U' := U N V",
In all of these constructions, the filtrations and the associated graded vector spaces induced from a given p-invariant

filtered vector space (V, {V'}) are also p-invariant. Further, the choice of a grading on V compatible with its filtration will
also induce gradings on the dual vector space and tensor products.

Remark 2.4. It is often more convenient to view the filtrations (2.2) and (2.5) as representations of p in even and odd
dimensions respectively. Typically, one starts with a representation V of g, which for simplicity we may assume to be
irreducible. In the case at hand, V is simply the standard representation of g. Then, one can obtain a filtration {V'} on V
where each subspace V' is a p-invariant subspace of V. It turns out that the associated graded vector space gr(V) can be
viewed as a refinement of the filtration {V'} in the sense that each gr;(V) := V!/V'*! is a completely reducible p-module,
and each irreducible component can be described in terms of an irreducible g3 -module. This analysis clearly extends to dual
and tensor representations.

2.3. Parabolic subgroups

The passage from the Lie algebra g and its parabolic Lie algebra p to their respective Lie groups G and P is explained
in details in [33]. In general, having fixed a complex Lie algebra g and a parabolic Lie subalgebra p, there will be some
choice of possible Lie groups with Lie algebras g and p. For our purpose, it suffices to choose G to be the connected Lie
group SO(2m + €, C), in which case there is only one possible choice for P obtained by exponentiating p. It can also be
described as follows. We first conveniently define a group Gy with Lie algebra gg, which will be GL(m, C) in the case at
hand. Then, writing p, := gy, respectively, p. := g1 ® g2, when € = 0, respectively, ¢ = 1, one has a diffeomorphism
Go X pr — P : (80,Z) — goexp(Z). The Lie subgroup P is appropriately called a parabolic subgroup of G, and the Lie
subgroup Gy is referred to as the Levy subgroup of P.

Finally, in our case, the p-invariant filtrations and associated graded vector spaces will all give rise to P-modules,
i.e. irreducible representations of p will exponentiate® to irreducible representations of P.

3. The geometry of almost null structures

Throughout M will denote a (2m + €)-dimensional complex manifold M, where € € {0, 1} and m > 2. We shall
essentially be working in the holomorphic category. Thus, TM and T* .M will denote the holomorphic tangent bundle and the
holomorphic cotangent bundle of M respectively. If E — M is a vector bundle over M, the sheaf of holomorphic sections
of E will be denoted I'(E). If E and F are vector bundles, E ® F will denote the tensor product of E and F, /\k E, the k-th
exterior power of E, Qk E, the k-th symmetric power of E. The Lie bracket of (holomorphic) vector fields will be denoted by
[+, -]1. We shall also assume that .M is orientable, and the Hodge operator on differential forms will be denoted by *. When

3 Thisis not true in general: there is a condition on the coefficients of the highest weight vector of an irreducible representation of a parabolic subalgebra
to be satisfied [32].
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€ = 0, its restriction to I"( /\m T*.M) is an involution, i.e. ** = 1, and the +1- and — 1-eigenforms of * will be referred to as
self-dual and anti-self-dual respectively.*

We shall equip M with a holomorphic metric g, i.e. a non-degenerate global holomorphic section of @2 T*M, and the
pair (M, g) will be referred to as a complex Riemannian manifold. Equivalently, the structure group of the frame bundle &
over M is reduced to G := SO(2m + ¢, C), and the tangent bundle can be constructed as the standard representation of G,
i.e. TM := F x¢cV where V is the standard representation of G. The k-th tracefree symmetric power of the tangent bundle
and the cotangent bundle will be denoted by @ﬁ TM and @’; T* M respectively.

The holomorphic tangent bundle admits a unique torsion-free connection, the (holomorphic) Levi-Civita connection,
which preserves the holomorphic metric; it will be identified with its associated covariant derivative V : I'(TM) ®
I'(TM) — I'(TM), and it extends to a connection on sheaves of holomorphic sections of tensor products of TM and T* .M.

The (holomorphic) Riemann curvature tensor R : I"( /\2 TM) ® I'(TM) — I'(TM) associated to V is given by
Rxny - Z := VxVyZ — VyVxZ — Vix yiZ,
forall X,Y,Z € I'(TM), and extends to sheaves of holomorphic sections of tensor products of TM and T*.M. This induces
a section of 1“((92 (/\2 T*M)), also denoted R, via
RX.Y,Z, W) =gRxry - Z, W),
forall X,Y,Z, W € I'(TM), which satisfies the Riemann symmetry
RX,Y,Z,W)+R(Y,Z,X,W)+R(Z,X,Y,W)=0.
The Riemann tensor naturally splits as
RX,Y,ZW)=CX,Y,ZW)—-gX,Z)PY, W)+ 8sX,W)P(Y,Z)+g(Y,Z)P(X,W) —g(Y, W)P(X, Z),(3.1)

where the Weyl tensor C is the tracefree part of R, and the Rho tensor P is a trace-adjusted Ricci tensor. The Cotton-York
tensor is the 2-form valued 1-form A defined by

AX,Y,Z) := VyP(Z, X) — VzP(Y, X) (3.2)

forallX,Y,Z e I'(TM). Since P is symmetric, A is in the kernel of A : T*M & /\2 "M — /\3 T* M.
Finally, we shall express the Bianchi identity in terms of the covariant derivative of the Weyl tensor and the Cotton-York
tensor as

(VxCO)(Y,Z,8,T)+ (VyO)(Z,X,S.T) + (V:O)(X,Y,S,.T) = —gX,S)AT,Y,Z) —g(Y,SA(T, Z, X)
—8(Z,9A(T,X,Y)+8(X, T)AS,Y,Z)

+g(Y, T)AS,Z,X)+g(Z, T)AS,X,Y), (3.3)

forallX,Y,Z,S, T € I'(TM).Taking the trace of Eq. (3.3) yields the contracted Bianchi identity, from which one can deduce

that the Cotton-York is the divergence of the Weyl tensor, and thus must be tracefree.
It will be convenient to view the Weyl tensor and the Cotton-York tensor as sections of the bundles

c=0) (/\2 T*M) L A=TMO, \' T (3.4)

where ©, should be understood as reflecting the symmetry properties of the Weyl tensor and the Cotton-York tensor.
For this reason we may refer to € and + as the bundles of tensors with Weyl symmetries and Cotton-York symmetries
respectively. When 2m + ¢ > 5, these bundles are irreducible G-modules, i.e. ¢ = F xcC and A = F XA, where C
and A are irreducible G-modules. When m = 2, ¢ = 0, under so(4, C) = sl(2, C) x sl(2, C), the bundle of 2-forms splits
into a self-dual part and an anti-self-dual part, and accordingly the bundles € and 4 split into self-dual parts TC and * 4,
respectively, and anti-self-dual parts ~€ and ~ ., respectively.

3.1. Almost null structures and classifications of the Weyl tensor and the Cotton-York tensor

This section is a translation of the algebraic setup of Section 2 into the language of vector bundles. More detailed
background information can be found in [33] although their approach focuses essentially on Cartan geometries.

Definition 3.1. An almost null structure on (M, g) is a holomorphic distribution " of maximal totally null planes on .M, i.e. a
holomorphic subbundle of TM such that at every point p of M, the fibre .V}, is a maximal totally null subspace of the tangent
space T, M of M at p, and , is spanned by holomorphic vector fields in a neighbourhood of p.

We say that the almost null structure & is integrable in an open subset U of M if the distribution ./, and in odd
dimensions, its orthogonal complement &~ are integrable in U, i.e. at every point p € U, the fibres Np, and in odd
dimensions, Npl are tangent to leaves of foliations of dimensions m and m + 1 respectively. An integrable almost null
structure will be referred to as a null structure.

4 This choice of eigenvalues is always possible in the complex category.
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From the above definition, we shall essentially regard an almost null structure as a filtration of holomorphic vector
subbundles

MCNCNTCTM, (3.5)

where M should be regarded as the zero vector bundle. The structure group of the frame bundle # — M is then reduced to
P, the parabolic subgroup preserving the filtration (3.5), as described in Section 2.2. One can in fact think of the almost
null structure as being modelled on the filtration of vector spaces (2.1). For this reason, we can apply the notation of
Section 2 to vector bundles. In particular, using the constructions of Section 2.2, this time in terms of vector bundles, we will
give P-invariant classifications of the Weyl tensor and the Cotton-York tensor, generalising the four-dimensional Petrov
classification.

Before delving into this, we restate Lemma 2.2 in the vector bundle format.

Lemma 3.2. Let N be an almost null structure on (M, g). Then
(1) whene =0, N = N1, and W is either self-dual or anti-self-dual;
(2) when e = 1, N is a proper subbundle of N+, and N /N is a rank-one vector bundle.

Remark 3.3. As already noted in Remark 2.3, whether an almost null structure is self-dual or anti-self-dual will not be of
major significance except in four dimensions, and for the remainder of the article, we shall in general make no assumption
regarding the self- or anti-self-duality of the almost null structure.

Even dimensions greater than four (¢ = 0, m > 2). By Lemma 3.2, & = ~'1, and one can rewrite the filtration (3.5) as
Vvicvicvz, (3.6)

and we set ”V’2’< = Mfork > 3,and V% = TM for k < —1 for convenience. The associated graded vector bundle is

gr(TM) = gry (TM) ® gr s (TM) where gr;(TM) := V!/V™!, One can assign a grading on T.M adapted to .V,
TM="V®V_, (3.7)

by choosing a vector subbundle V_1 C V3 complementaryto Vi :=V 2. This can be viewed as making a choice of frame
2 )
adapted to the almost null structure. The natural projection V' — gr;(T.M) establishes isomorphisms V; = gr;(T.M), and
thus TM = gr(TM).
It is now a simple matter to apply the discussion of Section 2.2 in the context of the filtration (3.6), based on the remark

that the bundles € and 4 defined in (3.4) are subbundles of ®4 T*M and ®3 T*M respectively. Thus, when m > 2, they
admit the respective filtrations,

M=Ccelcelcelcelce?=c¢, (3.8)

M=A CAICAICAICAT=A, (3.9)
with respective associated graded vector bundles

gr(C) = gr,(C) @ gr1(C) @ gro(C) & gr_;(C) & gr_,(C), (3.10)

B(A) =873 (A) @ 811 (A) @ 8r_1 (A) D gr_3 (A), (3.11)

where gr;(@) := €'/C't!, gr;(A) := A/ /A for each i, j. A choice of frame adapted to . induces gradings on € and -4,

C=CPC1DCIBC_1DC_y, (3.12)
A=A; @A O AL DAY, (3.13)

1
2
respectively. With this choice, the natural projections ¢! — €'/C*' and A' — A'/A™! establish isomorphisms ¢; =
gr;(C) and A; = gr; () for each i, and thus € = gr(€C) and A = gr(+A).

Four dimensions (¢ = 0, m = 2). In four dimensions, and assuming the almost null structure to be self-dual, one obtains
filtrations on TC and T A

M=TecTe?ctelctelcfelcte?="e, (3.14)
M=4AT CTAZ CTAZ CHAT2 CTAT2 =T A, (3.15)
respectively.’ As in the higher dimensions, one also defines associated graded vector bundles gr(*€) and gr(* ), which, on

choosing a particular grading (3.7), become isomorphic to € and T4 respectively. Similar results can be obtained on G~
and 4 ~, when the almost null structure is taken to be anti-self-dual.

5 Onealso gets a filtration M = “A? - “AZ - “AZ ="sAon ~ s, which we shall not need however.
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Remark 3.4. In four dimensions, it is well-known that at every point p of .M, one can always find a maximal totally null
subspace N, of T,M such that the self-dual part of the Weyl tensor at that point degenerates to +¢~1, and this maximal
totally null subspace can be extended to an almost null structure in a neighbourhood of p. For this reason, if the self-dual
part of the Weyl tensor degenerates further to a section of * C?, it is referred® to as algebraically special with respect to N In
fact, the (complex self-dual) Petrov types I, II, IIl and N can easily be defined in terms of the bundles €=, *€°, * €' and
* @2 respectively, and similarly for the anti-self-dual case.

