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Abstract

Optical (or Robinson) structures are one generalization of four-dimensional
shearfree congruences of null geodesics to higher dimensions. They are
Lorentzian analogues of complex and CR structures. In this context, we extend
the Goldberg—Sachs theorem to five dimensions. To be precise, we find a new
algebraic condition on the Weyl tensor, which generalizes the Petrov type II
condition, in the sense that it ensures the existence of such congruences on a
five-dimensional spacetime, vacuum or under weaker assumptions on the Ricci
tensor. This results in a significant simplification of the field equations. We
discuss possible degenerate cases, including a five-dimensional generalization
of the Petrov type D condition. We also show that the vacuum black ring
solution is endowed with optical structures, yet fails to be algebraically special
with respect to them. We finally explain the generalization of these ideas to
higher dimensions, which has been checked in six and seven dimensions.

PACS numbers: 02.40.Ky, 04.20.Jb, 04.50.Gh
Mathematics Subject Classification: 53C12, 53C50, 53C80, 83C20

1. Introduction and motivation

Shearfree congruences of null geodesics or shearfree rays (SFR) have occupied a central
position in classical general relativity, featuring in many important solutions to Einstein’s
equations, such as the Kerr black hole and pp-waves. For vacuum spacetimes, they also have
the added property that their generator k%, say, is a repeated principal null direction (PND) of
the Weyl tensor, or equivalently, that the Weyl tensor is algebraically special, i.e. of Petrov
type II or more degenerate:

k“kC Cpetake; = 0. (1.1)
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The converse is also true: the Goldberg—Sachs theorem (1962) [GS09] states that a vacuum
spacetime admits a shearfree congruence of null geodesics if and only if its Weyl tensor is
algebraically special.

SFR can also be equivalently described from the perspective of complex geometry.
Naively, one should think of them as arising from the real intersections of two-dimensional
complex leaves of a foliation of ‘complexified’ spacetime, which are totally null or degenerate
with respect to the complexified metric. At each point along a SFR, the (two-dimensional)
space orthogonal to its generator is then naturally equipped with a complex structure. More
generally, if (M, g) is a (2m + €)-dimensional Lorentzian manifold, where ¢ = 0, 1, an
optical (or Robinson) structure (N, K) on (M, g) is an integrable m-dimensional complex
distribution V of the complexified tangent bundle, totally null with respect to the complexified
metric, and which intersects its complex conjugate in the complexification of a real null line
bundle C ® K := N NN. Sections of K are tangent to null geodesics, and the fibres of the
screen space K /K are naturally equipped with a complex structure when € = 0, and with a
CR structure when € = 1. In four dimensions, these null geodesics are shearfree, but not so in
higher dimensions [Tra02b]. They nevertheless preserve the complex or CR structure on the
screen space.

This aspect of SFR was instrumental in the discovery of the Kerr black hole [Ker63],
thanks to what is now known as the Kerr theorem [CF76]. Later, these ideas would play a
central role in the genesis and development of Roger Penrose’s twistor theory [Pen67, PR86].
In general, the philosophy is to think of an optical structure as a real manifestation of a null
foliation of complexified spacetime. For different choices of metric signature, the same null
structure gives rise to different real geometries. For instance, a metric-compatible complex
structure on a Riemannian manifold is determined by a null distribution. Nurowski and
Trautman’s description [NT02, Tra02a] of an optical structure as a ‘Lorentzian analogue of a
Hermite structure’ is particularly fitting in that sense. Further, the fact that the Goldberg—Sachs
theorem was later generalized [KT62, RS63, PH75, PB83, PR86, AG97, Apo98, GHN10]
to any real or complex (pseudo-)Riemannian manifolds—and under assumptions weaker
than Ricci-flatness—testifies the centrality of complex methods in the study of SFR in four
dimensions.

In recent decades, new theories of physics have made the study of solutions to Einstein’s
field equations in higher dimensions particularly relevant. The mathematics and physics
communities have been engaged not only in generalizing known four-dimensional solutions
such as pp-waves [CMP+03], the Kerr black hole [GLPPO0S5, CLP06] or the Kerr—Schild ansatz
[OPP09b, OPP09a] to higher dimensions, but also in investigating the broader geometrical
properties of higher-dimensional spacetimes [CMPP04b, CMPP04a]. To this effect, Coley,
Milson, Pravd4a, and Pravdovd have proposed a spacetime classification purporting to
generalize the Petrov classification [CMPP04a, MCPP05, CP06, Col08]. In this setting,
various attempts have been made to generalize the classical results of general relativity to
higher dimensions, with some measure of success [PPCMO04, PP0OS, Pra06, PPO07, OPP07,
PP0O8]. While the geodesy property of null congruences was successfully [DR09] related
to the Coley—Milson—Pravda—Pravdova (CMPP) classification of the Weyl tensor in higher
dimensions, the shearfree condition does not appear to hold any particularly privileged place
in more than four dimensions. In fact, it is established in [FS03] that the five-dimensional
Myers—Perry black hole admits a pair of PNDs in the sense of equation (1.1), but these are
not shearfree, unlike its four-dimensional counterpart. In particular, a higher-dimensional
Goldberg—Sachs theorem cannot be formulated along these lines.