0dd dimensions (¢ = 1). This is very similar to the previous case except that now, .V is a proper holomorphic subbundle of
N L. Thus the filtration (3.5) can be rewritten as

V2l v c oyl (3.16)

and we set VK = M fork > 2,and V¥ = TM fork < —1 for convenience. The associated graded vector bundle is

gr(TM) = gry(TM) @ gro(TM) @ gr_;(TM) where gr;(TM) := V!/VIT1, One can assign a grading on T.M adapted to .,
TM=V®Vo® V_1, (3.17)

by choosing vector subbundles V; C V! complementary to V;,; with V; := V!. This can be viewed as making a choice of
frame adapted to the almost null structure. The natural projection V! — gr;(T.M) establishes isomorphisms V; = gr;(TM),
and thus TM = gr(TMm).

Again, from Section 2.2, the filtration (3.6) induces filtrations on the vector bundles € and +,

M=Cce'celc...celcet=e, (3.18)

M=ArCACAC - CAZCA = A, (3.19)
respectively, with associated graded vector bundles

gr(C) = gry(C) @ gr3(C) - - - @ gr_3(C) @ gr_4(C), (3.20)

gr(A) = gry(A) @ gry(A) @ - - - @ gr_,(A) © gr_z(A), (3.21)

respectively, where gr;(@) := €'/C™*!, gr;(:A) := A /AT for each , j. A choice of frame adapted to " induces gradings on
C and A,
C=CiBC3PD - DC_3PC_y4, (3.22)
A=Az DAy D DA LD A 3, (3.23)

respectively, which allow one to establish isomorphisms ¢; = gr;(€) and 4; = gr;(+) for each i, and thus ¢ = gr(C) and
A = gr(A).

Remark 3.5. In even and odd dimensions greater than four, the (pointwise) existence of an almost null structure with
respect to which the Weyl tensor degenerates to a section of ¢! and €3 respectively, is not guaranteed in general. While
the use of the terms ‘algebraically special’ to describe a Weyl tensor degenerating to a section of €° may then not be entirely
appropriate, such a Weyl tensor nonetheless enjoys some ‘special’ status regarding the geometric property of the almost
null structure W as will be seen in Section 4.

Remark 3.6. Referring back to Remark 2.4, we can view each of the vector bundles ¢! and ' as p-modules (or P-modules
at the Lie group level), and one way to refine the classification is by considering the irreducible p-modules in each of the
quotient bundles gr;(€) and gr;(+4). This will not be needed in this paper, but will be covered in a future publication.

Tensorial characterisation of sections of € and . When it comes to explicit computations, it is somewhat more convenient
to describe sections of the bundles €' and A' by means of the following lemma.

Lemma3.7. Fixk € Z, k > —5*- L € Z+ 155, £ > —52—. Whenm = 2, € = 0, assume that W is self-dual, and write € and
A for TC and T A respectively. Let C € I'(C) and A € I" (A). Then,

12

cerehH e C(Xi,, Xi,, Xi3, Xi,) =0, forallX,-j € I"(V') such that Zij =1-—k,
J

A€ I'(AYH & AKX, X;

YR

Xi;) =0, forallX; € (V) such that Zij =1-1¢,
J

wherei; € Z, |ij| < 1< forallj=1,...,4

The above characterisation can be proved immediately from the fact that the bundles € and 4 are subbundles of ®4 T M
and ®’ T* M respectively, and (V*)' is the annihilator of V'~ for each i.

6 This is usually formulated in terms of a spinor field &, say, which defines ., and the terminology ‘with respect to N is then replaced by ‘along &’.
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3.2. Geometric properties

Let (M, g) be a (2m + €)-dimensional complex Riemannian manifold, where ¢ € {0, 1} and m > 2, endowed with an
almost null structure . In the following discussion, we shall generally treat both the even- and odd-dimensional cases at
once, bearing in mind that in the former case & = W, so that there will be some redundancy in the properties presented.
When some distinction needs to be made, the notation of Section 3 together with ¢ will be used.

Theorem 3.8 (Frobenius). A necessary and sufficient condition for an almost null structure N to be integrable is that it is
involutive, i.e.

[X,Yle '(N), [S,Tle'(N7D),
or equivalently,

gS. X, YD =0, gX,[S,T)=0, (3.24)
forallX,Y € I(N)andS,T € I'(N71).

The integrability of & in some open subset U gives rise to a foliation of U by maximal totally null leaves. In odd
dimensions, U is also foliated by leaves of dimension m + 1. In both cases, these leaves are totally geodetic, in the sense
given by the next lemma.

Lemma 3.9. The almost null structure N is integrable if and only if
forallX e T(N1Y),Y,Z € ['(N).

Proof. LetX € I'(N1),Y,Z e I'(N),and suppose that the distributions .#" and .# * are integrable. Then, using the defining
properties of the Levi-Civita connection,

1

1
5 @X.[Y.Z) +gZ. X, Y] +&(Y.[Z.X])) =0,

by Egs. (3.24), and similarly for g(Y, VxZ). The converse is obvious. [

Remark 3.10. There is an alternative way of characterising the integrability of the almost null structure, which mirrors
a procedure introduced in [35,19] in almost Hermitian geometry. We note that the almost null structure & can be
represented’ by a single, up to scale, tensorial object @ € I'(/\" N*). It thus makes sense to measure the failure of the
Levi-Civita connection to preserve , or equivalently, to be a p-valued 1-form on M. In even dimensions, the geometric
properties of .V can then be encoded by the P-invariant differential equations

Vxw = a(X)w, (3.26)

for some 1-form e, and for all X € I" (V') for somei € {—%, %}. In particular, taking i = % gives the integrability of . In

odd dimensions, the geometric properties of &' can be encoded by the P-invariant differential equations
Vxo = a(X)w, Vy(xw) = B(Y)w A p, (3.27)

for some 1-forms o, B and y, and for all X € I'(V'),Y e I'(V) for some i,j € {—1, 0, 1}. In this case, the integrability of
N (and N 1)is given by takingi = 1andj = 0.

Integrability condition. The existence of a null structure &' on M is subject to an integrability condition on the Weyl tensor
as given by the next proposition.

Proposition 3.11. Suppose .V is a null structure. Then, in dimensions greater than four, the Weyl tensor is a section of ¢~1=¢. In
four dimensions, assuming N is self-dual, the self-dual part of the Weyl tensor is a section of T¢I

7 This can also be formulated spinorially.



990 A. Taghavi-Chabert / Journal of Geometry and Physics 62 (2012) 981-1012

Proof. LetX € I'(N 1), Y,Z, W € I'(N). We shall show that
C(W.X.Y.Z) =0, (3.28)

which, by Lemma 3.7, is equivalent to the claim of the proposition. We start by differentiating either of relations (3.25), so
for definiteness, we have

0=Vw(g(, VxZ)) =g(VwY, VxZ) +g(Y, VwVxZ) = g(Y, Vw VxZ), (3.29)
by Eq. (3.25) again. Now, from the definition of the Riemann tensor, we have
RW,X,Y,Z) =g(Y,VwVxZ — VxVwZ — Viw x1Y) =0,

by Egs. (3.29) and (3.25) together with Lemma 3.9. The splitting of the Riemann tensor (3.1) now establishes Eq. (3.28).
Further, when 2m + € = 4 and  is assumed to be self-dual, Eq. (3.28) is always trivially satisfied on restriction to the
anti-self-dual part of the Weyl tensor, and so must be a condition on the self-dual part of the Weyl tensor. O

3.3. Null basis and its associated canonical almost null structures

So far the discussion has been expressed invariantly, with no reference to any particular frame, but at this stage, it is
convenient to introduce some notation tied up to a choice of frame adapted to a null structure. As before (M, g) will denote
a (2m 4+ €)-dimensional complex Riemannian manifold where ¢ € {0, 1}, and m > 2, and ~ an almost null structure
on M. We first note that choosing a (local) grading (3.7), respectively (3.17) of the tangent bundle, when € = 0, respectively
€ = 1, is really tantamount to choosing a frame adapted to &. When € = 0, this (local) frame will be denoted

{SM,Eglu,ﬁzl,...,m},

where {§M} and {éﬁ} span V% and V_ 1 respectively. When € = 1, it will be denoted

1
2
{Sy_a&f}agoluy‘j: 1,...,m},

where {§,}, {§,} and {é ) span Vi, Vo, and V_ respectively. In both cases, the frame vector fields will be taken to satisfy
the normalisation conditions

g8, &) =08, 8. &) =1.

The corresponding coframes will be denoted
{0ﬂ,éﬂ|u,a: 1m} {0M,éﬁ,a°|u,f) - 1,...,m},

when € = 0 and € = 1 respectively, and where §M40” = 34,, éﬁﬁﬁ = 8; §OJ00 = 1, and all other pairings vanish. In
particular, the metric takes the canonical form

g=2) 0"00 +c6°®6°. (3.30)
n=1

With this convention, we shall denote the components of the tensors with respect to these frame and co-frame in the usual
way, i.e. if A is a tensor field, then its components are given by, e.g.

AMO];".I?)L/}...O‘[ = A(oﬂ’ 007 éav L) élzv g)n é[)? ceey §07 gt)a

and so on.
For future use, we introduce the following notation for the components of the connection 1-form

Tew =8(Ve 6,6, T =8(Ve £,.8).  Tev =8V &, &),
Fow = 8(Veo€, ). Touws =8(Ved,. &), Tops = 8(Ve, 5. &),

and so on, in the obvious way. Since the Levi-Civita connection preserves the metric, these components are skew-symmetric
in their last two indices.

Canonical almost null structures. For convenience, letS := {1,2,...,m},M C S, and M:=5S \ M. Then, having chosen a null
frame as above, for every 2™ choice of M, one can canonically define almost null structures

My = span{sﬂ,éaz forallu € M, v 61\71}
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That these are maximal totally null is clear from the form of the metric (3.30). In particular, &' = M
shall denote

Bs :={Ny : forallM C S},

m. For future use, we

.....

the set of all canonical almost null structures on (an open subset of) M.

Remark 3.12. In the above notation, the spinor bundle /\* # is locally spanned by the 2™ simple m-vectors &, :=
E, N A f,-‘up where p is the cardinality of M—when M is empty, we write &; for the unit scalar field spanning /\O N.

In fact, each &, is a pure spinor field, in the sense that it annihilates the corresponding canonical null distribution W, via
the Clifford action [36,37].

4. The Goldberg-Sachs theorem

We begin by restating the Goldberg-Sachs theorem as generalised by Kundt-Thompson [3] and Robinson-Schild [4]. The
formulation, closely following [6], is adapted to the language of Section 3.

Theorem 4.1 (Generalised Goldberg-Sachs Theorem). Let (M, g) be a four-dimensional complex Riemannian manifold. Let N
be a self-dual almost null structure on (M, g), and U an open subset of M. Consider the following statements

(1) the self-dual part of the Weyl tensor is a section of * ¥ over U which does not degenerate to a section of *C*+! over U;
(2) the almost null structure N is integrable in U;

(3) the self-dual part of the Cotton-York tensor is a section of +AK=2 over U.
Then,

(@) fork=0,1,2, (1) & 2) = (3);
(b) fork=0,1,2, (1) & 3) = (2);
(c) fork=0,2)& (3) = 1 := (1) withk =0o0r 1or 2.

Remark 4.2. An anti-self-dual version of Theorem 4.1 coexists with it.

The proof of each of the implications (a), (b), (c) of the theorem is essentially based on the (self-dual) contracted Bianchi
identity. It is usually carried out as a local computation using a local null frame adapted to -, e.g. in the Newman-Penrose
formalism, or more invariantly in terms of spinor fields. The assumption on the Cotton-York tensor can also be replaced by
an assumption on the Rho tensor in implication (c¢). We also note that implication (a) is really an integrability condition on
the Cotton-York tensor given some algebraic condition on the Weyl tensor.

In higher dimensions, a putative Goldberg-Sachs theorem would take the same form as Theorem 4.1 except for the fact
that self-duality has now no place there, and in odd dimensions, one has additional degeneracy classes. Let us examine each
implication in turn.

e Implication (a) presents no difficulty, and follows directly from the definition of the Cotton-York tensor, in terms of the
contracted Bianchi identity, for which we give an invariant expression in terms of an almost null structure below.

e To prove implication (b) in four dimensions, we first note that each summand *¢*/* ¥+ of the graded vector bundle
associated to the filtration (3.14) is one-dimensional. This means that the property that the Weyl tensor is a (local) section
of €¥, but does not degenerate to a section of ¢*!, depends on a single non-vanishing component of the Weyl tensor in
a frame adapted to V.

In higher dimensions, the bundles €*/@*+! are not one-dimensional in general, and it is no longer enough to assume
that the Weyl tensor, as a section of G, does not degenerate to a section of C**1. For this reason, we must introduce
a genericity assumption, which must be understood in the sense that there are no additional structures imposed on M
beside the almost null structure. As a result, the components of the Weyl tensor, modulo Weyl symmetries, do not satisfy
algebraic relations among themselves. It is also worth noting that unlike in four dimensions, the full Bianchi identity is
now required in the proof of implication (b): the contracted Bianchi identity alone does not provide enough constraints
on the relevant connection components.

e Finally, one can already assert that implication (c) fails in higher dimensions. Indeed, based on the computations of [30],
one can complexify a small region of the Lorentzian black ring solution [31], and show that it locally admits (holomorphic)
null structures.® However, the Weyl tensor does not degenerate to a section of . The author is aware of at least one
other counterexample to implication (c) in higher dimensions, the complexification of the five-dimensional Euclidean
black hole metric discovered in [38].

8 These are the complexification of the original null structures on a Lorentzian manifold, as explained in Section 5.4.3.
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Remark 4.3. Not covered in Theorem 4.6 is the case when (M, g) is conformally (half-)flat, i.e. the self-dual part of the

Weyl tensor and the self-dual part of the Cotton-York tensor are sections of @3 and +A3 respectively. If one is concerned
in finding a null structure in this case, the appropriate alternative is to appeal to the Kerr theorem, which states that any
(local) null structure on a conformally (half-)flat complex Riemannian manifold (.M, g) can be prescribed by a holomorphic
projective variety in its twistor space [6]. Consequently, (M, g) admits (locally) infinitely many self-dual null structures.
The same remark applies in higher dimensions [15].

We treat the even- and odd-dimensional cases separately. Before we proceed, we give an expression for the Cotton-York
tensor in terms of the contracted Bianchi identity.

Lemma4.4. Let (M, g) be a 2m + €)-dimensional complex Riemannian manifold where ¢ € {0, 1} and m > 2. Then the
defining equation of the Cotton-York tensor (3.2) is equivalent to

B—2m+e)AX,Y,Z) = Z(v£&C(ga,x, Y.Z) - CE&,, Vi X,Y,Z) - C(§,,X, V. Y, 2)

o

—C(5,. X, Y, Vs Z) + Ve, C(;, X, Y, Z) — C(§;, Ve, X, ¥, Z)
—C(;.X. Ve, Y.2) — C&. X, Y, Vi, 2)) + €(V5,C(6o. X. Y. Z)
— C(y, Ve, X, Y, Z) — C(§y, X, Vi, Y, Z) — C(§, X, Y, Vi, Z)), (4.1)

forallX,Y,Z € I"(TM), where {’;‘W Eﬁ, €&,} is a null basis as described in Section 3.3.

4.1. The complex Goldberg-Sachs theorem in even dimensions

We start with the even-dimensional generalisation of implication (b) of Theorem 4.1, which is an application of
Lemma 3.7 to Eq. (4.1) with € = 0, together with the geodesy property (3.9).

Proposition 4.5. Let (M, g) be a 2m-dimensional complex Riemannian manifold, where m > 3. Let N be an almost null
structure on .M, and U an open subset of M. Let k € {0, 1, 2}. Suppose that the Weyl tensor is a section of C* over U. Then

3
the Cotton-York tensor is a section of AK~2 over U. Suppose further that N is integrable in U. Then the Cotton-York tensor is a
1
section of AX~2 over U.

Next, the even-dimensional generalisation of implication (b) of Theorem 4.1 can be expressed as follows.

Theorem 4.6. Let (M, g) be a 2m-dimensional complex Riemannian manifold, where m > 3. Let N be an almost null structure
on M, and U an open set of M. Let k € {0, 1, 2}. Suppose that the Weyl tensor is a section of C¥ over U, and is otherwise generic.

Suppose further that the Cotton-York tensor is a section of AK=3 over U. Then W is integrable in U.

Proof. This is essentially a local computation. Choose a local frame {§,,, é i} over U adapted to .V, as described in Section 3.3.
Such a choice induces the local gradings (3.12) and (3.13) on the bundles € and + respectively. The condition that the Weyl
1
and the Cotton-York tensor be sections of C¥ and 4~ 2 respectively is equivalent to their components in ¢; and A 1
vanishing forall -2 <i<k—1.
To show that ¥ is integrable, we shall make use of the equivalent geodesy condition (3.25). Locally, this can be expressed
as a condition on the %mz(m — 1) connection components

I =0, (4.2)

forall «, u, v.

The gist of the proof is based on the fact that for each k € {0, 1, 2}, in the local frame, and as a result of the algebraic
degeneracy of the Weyl tensor and the Cotton-York tensor, some of the differential equations defined by the components
of the Bianchi identity (3.3) given in Appendix A become algebraic equations, which can be viewed as a homogeneous
overdetermined system of linear equations on the unknowns I,,. It is however not immediately clear whether these
algebraic equations are all linearly independent. Hence, the proof will consist in singling out a subsystem of %mz (m-1)
linearly independent equations on I, . In this case, the only possible solution will be the trivial solution (4.2).

More specifically, for each k € {0, 1, 2}, we shall be able to choose a subsystem of %mz (m — 1) linear equations which
takes the matrix form
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Kiz % - . *
* K]3
Ky
Km,m—l
K23
K124
K;LvA
: *
* N e sk Km72,m71,m
I'p 0
I3 0
I 0
Fm m,m—1 0
« ,m, — , 43
U3 0; (4.3)
Uiy 0;
Uy 0,
umfZ,mfl.m 03

or Ku = 0 for short. Here, each entry of the %mz (m — 1) x 1 vector u corresponds to a connection component [’ ,,. Some
of these have been arranged in triples in the column vectors

FMUA
Uy = F\)AM s
FA;w

forallk < u < v.

On the other hand, each entry of the %mz (m—1)x %mz (m—1) matrix K will consist of a (constant) linear combination of
components of the Weyl tensor. Corresponding to the arrangement of the entries of u, we have also singled out the matrices
K,, and K, of dimensions 1 x 1 and 3 x 3 respectively, each acting on I',,,,, and u,,,, respectively. The remaining entries
of K have been marked with an asterisk *, the meaning of which will be clarified in a moment. In fact, from the structure of
the matrix K, we will be able to show that K is non-singular. This is made clear by the following lemma.

Lemma 4.7. Let A, B be two distinct index sets, i.e. AN B = {#}, and let {f*}yca, {gﬁ}ﬂgg be two collections of functions over
U. Consider the field of square matrices over U of the form

D, Ap - .- A,
Ay Dy :
K = . , (4.4)
. Dp_1 Ap—],p
O W D,

where for each i, the entries of the block square matrix D; are polynomials in f* with constant coefficients, and for each i # j, the
entries of A; are polynomials in g? with constant coefficients. Then, the determinant of K is given by

detK = G + D, (45)
where G = G(f*, g#) is a polynomial in f* and gP such that G(f*, 0) = 0, and D = [];(detDy).
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In particular, assuming that

(1) for each i, D; is non-singular,

(2) the collections {f*} and {g”} are generically unrelated, in the sense that there are no algebraic relations between the functions
f*and g? foralla € A, B € B,

then M is non-singular.

Proof. Clearly, by definition, the determinant of K is a polynomial in f¢ and g#. Hence, we can always write detK = G + D,
where G = G(f*, g#) is a polynomial in f¢ and g? such that G(f*,0) = 0,and D = D(f®) is a polynomial in f¢. Setting
g? = 0forall B € Byields detK = D. But K is now the block diagonal matrix diag(D;, D, . . ., D,), which has determinant
[ [;(detD;). Hence, Eq. (4.5) is established.

Next, from part (1), we have [ [;(detD;) # 0. Further, from the genericity assumption (2), we have G + [ [;(detD;) # 0,
i.e. Kis non-singular. O

Thus, to prove the theorem for each k € {0, 1, 2}, it suffices to check whether the matrix K of the system of Eqgs. (4.3)
satisfies the hypotheses of Lemma 4.7. But it turns out that this is precisely the case: it will be seen that the index structure
of the components of the Weyl tensor, modulo the Weyl symmetries, may be split into two distinct sets A and B such that
the hypotheses of Lemma 4.7 hold, with

D= <]_[1<M) - ( I1 det(KW)). (4.6)

UFV K<A<p

Moreover, one can simply invoke the genericity assumption on the Weyl tensor to deduce the additional requirements (1)
and (2) of Lemma 4.7. It will then follow that the system (4.3) is non-singular, and must therefore have trivial solution (4.2).

Remark 4.8. By ‘components of the Weyl tensor, modulo the Weyl symmetries’, we mean that the components of the Weyl
tensor are subject to the Riemann symmetries

C(X7 Y7Z’ W) +C(Y723 Y7 W) +C(27X7 Y7 W) = O’

together with the tracefree condition
> (€ X B ) + € X £, 1)) + €Cle X o, Y) = 0,

for all vector fields X,Y,Z, W € I'(TM). A component has an index structure in the indexing set A if and only if any
other component related to it by a Weyl symmetry also has an index structure in A. In this case, no ambiguity® arises in the
application of Lemma 4.7. In particular, one should check that the linear combination of the components involved in K,
and det(K,; ,) do not lead to the vanishing of these scalars. This step can be carried out by inspection, and will be left to the
reader.

Case k = 0: Assume that the Weyl tensor is a section of C° so that

Cuver = Cpz = 0, (4.7)

for all u, v, k, A. Then Eqgs. (A.3) become

0 = 285 Arw + 2T0° Cosir + 4Tt Gty = Buvpien (A3)
Here B,,, 5« is merely a short hand for this set of algebraic equations. Now, suppose that the Weyl tensor is otherwise
generic, and the Cotton-York tensor is a section of A~7. Then the set of Egs. (A.3) constitutes a homogeneous system of

im3 (m —1)? equations on %mz (m— 1) unknowns. Pick all m(m — 1) equations B,,, v, and all %m(m — 1)(m —2) equations
B,.vijun, which, dropping the Einstein summation convention, can be written as

0= Fuuv(cvﬁvﬂ + CM[W[L) + Fvvu(cufmﬂ + G + Cvﬁuﬂ)
+ Z (F;wa (C,Fuﬂw - C;/,&V[L) + F;L;LUC\)&V[L - Fv;ur (Cﬂﬁ,uv + Cv&ml) + Fwocp,&u,&) s
£ TTRY
0 = F/LquAﬁvﬂ + F;,L/,L)LC;L[LU[L + Fvvu (Cﬁ.f),uk + Ckﬁu;l) - FUU)LC;LGM[L
+ Fuw\(cﬁim + Cuvvi) + Do (C/\Xm + Cujin + C[LX;M)
+ Z (Fuvacﬂ&ux + F/,L,LLO'C)»&U[Z - F;LAUCM&\J[L - Fvua (C/l&u)\ + CA&;L[L) + Fv)\acp,&p,ﬁ,) s
TFEA WU,V

9 There is one notable exception that will be encountered in the odd-dimensional version of the theorem, but the argument there can be adapted with
no major difficulty.
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respectively. These sets of equations can be put into the matrix form (4.3), by defining, for all «, p distinct,and 4 < v < A,

Kkp = Ceinic + Ci?[)/cp + Cp[)lcl?a

Gz T Cuivia Gini T Cunin + Cazpn 0
K, = 0 Gopvp + Coins Cuivi + Covvs + Gogvp | »
Conai T Gt T+ G 0 Gonw T Gl

respectively. The latter has determinant
det(l(um) = (C[L}”\M)L + Cl,u';uﬁ) : (Cf)ﬁvy, + Cv):)\f)) : (CXﬁAv + C)L[Lu,):)

+ Gt Cunn + Cazgn) - Cups + Convs + Gong) - (G + Gt + i)
which can be seen to be non-vanishing by the genericity assumption,'® and K,,, and K,,,, are thus non-singular. Hence, the
term (4.6) is non-vanishing.