In contrast, there is strong evidence that optical structures still retain a central position
in higher dimensions. An early step towards this is provided by the higher-dimensional
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generalization of the Kerr theorem by Hughston and Mason in [HM88]. More recently,
Mason and the present author [MT10] generalized a result due to Walker and Penrose [WP70]
and proposed a higher-dimensional version of the Petrov type D condition distinct from
that of the CMPP classification. To be precise, a conformal Killing—Yano (CKY) 2-form
on a (2m + €)-dimensional (pseudo-)Riemannian manifold (M, g), in normal form, with
generically distinct eigenvalues, and whose exterior derivative satisfies a certain condition,
gives rises to 2" integrable canonical null distributions. Further, the integrability condition
of the CKY 2-form implies that the Weyl tensor must be degenerate on each of these null
distributions and their orthogonal complements. The prime example of a solution characterized
by such a CKY 2-form is the Kerr—-NUT-AdS metric [CLP06]. All these results seem to point
towards a higher-dimensional generalization of the Goldberg—Sachs theorem in the context of
null distributions and optical structures.
This motivates the following two questions, which this paper aims to answer:

e Given a five-dimensional spacetime (M, g), does there exist an algebraic condition on the
Weyl and Ricci tensors which guarantees the integrability of an almost optical structure
W, K)?

e Conversely, given a five-dimensional spacetime, vacuum or weaker, does the existence
of an integrable almost optical structure imply the same algebraic condition on the Weyl
tensor?

We prove the following result. Suppose that the Weyl tensor and the Cotton—York tensor as
defined in appendix A satisfy

C(X,Y,Z,)=0, AZ,X,Y) =0,

respectively, for all X, Y € (W), Z € T'(NV). Then, assuming that the Weyl tensor does
not degenerate any further, the almost optical structure (N, K) is integrable.

On the other hand, we show that the five-dimensional vacuum black ring [ER02, ERO06,
EHN+07] provides a counterexample to the converse, i.e. it admits an (integrable) optical
structure but its Weyl tensor fails to be algebraically special relative to it.

The structure of the paper is as follows. In section 1, we recall the basic definitions
and properties of null and optical geometries in arbitrary spacetimes. While some of this
material can already be found in [NTO2] as far as the even-dimensional case goes, we have
extended their approach to odd-dimensional spacetimes. The integrability condition for an
almost optical structure is then stated, and we use the Sachs equations in five dimensions
to illustrate how the curvature obstructs the propagation of an optical structure along a null
geodesic.

In section 2, we give a definition of algebraically special spacetimes relative to an almost
optical structure (N, K), as a generalization of the Petrov type Il condition. In five dimensions,
this is shown to imply that the eigenvalues of the Weyl curvature operator take on very simple
expressions. Comparisons with the CMPP classification of the Weyl tensor and the De
Smet classification of the conformal Weyl spinor are drawn. We then justify our choice of
definition, by proving that provided the Cotton—York tensor is degenerate with respect to the
optical structure, and the Weyl tensor satisfies some genericity assumption, then the algebraic
speciality implies the integrability of (M, ). We then show how the Bianchi identity greatly
simplifies for such spacetimes. This is followed by a discussion of more degenerate algebraic
conditions on the Weyl tensor, including the Petrov type D condition.

We end the section by a study of the five-dimensional vacuum black ring, which, we
show, is endowed with optical structures, but fails to be algebraically special relative to them.
In some regions, the null structures do not intersect in a real line bundle, but define a pair of
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CR structures. In the limit where the black ring becomes the Myers—Perry black hole with
one rotation coefficient, these CR structures persist, and in fact, co-exist with a pair of optical
structures.

Finally, we conjecture that most of the results of this paper can be generalized to higher
dimensions, to arbitrary signatures, and to complex manifolds. The conjecture has already
been verified in six and seven dimensions using Mathematica, and the results will be presented
in a future publication [TCa].

We have relegated the basic notational setup, including an analysis of the Weyl curvature
operator for algebraically special spacetimes, together with the component forms of the Ricci
and Bianchi identities to three appendices. Some of the equations therein were simplified by
means of the symbolic computer algebra system Cadabra [Pee07a, Pee07b].

2. Preliminaries

2.1. Optical structures

Throughout, (M, g) denotes a (2m + €)-dimensional (pseudo-)Riemannian manifold, where
€ € {0, 1}. Given a real (complex) subbundle E of the (complexified) tangent bundle TM, the
orthogonal complement of E with respect to the (complexified) metric is denoted by E+, and
the space of sections of E by I'(E). The Lévi-Civita connection is denoted by V.

The definition of an optical structure in even dimensions is given in [NT02]. Here, we
introduce the notion for odd-dimensional spacetimes, which may be described as a Lorentzian
analogue of a CR structure.

Definition 2.1. An almost null structure N' on M is a complex subbundle of the complexified
tangent bundle of M, which is totally null with respect to the complexified metric, and has
maximal rank, i.e. N'C N+ and N has rank m. We say that N is a null structure, when N is
integrable in the sense of Frobenius, i.e. [[(N), T(M)] Cc TW).

The complexified tangent bundle is equipped with a natural reality structure, induced from
an involutory complex-conjugation operation, denoted by~ which preserves the underlying real
metric. The signature of the real metric imposes restrictions on the possible reality conditions
that an almost null structure can satisfy. This motivates the following definition and lemma.

Definition 2.2. The real index of an almost null structure N is the dimension of the
intersection N N N.

Lemma 2.3 ([KT92]). Suppose that (M, g) is Lorentzian, and let N be an almost null
structure. Then, the only possible values of the real index r of N are

o r=1whene =0, and
o r=0,1whene=1.

This allows us to make the following definitions.

Definition 2.4.  An almost optical (or Robinson) structure (N, K) on M is an almost
null structure on M of real index 1, and K — M is the real null line bundle defined by
NNN =: CQK. We say that (N, K) is an optical (or Robinson) structure on M, when both
N and its orthogonal complement N'**- are integrable, in the sense of Frobenius. The screen
space of (N, K) is the rank-(2m — 2 + €) bundle K+ /K — M.
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Remark 2.5. In even dimensions, there is some redundancy in the formulation of
definition 2.4 since in this case N’ = N+, This remark applies to the subsequent definitions
and results which also hold in even dimensions.