Further, one can check that the components of the Weyl tensor in the entries of K,,, and Ky, have distinct index
structures from those in the remaining entries of K. Hence, we can apply Lemma 4.7 to conclude that K is non-singular,
thus establishing condition (4.2).

Case k = 1: Assume that the Weyl tensor is a section of C! so that conditions (4.7) hold together with
Cp,f)/c): =0, (48)

forall u, v, k, A. Then Egs. (A.7) become
0 = =28, 5 Ac1p + &ocAipw T 2011 Cogis + 20’ Ciapgs = Bpuopii- (A7)

. . . . . 1
Now, suppose that the Weyl tensor is otherwise generic, and the Cotton-York tensor is a section of +4 2. Then the set of Egs.
(A.7) constitutes a homogeneous system of %m“ (m — 1) equations on %mz(m — 1) unknowns. Pick all m(m — 1) equations

B,vsv5, and all %m(m — 1)(m — 2) equations B, 5z

0= Fvvu.(c,af)ml + C[Lf)ml) + ELuvcllﬁv;l + Z (Fuua C;lfruﬁ - Fv;ur C;l&ml + I_:u/urcfu?v;l - va.o Cfu?;ul) s

£ TTRY
0 = _F/Luvcﬁﬁkﬁ - F;/./J.ch);lvf) + kau(cf)ﬁ,ﬁu - Cf)/?f)k) + F/LW(CTN?KG
+ Z (FMUJCTJ&KTJ - Fvuacﬁékﬁ + Fukaci&vﬂ - varciﬁuﬁ) .

TFEU, VK
These sets of equations can be put into the matrix form (4.3), where, for all «, p distinct,and u < v < A,
Gorwy Gpvp — Goene 0
Kfcp = C/?[)p/?v Kuv;( = 0 Cf?ﬁ.;u? Cevev — C/?[u?u 5
Caric — Cavpv 0 Cavvin

respectively. The latter has determinant

det(Kyve) = Gizwv * Geapr * Cavi + (Gopop — Giriee) + (Ceov — Cen) * (Cazie — Caoin)
which can be seen to be non-vanishing by the genericity assumption,'' and K,,, and K, are thus non-singular. Hence, the
term (4.6) is non-vanishing.

Further, one can check that the components of the Weyl tensor in the entries of K,,, and Ky, have distinct index

structures from those in the remaining entries of K. Hence, we can apply Lemma 4.7 to conclude that K is non-singular,
thus establishing conditions (4.2).

Case k = 2: Assume that the Weyl tensor is a section of €2 so that conditions (4.7) and (4.8) hold together with
Cga,c}\ =0, (4.9)

10 y¢ may be of concern that the tracefree property of the Weyl tensor could make det(K,,,) vanish in principle. But if one notes that det(K,,,) depends
only on three distinct indices u, v, A, we see that the only dimension where this issue could arise is six. To settle the issue, we expand the determinant and
eliminate the dependency of the components of the Weyl tensor by choosing a select few. A judicious choice leads to

1
det(K2) = g(Cum;z + Cuini — Cuivs + 4Cuivi) - (=G + Coppi + 3Cuvs — 4Cuivit) * (Coivs — Cuiii + Cuiai + Copad)
1
+ Z(Bcp.ﬂ.p,ﬁ + SCMDL}L + C;/,[wﬁ) : (Cvf)vf) + ZC;U}M'J - C;u'rv;l) : (Cuﬁ.uﬂ, + Cvf}vf/ + 7C;1.\7v[4 - SCp_[LV\'/ + CU,])L):)~
By the genericity assumption, this has to be non-vanishing.

LT anything goes wrong because of the tracefree property of the Weyl tensor, it has to happen in six dimensions. But when m = 3, one can check that
the determinant simplifies to det(K,,,) = 9Csz5 - Cejiu - Ciivvz, Which is clearly non-vanishing.
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forall u, v, k, A. Then Eqgs. (A.13) become
0 = —2gapAeiitp + iAo — Tpa® Ceopis = Binppii- (A.13)

Now, suppose that the Weyl tensor is otherwise generic, and the Cotton-York tensor is a section of + 2. Then the set of Egs.
(A.13) constitutes a homogeneous system of %m“ (m — 1) equations on %mz (m — 1) unknowns. Pick all m(m — 1) equations
Bgsvvi, and all %m(m — 1)(m — 2) equations Bz, 15
0=—"uwCavas — Z Do Gsps, 0= =Ty Casps — Z 1o Gog i
OFR,Y OF,V

respectively. These can be put into the matrix form (4.3), where, for all «, p distinct,and 4 < v < A,

Cisgg O 0
Kfcp = Ckbk,b: Kvk,u = 0 C}:[LX;I 0 s
0 0 Ging

respectively. The latter has determinant
det(K,.2) = Cavjiv - Gin - Gisis
which can be seen to be non-vanishing by the genericity assumption, and K,,, and K,,,, are thus non-singular. Hence, the
term (4.6) is non-vanishing.
Further, one can check that the components of the Weyl tensor in the entries of K,,, and Ky, have distinct index

structures from those in the remaining entries of K. Hence, we can apply Lemma 4.7 to conclude that K is non-singular,
thus establishing conditions (4.2). O

Remark 4.9. In ‘low’ dimensions it can be checked from the Bianchi identity that the condition of Proposition 3.11 cannot
be sufficient for the integrability of .. It is however not clear whether this remains true in ‘high enough’ dimensions. In this
case the Cotton-York tensor would present no obstruction to the integrability of V.

4.2. The complex Goldberg-Sachs theorem in odd dimensions

We proceed as in even dimensions. The proof of the odd-dimensional generalisation of implication (b) of Theorem 4.1 is
identical to its even-dimensional counterpart.

Proposition 4.10. Let (M, g) be a 2m+ 1)-dimensional complex Riemannian manifold, where m > 2. Let N be an almost null
structure on M, and U an open subset of M. Let k € {0, 1, 2, 3, 4}. Suppose that the Weyl tensor is a section of C* over U. Then
the Cotton-York tensor is a section of A*~2 over U. Suppose further that N is integrable in U. Then the Cotton-York tensor is a
section of A1 over U.

Next, the odd-dimensional generalisation of implication (b) of Theorem 4.1 can be expressed as follows.

Theorem 4.11. Let (M, g) be a (2m + 1)-dimensional complex Riemannian manifold, where m > 2. Let N be an almost null
structure on M, and U an open subset of M. Let k € {0, 1, 2, 3, 4}. Suppose that the Weyl tensor is a section of C* over U, and
is otherwise generic. Suppose further that the Cotton-York tensor is a section of 4X~! over U. Then . is integrable in U.

Proof. The odd-dimensional case follows exactly the same procedure as the even-dimensional one. Choose a local frame
&, éﬂ, &,} over U adapted to /. Then, we have local gradings (3.22) and (3.23) on the bundles € and 4 respectively.
The condition that the Weyl and the Cotton-York tensor be sections of G* and 4Af~! respectively is equivalent to their
components in ¢; and 4;_; vanishing forall -4 <i < k — 1.

The integrability of the almost null structure, by Lemma 3.9, is then equivalent to the connection components satisfying

Fepw =0, (4.2)
Fepo =0, (4.10)
Touy =0, (4.11)

for all k, 1, v. These constitute %m2(m — 1), m?, and %m(m — 1) conditions respectively.

As in the even-dimensional case, for each k € {0, 1, 2, 3, 4}, the assertion of the theorem is proved by means of the
Bianchi identity, which, from the algebraic degeneracy of the Weyl and Cotton-York tensors, gives rise to a homogeneous
overdetermined system of linear equations on the unknowns I, I'c.0 and Iy, for all «, u, v. In fact, for each k €
{0, 1, 2, 3, 4}, we shall be able to split the proof into three steps, as it turns out that the relevant algebraic equations arising
from the Bianchi identity can be arranged into three systems. A first system consists of equations on I, a second one on
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Tepvs Tepo, and a third one on Iy, Doy Top, for all «, w, v. Hence, we will be able to conclude (4.2), (4.10) and (4.11)
successively, by considering suitable subsystems of these systems.
Thus, to show conditions (4.2), we can simply recycle the setup of the proof of Theorem 4.6, in particular matrix (4.3).

Remark 4.12. While Theorem 4.6 is stated for m > 3 only, the proof can still be re-used in the case m = 2, i.e. when M is
five-dimensional. In this case, only the ‘upper half of the system (4.3) is relevant.

Once conditions (4.2) have been established, we can move on to show condition (4.10), by considering a system of linear
equations of the form

) I'o 0
* Ly . Iy 0
Ly Lo 0
Lm meO _ 0
Lip vy 10 | (4.12)
L13 Vi3 02
A\ 02
L., s
* Vi 0
* e e * Lm—],m m=1,m 2

or Lv = 0 for short. Here, each entry of the m? x 1 vector v corresponds to a connection component I'0. Some have been
arranged in pairs as defined by the %m(m — 1) column vectors

— Fuvo
Vi = <_Fvu0 ’

forall uw < v.Asinthe previous step, we have singled out the matrices L, and L,,, of dimensions 1 x 1and 2 x 2 respectively.
Following the same argument as presented in the proof Theorem 4.6, these will play a central réle in demonstrating that L
is non-singular. In particular, with reference to Lemma 4.7 and Eq. (4.4), the term D of the determinant of matrix (4.12) is
given by

D= <HL> - (]_[ det(Lw)> : (4.13)

n<v

Once conditions (4.10) have been established, we will be able to find a system of linear equations of the form

]\/[12 % N e %k
. T2 0
* Mjis . Io13 0
o =lol- (4.14)
M. .
: * Tom- 0
k % Mmfl,m 0,m—1,m

or Mw = 0 for short. Again, the diagonal entries M,,,, for all 1, v have been singled out for their crucial part in the application
of Lemma 4.7, where the term D of the determinant of matrix (4.14) is now given by

D= []Mu. (4.15)

n<v
Case k = 0: Assume the Weyl tensor is a section of ° so that conditions (4.7) hold together with

CMUKO = C;LTJKO =0, (4.16)
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for all u, v, k, A. Then Eqgs. (A.3)-(A.6) become

0 = 2851 Anun + 20u01° Coown + 410t Cuaigip = Byl (A3)
0= —Acw + 21T1° Cosco + 2T Cosvio =: Buuvoixos (A4)
0= gbKAO,uv + zr[,uv]&cf)&KO + 2F[uv]0C,Z)OKO + 2FM|K&C06|U p ZF[M\O(;CK&lv]Z) = Buv,blkO, (AS)

0 = 28y, ;A0 0 + 207,01° Cos. o5 + 2T0° ,,0,(,\+2F[v‘0‘ c ok
+2FMIK Cxa\u]o + 2Fullc Cxo\v]o + I’ G, =B

AG v

;/.uOlKA . (AG)

Now, suppose that the Weyl tensor is otherwise generic and the Cotton-York tensor is a section of 4 ~!. Then, we see that
Eq. (A.3) is identical to the one used in the proof of case k = 0 of Theorem 4.6. Hence, conditions (4.2) are established. We
also note that the same result can be equally derived from Egs. (A.4).