The next proposition gives some properties of optical structures. We omit the proof, which
can already be found in [NT02] in the even-dimensional case, while the odd-dimensional case
is a straightforward extension.

Proposition 2.6. Let (N, K) be an optical structure on M. Then,

(1) the integrable curves of the generators of K are null geodesics;

(2) the flow of K preserves the null structure N and its orthogonal complement N'*;

(3) the screen space K /K is naturally equipped with a complex structure when € = 0, and
with a CR structure when € = 1.

From now on, we assume that (M, g) is a five-dimensional spacetime unless otherwise
stated. We make use of the spin coefficient notation given in appendix A, which is a modified
version of that of [GPGLMGO09]. We can always assume that the metric takes the form

8ab = 2k Ly +2mg i py + uqup,

where k,, £, and u, are real, and m, complex basis 1-forms. Indices are lowered and raised via
the metric. This gives us two canonical almost optical structures (N, £) and (N, K), where

No = span{¢“, m“}, L = span{£“},
N1 = span{k®, m“}, K = span{k“}.

When no ambiguity can arise, we drop the subscript on Aj and N;. The following lemma is
an easy application of the commutation relations (A.2), (A.3) and (A.7).

Lemma 2.7. Let (N, K) be the almost optical structure defined above. Then

o N is integrable if and only if

k=0 =0, X =1, 2.1
e both N and N'* are integrable if and only if

Remark 2.8. The conditions k = f = 0 are equivalent to k* being geodetic. Hence, the
lemma tells us that the integrability of A only is not sufficient to guarantee the geodesy of k%,
while the integrability of both A" and N is.

Remark 2.9.  Optical structures, or more generally null structures, can be conveniently
expressed in terms of pure spinor fields [Car67]. Roughly, a spinor field £& on a
(pseudo-)Riemannian manifold (M, g) defines a totally null distribution N on the
complexified tangent bundle TM, given by

Ne ={X eT(CRTM)|X - &£ =0},

where - denotes the Clifford action. When N is maximal totally null, then £ is said to be
pure. One can then talk of the real index of a pure spinor field in the obvious way. An optical
structure (N, K) can then be defined by a pure spinor field (up to scale) of real index 1, which
satisfies the integrability conditions

Y - (Vx€) =0, and X .Y (Vz8) =0
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for all vector fields X, Y € T'(Ng), Z € F(J\/?) and where V denotes the spin connection
induced from the Lévi-Civita connection. Sections of I can be expressed as the tensor product
of £ and its conjugate. We avoid the use of spinors in this paper, and the reader is referred
to the literature for further details [Car67, PR84, PR86, HMS88, BT87, BT88, BT89, KT92,
Kop97, MT10].

2.2. Integrability conditions on the Weyl conformal tensor

The existence of an optical structure on a Lorentzian manifold is subject to integrability
conditions on the Weyl tensor as given by the following proposition.

Proposition 2.10. Let (M, g) be a Lorentzian manifold endowed with an almost optical
structure (N, ). If N and N+ are integrable, then the Weyl tensor satisfies

CX,Y,Z,W)=0 2.3)
forall X, Y e TINY) and Z, W e T(N).

We omit the proof, which is already given in [MT10] for the complex even-dimensional
case, the odd-dimensional case being similar.

In four dimensions, condition (2.3) is equivalent to the Petrov type I condition. While it is
always satisfied in four dimensions, in the sense that one can find an almost null structure such
that at least one of the five components of the Weyl tensor vanishes, condition (2.3) is non-
trivial in higher dimensions. This makes it somewhat more ‘special’ than in four dimensions,
but we reserve the term for a stronger algebraic condition defined later.

Sachs equations. The integrability condition (2.3) can also be read off directly from the
Sachs equations, which can be obtained from the Ricci identity by choosing a parallely
transported frame along the affinely parametrized null geodesic generated by the vector field
k“. Here, we present a subset of these equations in the five-dimensional context by setting
€ =k =f =n = x =4 = 0in the Ricci identity given in appendix B:

Do = —ny — po — po + Y, (B.1)
DY = —yp — Yo — Yy I+, (B.2)
Do = —Ry —pp — ov + W3, (B.3)
Dn = —np — o — n3+ ¥, (B.4)

It becomes apparent that W, \Ilg and W3 are obstructions to the propagation of the CR
structure of K //C along the geodesic, independently of the Einstein equations.

3. Algebraically special spacetimes

The integrability condition (2.3) is not sufficient to guarantee the existence of an optical
structure on a manifold. In four dimensions, the Goldberg—Sachs theorem, however, tells
us that a vacuum four-dimensional spacetime admits an optical structure if and only if it is
algebraically special, i.e. it is at least of Petrov type II. In five dimensions, we first define which
condition an ‘algebraically special’ spacetime should satisfy, and we then demonstrate that it
naturally leads to a partial generalization of the Goldberg—Sachs theorem in five dimensions.
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3.1. A higher-dimensional version of Petrov type Il spacetimes

Here, we introduce an alternative characterization of the algebraic speciality of the Weyl
tensor, which as we argue in the following section generalizes the Petrov type II condition.

Definition 3.1.  Let (M, g) be a Lorentzian manifold endowed with an almost optical
structure (N, K). We say that the Weyl tensor is algebraically special (relative to N) if it
satisfies

CX,Y, Z,)=0 3.1

forall X, Y € T(NY) and Z € T'(N). If, in addition, the Weyl tensor does not degenerate
any further, we say that the Weyl tensor is generically algebraically special.

Re-expressing the above conditions in the five-dimensional Lorentzian context using the
five-dimensional Newman—Penrose spin coefficient formalism of appendix A, we have

Lemma 3.2. Let (M, g) be a five-dimensional Lorentzian manifold. Then, the Weyl tensor
is algebraically special if ond only if

U= =V =¥ =U) =¥ = U] = U], =W, =W}, =¥, =0. (3.2)

Jordan normal form of the Weyl curvature operator.  In four dimensions, algebraically special
spacetime are equivalently characterized by the eigenvalue structure of the Weyl curvature
operator, i.e. the Weyl tensor viewed as an operator on 2-forms or bivectors. More precisely,
the Weyl tensor is algebraically special if its corresponding operator has a repeated eigenvalue.
Recently, this approach has been considered for higher-dimensional spacetimes [HC10,
CH10a, CH10b]. In particular, it was found that the Weyl operator of a five-dimensional
spacetime of CMPP type II has at least three eigenvalues of (at least) multiplicity 2 [CH10a].
Here, we assume the stronger condition that the Weyl tensor is generically algebraically special
relative to an almost optical structure. The details of the following results are relegated to
appendix A.

Proposition 3.3. Let (M, g) be a five-dimensional spacetime, and suppose that the Weyl
tensor is generically algebraically special relative to an optical structure N'. Then, the Weyl
curvature operator Co” has Segre characteristic [222(11)11] with eigenvalues

- - - 2
W, B, W0, 00, —(Wy 4 B) + (s — By)2 4 (00)7,

(W By) — (W — B2+ (WD),

respectively. Further, the 3-forms and 2-forms annihilating N' and N'* respectively are
eigenforms of Co”.

It is also worth mentioning that this Jordan normal form does not imply the algebraic
condition (3.1): if we weaken this condition by assuming W4 # 0, the Weyl curvature
operator has the same Jordan normal form and eigenvalues as the algebraically special case.
Some properties of its eigenforms are pointed out in appendix A.

Finally, computations have shown that assuming fewer vanishing components of the Weyl
tensor does not lead to such concise expressions of the eigenvalues.
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Relation to the CMPP classification. Roughly, the idea behind the CMPP classification of
the Weyl tensor is that spacetimes are classified according to the vanishing of components of
the Weyl tensor of a given boost weight [CMPP0O4a]. According to this scheme, the Weyl
tensor of a CMPP type II spacetime has vanishing components of boost weights 2 and 1.
While in four dimensions, this agrees with the algebraic conditions given in this paper, it is
clear that in five (or higher) dimensions, neither the integrability condition (2.3) for an almost
optical structure A nor the algebraic speciality (3.1) of the Weyl tensor relative to it fits into
the CMPP classification. This can be inferred directly from table A2 of appendix A. The
algebraic speciality implies the vanishing of not only all components of boost weights 2 and 1
(\IIO, \118, \I/?, Yoz, ¥, \1111 ,and \1112), but also of three components of boost weight 0 (\11?3, \111'3,
and \11123), and one of the boost weight —1 (W4). Thus, a spacetime algebraically special with
respect to an almost optical structure is a stronger condition than the CMPP type II condition.

Relation to the De Smet classification. The De Smet classification of spacetimes was first
proposed in [DS05] as a generalization of the classification of the Weyl conformal spinor
to five dimensions. The classification was more recently refined in [God10], where reality
conditions on spin space are taken into account. We recall that the Weyl tensor in four and five
dimensions can be viewed as a totally symmetric element W4 pcp of the spinor algebra. In
four dimensions, one can always express the Weyl conformal spinor as a symmetric product of
spinors. However, this is not always the case in five dimensions. In the De Smet classification,
spacetimes are categorized according to the factorisibility of W4 pcp. This procedure imposes
stringent algebraic conditions on the Weyl tensor, and the geometry of algebraically special
spacetimes in the sense of De Smet may be excessively restrictive, as some examples in
[God10] show. In fact, an algebraically special spacetime relative to an optical structure can
still be algebraically general in the sense of De Smet. The point is illustrated by example 3.12
and remark 3.13 below.

3.2. A five-dimensional Goldberg—Sachs theorem

We now come to the main result of the paper. The Cotton—York tensor is defined in
appendix A.

Theorem 3.4 (Partial five-dimensional Lorentzian Goldberg—Sachs theorem). Let (M, g)
be a five-dimensional Lorentzian manifold, and (N, K) an almost optical structure. Suppose
that the Weyl tensor is generically algebraically special relative to N, and the Cotton—York
tensor satisfies

AZ,X,Y)=0 (3.3)

forall X, Y € TWWY) and Z € T(N). Then, the almost optical structure (N, K) is
integrable.

Proof. By assumption, the Weyl tensor satisfies relations (3.2), and the Cotton—York tensor
Az = Ao = Ao = Aain = Ao = 0.