Consequently, Eqs. (A.5) depend only on the connection components [, for all u, v. Now, pick m equations from the
m(m — 1) equations B,,,5|.0, and all m(m — 1) equations B, 40"

0= Fup.OCu[wf/ - FvaCuf)p.f) + F/J.VO(CMDVTJ + C\')O/},O) - FUMO(CM[J./LTJ + CﬁOuO) + Z (FMUOC/L&W - FvUOCpﬁp.f)) ’
oF#WL,V

0= FM/LOCMﬂUﬂ - FUUOC/Lﬁ;Lﬂ + F,qu(Cp,f)v[L + Cﬂ,OuO) - FvuO(Clel + C[LON,O) + Z (F/LUOC;J,&V/I - FvaOCp,&Ml) s
TFEU,V
respectively. These equations can be put into the matrix form (4.12) by defining

Lo {Cugmm, for u # m,
w=1C

m,Fn,mfl,I?l:/l’ fOI',LL =m,

Cuivi + Caowo  Cuzinp + Caouo
L, = [ #vve o wipi T Lo for all
. <CV/1/“~’ + Giovo Coivi + Goovo ’ orall u <w,

respectively. Now, each matrix L,,, has determinant, for all u < v,
det(L,,) = (Cusvip + Caopo) - (Cosvs + Goovo) — (Cuaui + Caopo) - (Coips + Coovo),

which can be seen to be non-vanishing by the genericity assumption.'? Hence, the term (4.13) is non-vanishing.

Further, one can check that the components of the Weyl tensor in the entries of L, and L,,,, have distinct index structures
from those in the remaining entries of L. Hence, we can apply Lemma 4.7 to conclude that L is non-singular, thus establishing
conditions (4.10).

At this stage, Egs. (A.6) only constrain the connection components [, forall u, v. Pick all %m(m — 1) equations B, ,ouj:

0= FOp_v (Cuf)p_ﬂ + Cﬁf);w + Cp,[/,p,ﬂ_) + Z (FO;LU (Cu&p_[t + C,&&;w) - FOVJC;L&;L[L)a (417)
OFEWL,V

which can be put in the matrix form (4.14) by defining, for every u < v,
My = Cooppn + Caopw + Cupipi-

This is non-vanishing by the genericity assumption, and thus, the term (4.15) is non-vanishing.

As in the previous step, the components of the Weyl tensor in the diagonal entries M,,, of M have distinct index structures
from those in the remaining entries of K. Hence, we can apply Lemma 4.7 to conclude that M is non-singular, thus establishing
conditions (4.10).

Case k = 1: Assume that the Weyl tensor is a section of €°, so that conditions (4.7), (4.16) and (4.8) hold. Then Egs. (A.5)-(A.8)
become

0 = g5 Aojw + 2T101° Cosro + 211’ Cospip = Buvpicos (A5)
0 = 2g, i Acpvio + zr[zw]&coaxi + ZFM\K&CX&MO =B, o1i> (A.6)
0 = —2g,5Aw1p + 8pcAjy + 21100 Gcﬁc}m + ZF[/w soci T ZFMK Seip T ZFM\K Glopwp

=1 B, (A7)
0 = goeAoon — Acpi + Tou’ Coso — Tuo° Cogro + T Cosso — Tuo® Ceso + Toe® Cos i =2 Busojwo- (A.8)

12 Again, the tracefree property of the Weyl tensor may seem problematic when m = 2. But in that case, some manipulations show that det(L,,) =
2Cu0i0 * (Cuvizis — Cuvjiv), which is clearly non-vanishing.
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Now, suppose that the Weyl tensor is otherwise generic, and the Cotton-York tensor is a section of 4°. Then, both sets of
Egs. (A.5) and (A.6) are equations on I, forall «, u, v. Now, pick all m(m — 1) equations By, .5 and all %m(m —1DH(m-2)
equations B, g .

0= _F;L;LUCO[L;L\? + Fvvucoﬁuf) + Z (ELV0C05M§ - Fv;ur (C()(?/Lf) + Ci&/LO) + 1—}4/40 Cf)&vo) B

L ITRY
0= _FMMV(COII/LX - CXI?UO) + FVVM (COD[LX + CXl?/LO) + FMV)»CO):;L): + FV)VMCOX/U:
+ Z (F/wrrco&,d — Do (Coa;ui + Ciauo) + Fuurrc,i&uo) ’

L TTRUWN
respectively. These can be put in matrix form (4.3) by defining, for all «, p distinct,and © < v < A,
Corwi Coipui O
K/(p = CO/Zp/Z» K,uvk = 0 CO[w;l CO[w[/.
Conrp 0 Conrp
The latter has determinant
det(K,.1) = 2Co;,,5 - Couvii - Covais

which can be seen to be non-vanishing by the genericity assumption. So, K,, and K,,,; are non-singular, and thus, the term
(4.6) is non-vanishing.

Further, one can check that the components of the Weyl tensor in the entries of K,,, and Ky, have distinct index
structures from those in the remaining entries of K. Hence, we can apply Lemma 4.7 to conclude that K is non-singular,
thus establishing conditions (4.2).

Now, Eqgs. (A.7) constrain only I, for all y, v. Pick m equations from the m(m — 1) equations B, |5, and all m(m — 1)
equations B,z

0= F/,LVOCﬁO;LfJ - ZFV;LOCTJO/HJ + F/,L/,LOCﬁOVst 0= FMUOC,CLO/,L[L - ZFU,LLOC[LOM[Z + F/,L/,LOC[LOU,ELV
respectively. These can be put into matrix form (4.12) by defining

{Cﬁwmrha forall u # m,
L, =

Citom_1m=1s forp=m,

— [ Chon  2Ciiouin
L, = (2&)0])a Coons ) forall u < v,

respectively. At a glance, we see that each of L,, and L, since det(L,,) = —3Cjo.. - Ciovs, are non-singular by the genericity
assumption, and thus, the term (4.13) is non-vanishing.

Further, one can check that the components of the Weyl tensor in the entries of L,, and L,,,, have distinct index structures
from those in the remaining entries of L. Hence, we can apply Lemma 4.7 to conclude that L is non-singular, thus establishing
conditions (4.10).

Finally, Eqgs. (A.8) now constrain only /7y, for all , v. Pick all %m(m — 1) equations B ;0|0

0= FO/wCOf)/u') + Z FO/LO' (CG&MO + CO&;LT)) s
L ITRY

which can be put into the matrix form (4.14) by defining, for every u© < v,
M, = Copus-

By the genericity assumption, each M,,,, is non-vanishing, and thus, the term (4.15) is non-vanishing.

Further, one can check that the components of the Weyl tensor in the diagonal entries M,,,, of M have distinct index
structures from those in the remaining entries of M. Hence, we can apply Lemma 4.7 to conclude that M is non-singular,
thus establishing conditions (4.11).

Case k = 2: Assume the Weyl tensor is a section of @' so that conditions (4.7), (4.16) and (4.8) hold together with
Cuvio =0, (4.18)
forall i, v, k. Then Egs. (A.7)-(A.12) become
0 = 28,7 Acvlp + A + 211’ Cozai + 2 Gy = Buvpieis (A7)
0 = goeAoox — Acui + T’ Cosio =: Busoios (A8)
0 = 2giancAofite — Too’ Ceains — T Cosin = Bapleos (A9)
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0 = 4gia Ao + 200i Cusar = Basoprs (A.10)
0 = 2gueAopp + 20T’ Caoro + 200,01° Cooro — 201u10” Ceraip =: Buvpieo- (A.11)
0 = 4gu@Asypi0 + 21001° Coszr + 2001k Coigzz + 2T1w10/” Cuiaei = Buuojei- (A12)

Now, suppose the Weyl tensor is otherwise generic, and the Cotton-York tensor is a section of #!. Then, referring to the
proof of case k = 1 of Theorem 4.6, Eqgs. (A.7) lead immediately to conditions (4.2). Alternatively, one could use Egs. (A.8).
Next, Egs. (A.9) are now equations on I’ o for all «, . Pick a subset of m equations of Bj;,,v0 and all m(m — 1) equations

Bjispuuo

0= TG + TuwoCosas + Z IuooCogins 0= Tu0Cuaps + LuwoCuipp + Z FuooCusivs
OFEW,V L JTRY

respectively, which can be put into matrix form (4.12) by defining

L= —Con, i, i forall u # m,
S & — . forpu=m,

i
— [ Cuviv 0
L, = < 0 —Cosp ) forall u < v,

respectively. Each L,,, and each L,, are obviously non-singular by the genericity assumption. Hence, the term (4.6) is non-
vanishing.

Further, one can check that the components of the Weyl tensor in the entries of L, and L,,, have distinct index structures
from those in the remaining entries of L. Hence, we can apply Lemma 4.7 to conclude that L is non-singular, thus establishing
conditions (4.10).

Finally, Egs. (A.10) now constrain Iy, for all w, v. Pick all %m(m — 1) equations B50|uv

0= FO/w (le[u? + C\)f)ﬁf)) + Z (FO//.UC\)&[ATJ - FOWTC/L&[LT))
L ITRY

which can be put into matrix form (4.14) by defining, for all © < v,
M, = Cuapv + Coopp

which is non-vanishing by the genericity assumption. Hence, the term (4.15) is non-vanishing.

Unlike the two previous steps, an issue regarding the index structures of the components of the Weyl tensor arises.
Indeed, components of the form C, ;5 for all i, v occur in both M,,, and the remaining entries of M. This can be seen from
the tracefree property of the Weyl tensor,

Cosin = Cupic — Coziia) — Cispw — Y, Coop — Cpoip) — Cosios
PFU,V,O

forall i, v, o. This would thus preclude the application of Lemma 4.7 as we have previously used it. However, defining new
index structures by setting Czpy = Cuzas + Copps and Cas— = Cupps — Cupgo for all u, v, removes this ambiguity. The
hypotheses of Lemma 4.7 are now fulfilled, and yield the desired result, i.e. conditions (4.11).

Case k = 3: Assume the Weyl tensor is a section of @3, so that conditions (4.7), (4.16), (4.8), (4.18) and (4.9) hold. Then Egs.
(A.11)-(A.14) become

0 = 4gAzyp T 20 oz = B, 0jis (A.11)
0 = 2gpueAops + 20 hm” Coszo =: Bupiios (A12)
0 = —2gapAeitp + Eoihiis — Tpi’ Cesis — Ton’Cropis = Bisplens (A.13)
0 = gurAooz — Aziiv + o’ Casro — Tov’ Cago — Tvo® Cegoa =: Bivolzo- (A.14)

Now, suppose the Weyl tensor is otherwise generic, and the Cotton-York tensor is a section of #42. Egs. (A.11) and (A.12)
constrain I, for all k, u, v. Pick all m(m — 1) equations B, 50 and all %m(m — 1)(m — 2) equations B, z0

0= 1. Casvo + Z (Fwo Cisvo — Nopo Ciso)
L ITRY

0= Fvvucﬁ.f)l?o + F/wKC[u?/?O + Fw(uc/l/?/?o + Z (Flwacﬁfn?o - Fvuocﬂ(?ko)a
OFWL, VK
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which can be put in matrix form (4.3) by defining, for all «, p distinct,and 4 < v < A,

Cizko  Cagzo 0
K,(p = C;),;,;o, K',w,( = ( 0 Cﬂﬂﬂo Cﬁﬂﬂo)
Crio 0 Cevio
respectively. That these matrices are non-singular by the genericity assumption is clear, and so the term (4.6) is non-
vanishing.
Further, one can check that the components of the Weyl tensor in the entries of K,,, and K,,, have distinct index
structures from those in the remaining entries of K. Hence, we can apply Lemma 4.7 to conclude that K is non-singular.
Next, Egs. (A.13) now constrain I, for all 1, v, and conditions (4.10) follow directly from any subsets of m? equations

0= —T0Cou5-

Finally, Egs. (A.14) now only constrain I, for all «, v. Pick %m(m — 1) equations Bj,.oz0

0= _FO;U( AKKO — E FO;LO’ 6k0s
[ £ TRNS

which can be put in matrix form (4.12) by defining, for all u© < «,
M/LK = _Cfu?/ZO-
This is non-vanishing by the genericity assumption, and thus the term (4.13) is non-vanishing too.
Further, one can check that the components of the Weyl tensor in the diagonal entries M, of M have distinct index
structures from those in the remaining entries of M. Hence, we can apply Lemma 4.7 to conclude that M is non-singular,
thus establishing conditions (4.10).