By the genericity assumption, no other components of the Weyl tensor vanish identically
except possibly at isolated points. This reduces parts of the Bianchi identity given in
appendix C to the following algebraic equations:

0:0"-1—’3+3O'\I/2—K\I/31 (C.1)
0= kW) — 3k, (C.2)
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0= (—x +2y)¥) + YWy + (x +¥)¥) — 3 — k03 (C.5)
0=V, — dpWy + kWL + (=2 + Y)W + (x + V) V3 — FUy + 2003 + 0 W3 (C.6)
0=—f¥ +r¥, (€7
0=Q2x — w)\I/g — xWr+ (—x — Y)W, — F\Il31 + F\If3 — ZK\I/32 + K\IJ32 (C.8)

0= (—n+2y)WY + (—=x =3+ Y)W+ (x + Y)W — pI3 — p 03 — 203 — W] (C.19)
0=r¥+r¥, (C.16)
0=¢W) — oW, + kW) + (=2 — U3 + (x + )3 — FUy + 0 W3 (C.17)

0= Q)+ +(—x =30+ V)W + (—x — V)W — FUI + 3 — 2602 + W7 (C.18)

0= -2} (C.20)
0=20W) — 2k (C.21)
0=(x —mM¥ +(—x —3nW — ¥ — 2603 (C.22)
0= W) — g0 + (—n — Y)Uj — 2003 (C.23)
0= (n+y)¥) + (=30 +y)¥,. (C.24)

We now show that the connection components satisfy relations (2.2).

e From equation (C.20), one obtains x = 0 immediately.

o It follows from equation (C.21) that o = 0.

e By the genericity assumption, we have that f = 0 by equations (C.7) or (C.16).

e Now, (C.22) + (C.24) — (C.5) — (C.8) gives 0 = —6nV,, i.e. n = 0.

e Hence, from equations (C.22), (C.24), (C.5) and (C.8) again, we deduce x = ¢ = 0.
e Finally, any of equations (C.6), (C.17) or (C.23) yields ¢ = 0.

At this stage, we observe that the condition on the Weyl tensor is frame independent as can be
seen from the gauge transformations given in appendix A. Hence, all the required connection
components are zero in any null frame. O

Before we proceed, a number of remarks are in order.

Remark 3.5. There arises the issue of whether the algebraic speciality (3.3) is the mininum
condition which guarantees the existence of an optical structure. So, suppose that W4 #% 0
(and for simplicity we maintain the same condition on the Cotton—York tensor), which by
gauge invariance, is the only next weakest assumption possible. Then, the only algebraic
equation involving ¢ is

0=¢W) — oW, + (—n — Y)¥] + IV, — 2003, (C.23)

In particular, ¢ cannot vanish unless 3 vanishes itself, which is impossible under our
assumptions. We must thus conclude that any weaker condition on the Weyl tensor will
not guarantee the integrability of the optical structure, i.e. the integrability of both N and N'*.
In fact, it can be checked that weaker conditions (such as the one we have just considered)
may guarantee the integrability of the null distribution A/, but not its orthogonal complement

NE.
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Remark 3.6. As pointed earlier, the weaker condition given by W4 # O still implies a very
simple eigenvalue structure of the Weyl curvature operator C,”. In the light of the previous
remark, there thus appears to be an affinity between the integrability of A/ and the Jordan
normal form of C,”.

Remark 3.7. It is worth noting that the assumptions of theorem 3.4 are conformally invariant:
if theorem 3.4 holds for a frame, then it will also hold for another one conformally related to
the first one. To see the conformal invariance of the optical structure, suppose for definiteness
that each basis 1-form is rescaled by a positive factor 2. Then, denoting the connection
components relative to the rescaled by a”, we have

k=Q 7%, F=Q7'r, 6=Q7'o, 1=Q7'x, ¥=Q7'yv, 1=Q7 'y, ¢=Q7'¢,

and the invariance of the integrability follows. The conformal invariance of the theorem
itself is less straightforward, but can be checked from the transformation laws of the Bianchi
identity. This property is well known in four dimensions [PR86, GHN10], and we defer its
generalization to higher dimensions for a future publication [TCa].

We end this section by another aspect of the Goldberg—Sachs theorem, whose proof is a
straightforward modification of that of theorem 3.4.

Proposition 3.8. Let (M, g) be a five-dimensional Lorentzian manifold, and (N, K) an
optical structure. Suppose that the Weyl tensor is algebraically special relative to N'. Then,
the Cotton—York tensor satisfies

AZ,X,Y)=0
forall X, Y e T(NY) and Z € T(N).

3.3. Simplification of the Bianchi identity

As a consequence of theorem 3.4, the Bianchi identity for an algebraically special spacetime
simplifies considerably. Here we record some of the most notable equations, which present
an elegant simplicity:

DW; = —Ayjj — Ayz — p¥3 —3p ¥, (C.10)
SWy = Ay — Agyy — TW + 370, — o3 (C.11)
$Wy = Ajjg + Axsp + (5 — V)W + (5 + U)Wy + (20 — D) T2 (C.35)
DV = —Agjo — Ay — 23] — JW, — I, (C.27)
SWY = —Agao + Ay + (=R +21)W) + R, + 50y — IU; (C.29)
D3 = — Ay + (=27 +20)W) — R, + R, + (-2 — D)W — J¥; (C.28)
SWS = Ayjp — 2000 + (=28 — 2 +27) W) + RT; — D, (C.30)

DU2 = Api+ (=W + (h— )W + (=5 + )Ty + (—e — & —2p) P2 — pW2  (C.12)

8U5 = —Agiy + (=20 + E)W + (0 + &)Wy + 0¥y + pW) + (5 — 20 + D) U3 (C.14)
+(—s+ V)3 + (=@ — B +20)¥; — 1¥3

10
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We also have the following equations, which do not depend on the derivatives of the Weyl
tensor components:

0=—A;n+Q2p—2p)¥) — IV, + IV, (C.31)

0= —Aps+(—v+ )W) + (5 — D)Ws + (—5 + V) Wy + p¥; — pW3. (C.13)
Further equations can be derived, such as

0=—Ag0 — Ajpp + (R +20)W) — R, + (20 — D)3, (3.4)
which is given by adding equation (C.29) to equation (C.32).

3.4. Further degeneracy of the Weyl tensor

In four dimensions, it is well known that further algebraic specialities of the Weyl tensor
(Petrov types D, III, and N) together with appropriate conditions on the Cotton—York tensor
still guarantee the integrability of an almost optical structure. In this section, we briefly
consider what stronger algebraic conditions on the Weyl tensor imply for the connection
components. We start with the following remark:

Remark 3.9. From the proof of theorem 3.4, one can see that only the assumption that the
components ¥, and \Ilg of the Weyl tensor are generic, and in particular non-vanishing, is
needed, and none of the remaining components (W3, ¥, W1, W3 W, W;) play any part in the
vanishing of the connection components.

3.4.1. Five-dimensional generalization of Petrov type D spacetimes. In four dimensions,
Petrov type D vacuum spacetimes are characterized by the existence of two distinct integrable
optical structures. In [MT10], it is argued that a (2m + €)-dimensional generalization of the
Petrov type D condition should also give rise to 2™ distinct optical structures. Recall that on
a five-dimensional spacetime where the metric has the form

8ab = 2k Lpy +2m M) + ugup,

one can canonically define two almost optical structures (N, £) and (N, K), where
No := span{¢?, m*} and N| := span{k?, m®}. From remark 3.9, we know that if all the
components of the Weyl tensor vanish with the exception of W, and \Ilg, then (N, K) is
integrable. But by symmetry, (Ny, £) must also be integrable. We have thus proved the
following corollary to theorem 3.4.

Corollary 3.10. Let (M, g) be a five-dimensional Lorentzian manifold, and (Ny, L) and
(N1, K) be the almost optical structures as defined above. Suppose that the Weyl tensor and
the Cotton—York tensor satisfy

CX,Y.,Z,)=0, AZ,X,Y)=0

forall X,Y € F(/\fil) and Z € T'(N;), for each i = 0, 1, and that the Weyl tensor does not
degenerate otherwise (i.e. generic W, \Ilg # 0). Then, the almost optical structures (Ny, L)
and (N1, K) are integrable.

In this case, the Bianchi identity simplifies drastically:
DV, = —Ay i — Ayps — pW) — 3pW, (C.10)
DV, = Ajjj — Aspp, — pW) — 3uW, (C.3)

11
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SWy = Ajjp — Ay — TV + 370, (C.11)
SWy = Ajps + Asps — W) + 37, (C.4)
$Wy = Ajjo+ Aspg + (4 — D)WY + (L + D)W, (C.19)
DW) = —Agjg — Ay — 2290 — 2w, — 20, (C.27)
— DV = Agip — Appi + 27T + T, + T, (C.33)
— WY = —Agp — Ags +2RWY — R, — R, (C.32)
$WY = —Ajjo— Ao+ b+ s+ U+ D)WY + %(a +5— v —0)(Vy + W), (3.5)

where equation (3.5) can be obtained from equations (C.25) and (C.26). Other relations can
be obtained using the following equations:

0=Aps+ V=)W + (G — )W+ (4 + D), (C.9)
0=Api+G—DE + G — VW + (—s+ )P, (C.12)
0= —Ags+ (—V+ D)W + (s — D)Wy + (=5 + V), (C.13)
0= —Ayj+ (=27 +20)W) — R, + R, (C.28)
0=—As+Qp—2p)¥) — 20, + 1V, (C.31)
0= —Ajy + (=20 + 20 W) + W, — T, (C.34)

When the Einstein equations are imposed, the Cotton—York tensor vanishes and these equations
acquire an even simpler form.

Remark 3.11. Evidently, whether the Weyl tensor is algebraically special with respect to
(M1, K) only, or to both (N, £) and (N7, K), the eigenvalues of the Weyl curvature operator
remain the same. In the latter case, the Segre characteristic becomes [(11)(11)(11)(11)(11)11].

Example 3.12 (Five-dimensional (Lorentzian) Kerr—NUT-AdS black hole). The five-
dimensional (Lorentzian) Kerr—NUT-AdS black hole metric can be cast in the form

g=20'00'4+20000" +e' ® ¢,

where the basis 1-forms {0, 8'. 02, 92, e} are given by

1 1
0' := ——(—dr + Q(dy + y*d¢)), 6° = (idy + P(dyr — r2de)),
50 Y+ y deo 3 y ¥ 0]
8 = L+ 0y +y2do)). e = ﬁ(dw +(? = dg — y*ridy),
V20 ry
and
X
0 ==, X = —ar2+br4—£—2A, U:=y*+r?,
U r2
._K 2 4, € 22
P=—, Y :=ay +by" + 2B, Vi=—(y"+r).
1% y2

Here, a and c are constants related to the angular momenta of the black hole solutions, b is
related to the cosmological constant, and A and B are the mass and NUT parameters. It is

12



Class. Quantum Grav. 28 (2011) 145010 A Taghavi-Chabert

shown [MT10] to be algebraically special relative to the two optical structures' Ny = {7, 8,)}
and N| = {6, 6,}. Hence, it has only two non-vanishing components, which are found to be

o —iy) o (A—B)
\IJQ—Z(A B)(y2+—r2)3, = (yz-|——r2)2

At a glance, one notes that

U) = Wby, (3.6)

This relation in fact implies that the Weyl conformal spinor W 43¢ p can be factorized into the
square of a symmetric 2-valent spinor in the normal form, i.e. it is of De Smet type (2, 2).

Remark 3.13. It is clear from this example that the Kerr—NUT-AdS metric is only one
of many possible metrics of ‘Petrov type D’. Weakening the relation (3.6) should lead to
new families of five-dimensional metrics, which are not algebraically special in the sense of
De Smet.