Case k = 4: Assume that the Weyl tensor is a section of @4, so that conditions (4.7), (4.16), (4.8), (4.18) and (4.9) hold together
with

Ceopv = O, (4.19)
for all «, , v. Then Egs. (A.13)-(A.16) become

0 = gvzAooi — Aziv = Bivojzos (A.13)

0 = —28nAeiolp + &oihiis — Ipi” Ceain = By piiis (A.14)

0 = gpeAosis — Ipo° Ceo s = Bpipizos (A.15)

0 = 2gpAcio — 101’ Cesin = Bjvojea- (A.16)

Now, suppose that the Weyl tensor is otherwise generic, and the Cotton-York tensor is a section of A>. Referring to the proof
of case k = 2 of Theorem 4.6, Egs. (A.14) leads immediately to conditions (4.2).
Next, Egs. (A.15) now constrain only I’ o for all «, i. Choose m equations of B;;,|z0 and all m(m — 1) equations By, 0

0= TLoCaspr + Z I'60Cis v 0= ToCaspr + Z Tpo0Ciis v
OFEL,V,p OFER,V,p
respectively. These can be put into the matrix form (4.12) by defining

L — {Cmvmv, forall v # m,

Cimimm—im  forv=m,

L, = (C"(‘;‘“’ —C(ﬁ)ﬁm) , forallu < v,
respectively, and det(L,,) = —(C,w,-“;)z. These are clearly non-singular by the genericity assumption, and thus, the term
(4.13) is non-vanishing,.

Further, one can check that the components of the Weyl tensor in the entries of L, and L, have distinct index structures
from those in the remaining entries of L. Hence, we can apply Lemma 4.7 to conclude that L is non-singular, thus establishing
conditions (4.10).

Finally, Egs. (A.16) now constrain I, only. Pick all %m(m — 1) equations Bjgo.

0= FO/w avpy — E FO/ur G A
£ TTRY

which can be put in matrix form (4.14) by defining, for all © < v,

M, = —Capp.
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The genericity assumption tells us that this is non-vanishing, and so, the term (4.15) is non-vanishing.

Further, one can check that the components of the Weyl tensor in the entries of M,,, have distinct index structures from
those in the remaining entries of M. Hence, we can apply Lemma 4.7 to conclude that M is non-singular, and condition (4.11)
holds true. O

4.3. Conformal invariance

An alternative way to relate the algebraic properties of the Weyl tensor and the Cotton-York tensor, and the integrability
of the almost null structure as given by the propositions and theorems above is to consider a conformal change of metric

g§=0" (4.20)

for some non-vanishing holomorphic function §2 : M — C. First, it is clear that under such a change, the defining property
of the null distribution and its orthogonal complement is invariant, i.e. g is degenerate on . if and only if g is. Further, since
the involutivity of these distributions does not depend on the metric, we obtain

Lemma 4.13. The integrability of an almost null structure N is a conformally invariant property.

It then comes as no surprise that the integrability condition of & given in Proposition 3.11 is itself purely conformal since
it only involves the conformally invariant Weyl tensor.
Now define Y := g(£2~ V) and denote by V the Levi-Civita connection of . If A denotes the Cotton-York tensor of

V, it is well-known (see e.g. [11] and references therein) that under the conformal change (4.20) the Cotton-York tensor
transforms as

AX,Y,Z) =AXX,Y,Z)— C(Y,X,Y,Z) (4.21)

forallX,Y,Z € I'(TM). In four dimensions, similar statements can be made with regard to the self-dual and anti-self-dual
parts of the Weyl and Cotton-York tensors. By Lemma 3.7, we can now conclude

Lemma 4.14. Let (M, g) be a (2m + €)-dimensional complex Riemannian manifold endowed with an almost null structure N,
where € € {0, 1} and m > 2. Assume 2m + € > 5. When € = 0, respectively, ¢ = 1, if the Weyl tensor is a section of C* for

k € {0, 1, 2}, respectively for k € {0, 1, 2, 3, 4}, then the property that the Cotton-York is a section of A"*%, respectively A1,
is conformally invariant.
Assuming 2m + € = 4 and N self-dual, if the self-dual part of the Weyl tensor is a section of *C* for k € {0, 1, 2}, then the

property that the self-dual part of the Cotton-York is a section of + Ak s conformally invariant.

It then follows immediately that Propositions 4.5 and 4.10, and Theorems 4.1, 4.6 and 4.11 are conformally invariant.
5. Further degeneracy

5.1. On the genericity assumption of the Weyl tensor

In general, imposing additional structures on a complex Riemannian manifold (.M, g) and its almost null structure & will
make the Weyl tensor degenerate further, and it is therefore important to keep track of the emerging algebraic relations
between the components of the Weyl tensor to check whether Theorems 4.6 and 4.11 remain valid. If one realises that
the proofs fail under stronger assumptions, one may still have the option of making a different choice of components, and
succeed in proving the assertion of the theorem, although in some cases [30], no such choice may present itself.

Here, we list a number of reasons leading to further degeneracy to the Weyl tensor:

e The basic framework of the results of Section 4 is the filtered vector bundles (€, {€}) and (A, {4'}). However, as pointed
out in Remarks 2.4 and 3.6, it is possible to refine the classifications of the Weyl tensor and the Cotton-York tensor by
considering the irreducible p-modules contained in each of the quotient bundles ¢'/C™*! and 4!/A™!. In particular,
Propositions 4.5 and 4.10 can certainly be made more precise. Extensions of Theorems 4.6 and 4.11 in this setting,
however, are less straightforward. Such a generalisation would remain invariant under P.

e One may consider the algebraic degeneracy of the Weyl tensor with respect to more than one almost null structure, in
particular, any of the canonical almost null structures defined in Section 3.3, in which case the discussion ceases to be
P-invariant. This is a generalisation of the four-dimensional Petrov type D condition.

e The discussion can also be extended in a natural way to real smooth pseudo-Riemannian manifolds, in which case
the almost null structure must satisfy certain reality conditions. In fact, Theorem 4.1 was initially stated in Lorentzian
geometry.
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Of course, any combinations of these further degenerate cases can be used. We shall leave the first of these considerations
for now, although we shall briefly comment on it in Section 5.4.3. Instead, we focus on the last two points.

Before we proceed, some scepticism might be expressed as to whether the rather broad genericity assumption used in
the proofs of Theorems 4.6 and 4.11 is reasonable. In other words, one may ask the question: are there any ‘interesting’
real or complex (pseudo-)Riemannian manifolds, whose conformal curvature does not degenerate so much as to make the
claims invalid? But the present work has precisely been motivated by the existence of such explicit examples as the Kerr-
NUT-AdS metric [17], which is, in fact, endowed with multiple null structures and a reality structure, and a certain class of
higher-dimensional Kerr-Schild metrics [39]. On the other hand, it is worth pointing out that those manifolds that do not
fall into the ‘generic’ class may well exhibit other geometric structures of interest—a five-dimensional Lorentzian class of
such manifolds is considered in [40].

Remark 5.1. It would also be instructive to derive the Jordan normal forms of the Weyl tensor, regarded as a section of the
bundle of endomorphisms of /\* T*.M, corresponding to the each of the degeneracy classes €. In this way, the genericity
assumption could become more transparent. Further, the eigenvalue structure would provide necessary conditions for the
existence of a null structure by means of curvature invariants [41]. This being said, it was shown in [30], at least in five
dimensions, Lorentzian signature, that the Jordan normal form alone does not determine the algebraic speciality of the
Weyl tensor. In fact, the existence of a certain number of null eigenforms, both simple and non-simple, appears to be a
crucial factor in that matter.'®

5.2. Degeneracy of the Cotton-York tensor

The content of Propositions 4.5 and 4.10 is really that the Cotton-York tensor should be regarded as an obstruction to the
integrability of an almost null structure when the Weyl tensor is algebraically special with respect to it. In fact, Theorems 4.6
and 4.11 do not depend on any genericity assumption on the Cotton-York tensor. Thus, one may apply stronger conditions
on the Cotton-York tensor without affecting Theorems 4.6 and 4.11, i.e. the almost null structure remains integrable. These
will in general no longer be conformally invariant by Eq. (4.21).

An interesting issue that arises as a result of further degeneracy of the Cotton-York tensor, such as the Einstein condition,
is whether one can deduce that more connection components vanish, i.e. the null structure enjoy further geometric
properties, beside integrability, as determined, e.g. by the differential equations (3.26) or (3.27). In four dimensions, we
know that this is not the case. In higher dimensions, if the Weyl tensor is a generic section of C°, then the integrability
of the almost null structure is also all one can deduce. On the other hand, for the other degeneracy classes C* for k > 0,
the Einstein condition yields algebraic relations between the Weyl tensor components and the connection components.
Viewed as a homogeneous system of linear equations on the connection components, it is an open question as to whether
these components must also vanish in high enough dimensions—in low dimensions such a system is underdetermined. It
is worth pointing out, however, [30] that additional reality conditions on five-dimensional Einstein manifolds do lead, in
some instances, to further degeneracy of the connection components.

5.3. Multiple null structures

Recall from Section 3.3 that the normal form of the metric (locally) determines 2™ canonical almost null structures, the
set of which is denoted Bs. It is then pertinent to consider the algebraic properties of the Weyl and Cotton-York tensors with
respect to any number of almost null structures in Bs, and such an approach is clearly no longer P-invariant. Nonetheless,
for a chosen almost null structure ., one may still refer to the Weyl tensor as a section of ¥ with respect to & for some k,
and similarly for the Cotton-York tensor. In particular, one could apply Propositions 4.5 and 4.10 repeatedly for any number
of distinct almost null structures.

On the other hand, one has to be a little more cautious if one wishes to generalise Theorems 4.6 and 4.11 in the present
context. Indeed, assuming the algebraic degeneracy of the Weyl tensor with respect to two or more almost null structures
will violate the genericity condition on the Weyl tensor. There is not enough space for a full treatment of this problem here.
Instead, we focus on a generalisation of the four-dimensional Petrov type D condition in the sense that the self-dual part of
the Weyl tensor is algebraically special with respect to two distinct self-dual almost null structures, i.e. it can be viewed as
a section of * @ with respect to each of these. A similar definition can be made regarding the anti-self-dual part of the Weyl
tensor.

In higher dimensions, the situation is analogous except for matters of self-duality. For clarity, the algebraic conditions on
the Weyl tensor and the Cotton-York tensor are given explicitly.

13 One can already see that if the Weyl tensor is a section of %, then any simple section of /\2 (V*)1, i.e. scalar multiples of 6% A 9" for all L, v, is an
eigenform of C.
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Theorem 5.2. Let (M, g) be a (2m + €)-dimensional complex Riemannian manifold, where € € {0, 1} and 2m + € > 5. Let &
be an almost null structure on M, and let B be a subset of Bs, the set of all canonical almost null structures on (some open subset
of) M as defined in Section 3.3. Suppose that the Weyl tensor and the Cotton-York tensor (locally) satisfy

C(X’ Y’Za ')205 A(vav Y)=07 (5'1)

respectively, forall X, Y € I (:Af,j), and Z € I'(Ny), for all Ny € B. Suppose further that the Weyl tensor is otherwise generic.
Then the almost null structures in B are (locally) integrable.