3.4.2. Other assumptions. Further degeneracy of the Weyl tensor will not guarantee the
integrability of the optical structure in general. We make no attempt to give a complete study
of every case in this paper, but we briefly comment on four cases to illustrate the situation.

e By a slight alteration of its proof, one can demonstrate that theorem 3.4 remains valid
under the stronger assumption that either ¥, or lllg vanishes. Such assumptions may lead
to the vanishing of more connection components if more components of the Cotton—York
vanish (this can be seen directly from the simplified Bianchi identity).

e Assuming further that W, = \IJS = 0 and, for simplicity, Ricci-flatness, and no other
components, vanish, one can show that this does not put the connection component ¢
under any algebraic restriction, and thus the orthogonal complement of the null distribution
itself may not be integrable. However, enough connection components vanish to conclude
that the null distribution remains integrable.

e Choosing W, = W) = W3 = W] = ¥ = 0 and Ricci-flatness, one checks that there
are no algebraic equations involving either ¢ or x, and so the null distribution is not
necessarily integrable.

e At the other extreme, one can consider the case of a vacuum spacetime, where all
components of the Weyl tensor vanish except for \I/g . One can show that such spacetime
must be of De Smet type (11, 11), i.e. its Weyl tensor is solely determined by a spinor
field. As explained in remark 2.9, this spinor field also defines a null distribution of real
index 1 of the complexifed tangent bundle, and hence an almost optical structure (N, ).
This is one of the cases studied in [God10]. The Bianchi identity then tells us that not
only does the spacetime admit an optical structure (i.e. equations (2.2) are satisfied), but
also the congruence of rays generated by K is divergence free (3 = p = 0, i.e. V%, = 0,
for any k* € T'(K)),and v — 0 = 0.

4. Optical structures and the black ring

4.1. An algebraically general spacetime admitting optical structures

While we have shown that there exists an algebraic condition on the Weyl tensor, which
guarantees the existence of an optical structure in five dimensions, we now use the black ring
solution found in [ER02] as a counterexample to the converse.

1" Here, the basis vector fields are denoted by a subscript.
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The five-dimensional black ring metric takes the form
g=20'00"+20208" +e"®e°,

where the basis 1-forms (0", 8", 62, §°, %} are given by

RJ—-F(x)G(y) («/F(y) . >
o' = d dy |,
Se—y a6y WY
<7 RJV/—-F(x)G(y) («/F(y) . >
8" .= dy —idy ).
V2(x —y) G(y) yoidy

g . _REGVGH) (Jm‘) e )
- x+ide ),
V2(x = »)VFx) \ G()

5. RFO)VGW) (vF O gy — id¢>
- V2= p)WVF) \ G ’
0._ _M(dz + RVA(1 +y)dy),
F(y)

and

F(§) :=1-2§, G(&) = (1 — &)1 — vé).
Here, R, X and p are positive constants with A, v < 1.
In terms of the dual basis of vector fields {8, 01, 0, 85, ey}, the canonical distributions
N = span{6, 65}, N, := span{63, 6},
No:=span{By, 83} Nip := span(6), 6,)
are maximal totally null. Depending on the range of x and y, the basis 1-forms may be real
or complex, and accordingly the eigenvalues of the metric will change signs [PP05]. For
specificity, we consider only the following two regions:
A={(x,y, ¢, ¢, 1) -1 <x <1,y <—1},
1 1
B:= {(x,y,¢,1//,t):—l <x<l,—<y< —}.
A v
In both regions, the metric is of Lorentzian signature. Then,
e in region .4, we have €5 = —ey, N| = N, and Ny = N, so that Ajy and A; are of real
index O. L L
e inregion B, ey = eg; N7 = N and Ny = N3, so that Ny and N are of real index 1, and
thus define two distinct almost optical structures.

Now, computing the structure equations gives

ded — <_ Ax = y)v/G(x) 0! +é~) + Alx = y)/G(y) 92 +éi)> A e
2V2RF(x)F(y) 2V2R=F(x)F()VF ()

v — W:VGX)/G(y) 0 A5
RVF)VFO)F()VGH)
46 — (_ VGX)QF(x) + A(x — y))
V2RF(x)F ()
. V=6
2V2RVFOVF)G(y)

)

6 + 8%

<2G<y) + L6 - y)) 9T> no.
dy

14
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0 — <L<F(y>—x(x—yw—G<y‘> o1+ dh s !
V2 RJF)JVF(Y)F(y) 2V2RF(y)F(x)y/G(x)

X (—2G(x)F(x) + %G(X)F(x)(x -y +AG(x)(x — y)) 92> A 67,

and similarly for 9" and 8. By the dual form of the Frobenius theorem, one therefore sees
that both distributions Ay and A} and their orthogonal complements (NVy)* and (N;)* are
integrable. Hence,

e in region A, Nj and V] define two distinct CR structures;
e inregion B, Ny and NV define two distinct optical structures.

Remark 4.1. The structure equations tell us further that the basis 1-forms 0!, él, 62 and 92
are hypersurface orthogonal. Specializing to the case where Ny and N are of real index 0,
one can then introduce complex coordinates z and w defined by
dz :=&dx+id¢, dw :=&dy+id1p.

G(x) G(y)
The case where A and N are of real index 1 is similar except that one obtains one complex
coordinate, and two real null coordinates.