Proof. For definiteness, we treat the odd-dimensional case only. With no loss of generality, we can assume that & =
Mo2,..m € B.Let My be a canonical almost nuﬂ structure in B distinct from M. In particular, M = {pq, ..., up} C
S=1{1,2,..., m},where u; # p;foralli # j.Let M = S\ M. Suppose that the Weyl tensor and Cotton-York tensors satisfy
conditions (5.1) with respect to both & and Vy. In particular, in the latter case, we have conditions on the components of
the Weyl tensor given by

Cl‘«iﬂjﬂk’( = Cuiompe = Cﬁiujuk'c = “uinjprk = Cuiouo = Cope = Cujopuie = Cﬁiujuko =0, (5.2)
Cﬁiﬂjuk/? = Luivjige = Gio0 = 0,
Cf),‘O/lkI? = Lo = /,L,‘ﬁjf)ko = C/,Lif)jl‘)klz = Cﬁ,‘f)jﬁkl( = Cf),'OkaO = Cf),‘Of)kI? = Cfl,‘f)jf)kl? = 07 (54)

forall u; € M, and ji; € 1\~/1 and all «. We note that there is some redundancy in the sense that conditions (5.2) are also
satisfied by virtue of the algebraic degeneracy of the Weyl tensor with respect to . Further, conditions (5.4) are absent in
the proof of Theorem 4.11 (case k = 0). So the only issue that might arise concerns conditions (5.3). Now, recall that the
entries of the matrices K,,,,, K, L, L, and M,,, in the proofs of Theorems 4.6 and 4.11 are linear combinations of the
components

Cp.v;lf)a Cu[wfn and Cu0ﬂ07 (55)

for all u, v. By inspection, it is then clear that none of the conditions (5.3) violate the genericity assumption on components
(5.5). Hence, Theorems 4.6 and 4.11 apply to .V, i.e. N is integrable.

It now remains to show that Wy is also integrable.'® To this end, we note that the two almost null structures & and Ny
are interchanged by the symmetry

Wi < fLi,

forall u; € M.In particular, the components (5.5) remain invariant under this symmetry, and thus, the genericity assumption
on these is not violated. We can therefore apply Theorems 4.6 and 4.11 to conclude that .V is integrable.

At this stage, since Ny € B was arbitrary, we can extend the above argument to any number of canonical almost null
structures in B, which proves the claim of the theorem. O

Remark 5.3. It is well-known that in four dimensions, the maximum number of null structures on a non-conformally flat
complex Riemannian manifold is four—both self-dual and anti-self-dual part of the Weyl tensors are then of type D. One
may conjecture whether this upper bound is 2™ for a (2m + €)-dimensional manifold, where € € {0, 1}. In [30], however, a
counterexample to the conjecture is presented in five dimensions—the Myers—Perry black hole with one rotation coefficient
has eight null structures. But it is not clear whether this is a feature of odd dimensions only.

Remark 5.4. In [16], it is shown that the integrability condition for the existence of a conformal Killing-Yano 2-form ¢ in
normal form with distinct eigenvalues on (M, g) is precisely that the Weyl tensor satisfies condition (5.1) where 8 = Bs.
Further, if the exterior derivative of ¢ satisfies

d¢(X,Y,Z) =0,

forall X,Y € F((Nﬁ), and Z € I'(MNy), for all Ny € Bs, then (M, g) locally admits 2™ null structures. We note that
this result makes no assumption on the genericity of the Weyl tensor, and indeed, it is certainly true in the conformally
flat case. On the other hand, this suggests that Theorem 5.2 together with some additional conditions on the non-vanishing
components of the Weyl tensor could provide sufficient conditions for the existence of such a conformal Killing-Yano 2-form,
as in the four-dimensional case [18,6].

141 general, the fact that . is already integrable will imply that some of connection components obstructing the integrability of ), will vanish, but
this does not affect the argument.
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5.4. Real versions

Let (M, g) be a real (2m + ¢)-dimensional orientable pseudo-Riemannian smooth manifold, where ¢ € {0, 1} and
2m + € > 5. We now work in the smooth real category. Thus, the tangent bundle T, the cotangent bundle T*.M, and
tensor products thereof, such as the bundle € of Weyl tensors, and the bundle 4 of Cotton-York tensors, are all smooth real
vector bundles.

An almost null structure on (M, g) can then be defined as a complex subbundle & of the complexified tangent bundle
C ® TM, which is totally null with respect to the complexified metric, and of rank m, i.e.

N CNTCCRTM. (5.6)

To clarify the following discussion, we recall that the orthogonal complement of a real subbundle of TM, respectively, a
complex subbundle of C ® TM, is taken with respect to the real metric, respectively, the complexified metric. In both cases,
it is denoted by a -*.

The complexified tangent bundle is naturally equipped with a reality structure, induced from an involutory complex-
conjugation operation : C ® TM — C ® TM, which preserves the real metric. This motivates the following definition.

Definition 5.5 ([42]). Let & be an almost null structure on (M, g). The real index r, of the fibre A, over a pointp € M is

the dimension of the intersection of .# and its complex conjugate V, i.e. 1, = dim W, N N . If r, = 1, for any points p, q in
some open subset U of M, we say that & has (constant) real index r in U.

The signature of the metric imposes restrictions on the possible values of the real index r as made precise by the next
lemma.

Lemma 5.6 ([42]). Let N be an almost null structure on a pseudo-Riemannian manifold (M, g) where g has signature (k, £),
i.e. (k positive eigenvalues, £ negative eigenvalues), with k 4+ £ = 2m 4 €. Then at any given point p € M, the real index r,, of the
fibre N, must be a non-negative integer such that r, < min{k, £} and

o 1, € {min{k, £} mod 2} when € = 0, and
e 1, € {min{k, £} mod 1} whene = 1.

Assuming the real index r to be constant in some open subset of M, the intersection & N A gives rise to a complexified
real totally null subbundle R of the tangent bundle of rank r.

In Section 3, we have distinguished the concept of integrability and involutivity (or formal integrability), and the
Frobenius theorem tells us that these are essentially equivalent. While it may seem that this distinction is thus superfluous
in the holomorphic category, in the smooth category, it becomes somewhat ambiguous. If the distributions &, &, '+ and

N are involutive, so are the real spans of the intersections & N N and &'+ N m Hence, by the Frobenius theorem, R
is integrable, and, following the same arguments of Lemma 3.9, is tangent to totally null and geodetic real submanifolds of
dimension r. In addition, each fibre of the vector bundle & 4+ . /& NV is naturally equipped with a complex structure, and
the quotient manifold M /R thus acquires the structure of a CR manifold of codimension r + €. However, this CR manifold is
in general not embeddable, i.e. its underlying complex structure is involutive, but not integrable. Whether this CR manifold is
embeddable or not, we shall nonetheless refer to such a null structure as being integrable. In the real-analytic category, on the
other hand, one can simply complexify .M and work in the holomorphic category, in which case the embeddability of the CR
structure will follow. The involutivity of the complex conjugate pair of almost null structures gives rise to two holomorphic
foliations of the complexified manifold, and the intersection of the leaves of these foliations are the complexification of
totally null and geodetic leaves of a real foliation of the original real manifold. These analytical issues for even-dimensional
Lorentzian manifolds are discussed in [13].

An almost null structure of constant real index on (M, g) is equivalent to the reduction of the structure group of the
frame bundle to a real Lie group, ®P say, of SO(k, £). Its complexification can be viewed as the intersection of the complex
parabolic subgroups ¥ P and VP, preserving the almost null structures & and & respectively. A description of such real
Lie groups can be found at the infinitesimal level in [42]. In this context, the classification of the curvature tensors should
be carried out in terms of an ®P-invariant decomposition of the irreducible SO(k, £)-modules € and . We can however
bypass these representation-theoretic arguments by noting that the filtration (5.6) and its complex conjugate induce two
filtrations {¥ €'} and {¥ €'} on C ® G, preserved by VP and * P respectively. Then, for each i, we can consider the real span
of the intersection ¥ 6’['; N~ (BI"J at every point p. This gives rise to an ®P-invariant subbundle of €, which we may reasonably

describe as a real analogue of the complex subbundles ¥ @' and ¥ €', i.e. it defines algebraic classes of the Weyl tensor with
respect to both & and &. However, depending on the real index of ., the fibres of * ¢ and * @ will intersect trivially for
some values of i, which precludes the existence of certain algebraic classes of Weyl tensors with respect to both & and .
The same argument applies regarding the Cotton-York tensor.

With these considerations in mind, we might be able to apply Theorems 4.6 and 4.11 in this real setting. Since the reality
conditions on the Weyl tensor clearly violate the genericity assumption, we need to go back to the proofs of these theorems,
and check whether these new assumptions undermine them. To facilitate the analysis, these reality conditions are described
explicitly in the remark below.
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Remark 5.7. One may choose a (local) complexified frame {§ ,, é 7> €80} adapted to the almost null structure ., i.e. such that

{Eu tu=1,..., m} span W, as already described in Section 3.3. This null frame will now be subject to reality conditions
depending on the real index r of & and metric signature (k, £). For specificity, assume k > £.In 2m dimensions, the spanning
vector fields of & can be chosen in such way that the complex conjugation acts as

i (Slﬁ""Er’§r+1’""Es!§s+1""3§m)'_>(E]v""Er’gm’"'3§§’_§gf4\37""_érﬁ)’

where_s = "% (this must be an integer by Lemma 5.6). Here, the vector fields {gu u=1,..., r} span the real part of
N NN,
Similarly, in 2m 4 1 dimensions, when r — ¢ is odd, we have

s (El""’gr’§r+l’"‘7£s’§s+1”"’gmv§0) e (S]v--wErvErfﬁv""557_55/4;/]7"'7_Erﬁ’_go)a

where s = % When r — £ is even, we have

b b ) o G BB B =By —Ea ),

where s = =1
In all three cases, the remaining vector fields {é pik=1 r} of the frame must evidently be real since the metric is
real.

As in Section 3.3, we can also consider the set 8Bs of all canonical almost null structures on some open set, each of which
inherits the real index of the ‘primary’ almost null structure V. It is then more appropriate to take the quotient of Bs by the
equivalence relation

Ny ~ My & My = My,
where My, My € Bs. This quotient will be denoted Bs/ ~.

We are now in the position of extending Theorem 5.2 to the real smooth category. Indeed, the theorem provides the
right setting for the case at hand since if the Weyl tensor is degenerate with respect to an almost null structure ./, so must
it be with respect to its complex conjugate .. Also, the complex conjugate pair .~ and & will just be two of the canonical
almost null structures given in Section 3.3. In fact, we can consider any number of complex conjugate pairs of these, or in
the above notation, any number of almost null structures in Bs/ ~. Further, the reality conditions described in Remark 5.7
on the non-vanishing components of the Weyl tensor is of no serious consequence on the genericity assumption. Finally,
while Theorem 5.2 is formulated in the holomorphic category, real analyticity need not be imposed if one now regards the
components of the connection and curvature, in the proofs of Theorems 4.6, 4.11 and 5.2, as being complex-valued smooth
functions on an open set. From these considerations, we can conclude

Theorem 5.8. Let (M, g) be a (2m + €)-dimensional pseudo-Riemannian smooth manifold of arbitrary signature, where
€ € {0, 1} and 2m + € > 5. Let N be an almost null structure on M of any real index allowable by Lemma 5.6. Let Bs/ ~ be the
set of all canonical almost null structures on (some open subset of) M modulo complex conjugation as defined in Remark 5.7. Let
B C Bs/ ~. Suppose that the Weyl and Cotton-York tensors (locally) satisfy

C(X’Y’Zv ):O’ A(Z,X,Y):O’

respectively, forall X, Y € F(:Afl\j), and Z € I (Ny), for all My € B. Assume further that the Weyl tensor is otherwise generic.
Then the almost null structures in B are (locally) integrable.

Remark 5.9. Incidentally, from its signature-independent formulation, this theorem may, in some instances, be regarded
as a criterion as to whether a pseudo-Riemannian manifold of a given signature can be Wick-transformed to a different
signature. Indeed, the Kerr-NUT-(A)dS metric, which has been presented in Euclidean, Lorentzian, and split signatures [17,
43], is known [16] to satisfy the algebraic degeneracy of Theorem 5.8 where 8 = Bs/ ~.

The full extensions of Theorems 4.6 and 4.11 to the real category deserve separate treatments specific to each real index,
and as they stand, the proofs must be adapted to the underlying real structure. Nonetheless, it must be emphasised that this
is no tragedy. In fact, the arguments are greatly simplified by the fact that more components of the Weyl tensor vanish.

In the next three sections, we comment briefly on the Euclidean, split signature and Lorentzian cases.

5.4.1. Hermitian structures
We now assume that g is positive definite, i.e. k = 2m + €, £ = 0. Then, the real index of an almost null structure must
have constant real index r = 0, and the complexified tangent bundle splits according to the direct sum

CRTM=NBNDeN-NN). (5.7)
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When € = 0, N defines a metric compatible almost complex structure, and when € = 1, a metric compatible almost
CR structure. In both cases, & and A define the distributions of (0, 1)-vectors and (1, 0)-vectors respectively, or in other
words, the +i- and —i-eigensubbundles of an almost complex structure of the complexified tangent bundle C ® TM. For
specificity, we assume € = 0, in which case the structure of the frame bundle reduces from SO(2m) to the unitary group
U(m). In this case, we remark that the question of the integrability of the almost Hermitian structure does not, by the
Newlander-Nirenberg theorem, necessitate real analyticity.

Now, the direct sum (5.7) yields decompositions of the bundles ¢ and 4 into irreducible U(im)-modules, and we
recover the classification given in Refs. [19,20]. In the present context, it suffices to note that in the complexification
gr;(e) = gr;(Ve) = gr;(Me)fori = 0,1,2,and gr;(VA) = gr_,(VA) = gr; (M), fori = %, % One can then
WriteC =Co D C1 P G and A = A 1 ® A% , where each of the (not necessarily irreducible) U(m)-modules G; and +; can
be identified with the real span of gr;(* €) @ gr_;(Y @) and gr;(" A) @ gr_;(" +) respectively. A similar analysis can be done
when € = 1. Thus, Theorem 5.8 covers all possible algebraic special classes of the Weyl tensor with respect to one or more
canonical almost null structures.

5.4.2. Real null structures on pseudo-Riemannian manifolds of split signature

The other extreme is the case where g has signature (m, m + €) and the almost null structure has real index m. In this
case, we literally have a real version of the classification of the Weyl tensor and the Cotton-York tensor, and Theorems 4.6,
4.11 and 5.2 all apply. When integrable, the almost null structure gives rise to a foliation of M by m-dimensional totally null
and geodetic leaves.

5.4.3. Robinson structures

In Lorentzian signature, i.e. k = 2m — 1 4+ €, £ = 1, one needs to distinguish between the cases ¢ = 0Oand ¢ = 1.
When € = 0, the real index of an almost null structure . must have constant real index r = 1, and & defines an almost
Robinson structure (N, X) on (M, g), where X is a real null line bundle whose complexification is the intersection of N
and its complex conjugate .. In particular, we have a filtration of vector bundles

X C Xt CTM, (5.8)

where X is the orthogonal complement of X with respect to the real metric. When . is integrable, the integral curves of
the generators of X are null geodesics. At every point p, the fibre of the screen space X /.X is naturally equipped with a
complex structure, which is preserved along the flow of . Further, the quotient manifold .M /K acquires the structure of
a CR manifold.

In the odd-dimensional case (¢ = 1), the real index of an almost structure can be either O or 1. In fact, it may not even
be constant throughout the manifold: an example is afforded by the five-dimensional black ring [30]. Nonetheless, in a
small enough open set, the real index will remain constant. In the case r = 0, the almost null structure defines an almost
CR structure. On the other hand, when r = 1, if & and &1 are integrable, the real null line bundle X arising from the
intersection of the null distributions generates a congruence of null geodesics. Each fibre of the screen space K~ /.X is
endowed with a CR structure, and the quotient manifold M /X acquires the structure of a CR manifold of codimension 2.
The remaining part of the discussion focuses on Robinson structures.

Geometrically, the existence of a preferred null direction is equivalent to a reduction of the structure group of the frame
bundle to the group Sim(2m — 2 + ¢€), which preserves the filtration (5.8), and which has Lie algebra sim(2m — 2 4+ ¢€) :=
(R®so(2m—2+4€)) PR>"2%€ a parabolic Lie subalgebra of so(1, 2m — 1+¢). In the language of relativity, the summands of
sim(2m— 2+ €) generate boosts, screen space rotations, and null rotations respectively. Clearly, the centre 3 of sim(2m—2+¢)
lies in its R-summand, and the grading element E € 3 induces a |1|-grading on both so(1, 2m — 1 + €) and its standard
representation. Thus, the tangent bundle (locally) admits the grading TM = K;® Ko® K_; where X; = X, Ko = K/ X,
and X_; = TM/X> . In the relativity literature [21], sections of .K; are said to be of boost weight i. The bundles € and
now admit Sim(2m — 2 + €)-invariant filtrations of vector bundles

ke cfelc’elc*elc’e?=c, *A2cCcXAlcP A’ cX Al cX a2 =4, (5.9)
respectively, and each of the quotient bundles * ¢’ /7 @1 and 7 Al /% A™1 is a completely reducible so(2m—2+¢)-module.
The existence of an almost Robinson structure is equivalent to a reduction of the structure group to the Lie group P
with Lie algebra (R @ u(m — 1)) @ R?*™2¥¢ C sim(2m — 2 + €). This reduction induces further splitting of each of the

s0(2m — 2 + €)-irreducible components of the associated graded bundle of any Sim(2m — 2 + ¢)-invariant filtrations. In
particular, in even dimensions, the complexification of the screen space splits as a direct sum

CR®KT/XK =K/ e (xH/x0)" @,

where (X+/X)"%and (X+/X)%" denote the +i- and —i-eigenbundles of the centre 3(u(m — 1)) respectively, and one can
identify the null distribution & with (C ® X) @ (K*/X)%1.

The complexification of each of the quotient bundles * ¢'/* ! is now a completely reducible u(m — 1)-module. The
Sim(2m — 2 + €)-invariant filtrations (5.9) decompose further into * P-invariant subfiltrations, and it is these filtrations that
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arerelevantin the Lorentzian version of the Goldberg-Sachs theorem. The precise details will be given in a future publication.
At this stage, it suffices to say that the curvature conditions for the existence of an Robinson structure can be read off from
Lemma 3.7, provided that appropriate reality conditions are imposed. It is straightforward to check that under these reality

conditions, the complex subbundles * ¢? and V@2 of C ® € intersect trivially. Similarly, in odd dimensions, the bundles

¥ ek and ¥ ek intersect trivially when k = 3, 4. In particular, in the light of Remark 3.4, there are no higher-dimensional
Lorentzian analogue of the Petrov type N condition in this context.

In four dimensions, since so(2) = u(1), itis clear that there is no further reduction of the structure group. Geometrically,
it simply means that singling out a null direction is equivalent to singling out an almost Robinson structure. Further, the
isomorphism so(1, 3) = sl(2, C) tells us that the complex conjugate of a self-dual almost null structures is anti-self-dual.
In particular, the self-dual part of the Weyl tensor and an anti-self-dual part of the Weyl tensor are now complex conjugate
of one another. Thus, the algebraic degeneracy of the self-dual part of the Weyl tensor is always mirrored by that of the
anti-self-dual part of the Weyl tensor via complex conjugation. As a result, each of the self-dual complex Petrov types has a
(non-trivial) real Lorentzian counterpart.

Theorem 5.8 already gives a (partial) Lorentzian version of the Goldberg-Sachs theorem. In fact, it tells us more. One may
have multiple Robinson structures, i.e. a Lorentzian analogue of multiple null structures, whereby at most two distinct null
directions are distinguished, each having up to 2™~ complex structures associated to its screen space. For other degeneracy
classes, however, one must alter the proofs of Theorems 4.6 and 4.11 in order to demonstrate the integrability of the almost
Robinson structure.' The full analysis in higher dimensions will be presented elsewhere.

Finally, as in the holomorphic category, one may wish to find refinements of the Goldberg-Sachs theorem in terms of
irreducible u(m — 1)-modules of the bundle * ©. However, it is pointed out in Section 3.4.2 of Ref. [30] that certain algebraic
classes of the Weyl tensor do not necessarily lead to the integrability of the underlying almost Robinson structure, and
these classes are in fact defined by irreducible u(m — 1)-modules.'® This seems to indicate that the * P-invariant filtration
on the complexification C ® € is more relevant than the * P-irreducible modules of the real bundle € in determining the
integrability of (&, X).

6. Conclusion and outlook

The main thesis of this paper was to deduce the integrability of a given holomorphic maximal totally null distribution on
a complex Riemannian manifold with prescribed Weyl and Cotton-York tensors in arbitrary dimensions. This can be viewed
as a generalisation of what is known as the complex Goldberg-Sachs theorem. For this purpose, we introduced a higher-
dimensional generalisation of the complex Petrov classification of the Weyl tensor. We also gave an extension of these results
to the case of multiple almost null structures, which were then applied to the category of real smooth pseudo-Riemannian
manifolds.

The discussion used a minimal amount of theory. But at its core was the parabolic Lie algebra stabilising the almost
null structure. There is another parabolic Lie algebra in the story, and it is related to conformal geometry. Indeed it was
pointed out in Section 4.3 that the Goldberg-Sachs theorem in any dimensions is a conformally invariant statement. This
strongly suggests that the present results should be cast in the elegant language of parabolic geometry: the conditions on
the Weyl tensor and the Cotton-York tensor with respect to an almost null structure on a base conformal manifold can be
re-expressed as conditions on the curvature of the projective pure spinor bundle fibred over it, and a section thereof. The
content of the Goldberg-Sachs theorem is that certain curvature prescriptions imply a differential condition on this section,
which can ultimately be translated by a foliation by maximal totally null leaves on the base manifold.
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Appendix. The Bianchi identity

In this appendix, we give the Bianchi identity in component form in the null basis {§,,, E 1> €, } introduced in Section 3.3
with the following conventions:

15 Fora five-dimensional Einstein Lorentzian manifold, computations have shown that if the Weyl tensor degenerates to a generic section of the real span
of ¥ekN ¥ ek fork = 1, 2, then (W, X) is integrable. The latter case is presented in [44,30], and corresponds to the Weyl tensor being determined solely
by a spinor field of real index 1.

16 9 see this, we note that in five dimensions, Lorentzian signature, each of the irreducible * P-modules of the graded vector bundle gr(€) is either
one-real-dimensional or one-complex-dimensional, and each can be identified with a real or complex independent component of the Weyl tensor in a
(spinor) frame adapted to (¥, X). Thus, the vanishing of one such component — modulo % P-gauge transformations - is tantamount to the projection of
the Weyl tensor to the corresponding irreducible * P-module being zero.
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e the directional derivatives with respect to this frame are denoted
S =&.F,  opf =Ef.  df =&,

for all , and for any holomorphic function f;

e the index notation follows the convention of [45]. In particular, the Einstein summation convention is used throughout,
and square brackets around a set of indices denotes skew symmetrisation;

e only the Bianchi equations in odd dimensions are given—the even-dimensional case can be recovered by ignoring any
term containing an index 0.
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