It is however well known that the black ring metric is generically of CMPP type I;,
and algebraically general in the De Smet classification [PPO5, God10]. In fact, a Maple
computation shows that the Weyl tensor is not algebraically special with respect to any of the
null structures. In the notation of appendix A, and restricting ourselves to region 3, we find

Wp =W =Wy =0 =Wy =¥ = Uy, 4.1

which are none other than the integrability conditions for the optical structures (Ny, £) and
(M, K). In addition, the remaining vanishing components lead to the relations

U, =\, W=7 vl =97, wlo= -0, 4.2)

i.e. some components of the Weyl tensor that are generically complex satisfy some reality
conditions.

4.2. A five-dimensional spacetime with eight null structures

In four dimensions, the maximal number of optical or null structures that a non-trivial spacetime
can admit is four?, in which case the spacetime is of Petrov type D. In [MT10], we argued that
the generalization of Petrov type D spacetimes in (2m + €) dimensions is characterized by the
existence of 2" null structures. Here, we show that a five-dimensional spacetime may admit
more than four null structures.

It is shown in [ERO06], that setting A = 1 in the black ring metric, one recovers the
five-dimensional Myers—Perry black hole with only one rotation coefficient. In this case, one
can choose [PP05]

et 1 vyx—y+vx+1—2vyR8 ﬁﬁ
T (2= D(=1+vy) x—y ot oY

-1 2 _
" VX i_}_y li ,
(x—y)(y—1D \ox x2—10y

2 Here, we have counted complex pairs of null structures as two distinct null structures.
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which turn out to be Weyl equationed null directions (WAND) for the Weyl tensor. Now, it is
shown in [MT10] that both WANDs k* and k™ are sections of two real null lines bundles K*
and K~ determined by two independent optical structures (N'*, %), (i.e. null distributions
of real index 1). But it is clear that the null structures Ny and N7 of real index 0, which we
discovered in the generic black ring, subsist in this limit. In fact, in terms of the null basis,
one has

Kt Ry1—y RJ1—y

== €o +
VI—x@+ D@ -y V20 =) - )3
- R/y*—1
V21 =01 = v =y + 1)
R\y?—1
:F
V2/ =0T —vp)(x =y (x + 1)
Therefore, the five-dimensional Myers—Perry black hole with one rotation coefficient admits

two pairs of conjugate null distributions (N'E, JT/i) of real index 1 and another two pairs of
null distributions (Ny, N1, N2, N12) of real index 0.

(62 +65)

T —vx Fiyvx — )8,

(V1T —vx £iy/v(x — y))8;.

5. Conclusion and outlook

We have introduced the notion of an optical structure (N, K) on odd-dimensional spacetimes,
and we have proposed an algebraic condition on the Weyl tensor, which generalizes the
Petrov type II condition, and we have shown that in five dimensions, the corresponding Weyl
curvature operator admits a remarkably simple Jordan normal form. This definition is justified
by theorem 3.4, which extends the celebrated Goldberg—Sachs theorem to five dimensions. To
be precise, an algebraically special spacetime with respect to A/, provided the Cotton—York is
degenerate on N, is generically endowed with an optical structure. As a result, the Ricci and
Bianchi identities simplify considerably, which should open up new avenues leading to the
discovery of five-dimensional solutions to Einstein’s field equations in a systematic fashion,
as in the four-dimensional case [SKM+03].

Further, we have briefly highlighted that stronger algebraic conditions on the Wey] tensor,
which includes a five-dimensional ‘Petrov’ type D condition, may or may not ensure the
integrability of an almost optical structure. It would be interesting to conduct a comprehensive
study of these special cases.

It is also worth emphasizing that the existence of an optical structure on a spacetime
guarantees the existence of complex coordinates on the null foliation of complexified
spacetime. It is anticipated that under certain conditions these coordinates could provide
suitable (semi-)complex coordinates on the real spacetime, thus reducing the number of
independent components of the metric.

While theorem 3.4 is stated and proved in the context of five-dimensional spacetimes,
the underlying geometry is more easily formulated in terms of null distributions in the
complexification. In fact, we have checked using Mathematica that the above theorem does
hold in the complex case too. More generally, the following conjecture has been verified to
be true in dimensions 6 and 7.

Conjecture 5.1. Let (M, g) be a (2m + €)-dimensional complex Riemannian manifold. Let
N denote a maximal totally null subbundle of the tangent bundle, i.e. N C N** and N has
rank m. Suppose that the Weyl tensor and the Cotton—York tensor satisfy

C(X,Y,Z,)=0, AZ,X,Y) =0,
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respectively, for all X,Y € N* and Z € N. Then, assuming the Weyl tensor does not
degenerate any further, the distributions N' and N'* are integrable in the sense of Frobenius,
ie.

IV, N]eWN, N, N e Nt

As in the five-dimensional case, there are real versions of the conjecture, which can be
obtained by taking appropriate real slices. In a forthcoming paper [TCb], we shall lay out the
details of the conjecture together with a proof for the six- and seven-dimensional versions of
the theorem.

We have also shown that the five-dimensional black ring admits optical structures in
certain regions of spacetime, and integrable null distributions of real index O in others. Yet,
this solution is not algebraically special. This counterexample thus invalidates the converse of
theorem 3.4, in contradistinction to the four-dimensional case. We also pointed out that the Kerr
black hole limit of the black ring solution retains the integrable null distributions of real index
0, while gaining a pair of optical structures. It would then be instructive to determine which
geometric properties differentiate optical structures that are algebraically special, from those
that are not. While not every optical structure can be obtained from theorem 3.4, algebraically
special spacetimes should nevertheless provide a wide class of solutions admitting optical
structures. In [TCa], we study a special class of higher-dimensional Kerr—Schild metrics

8ab = Nap + 2Hkakbv

where 7, is the flat metric, H is a function, and &“ is a real null geodesic vector field defined
by an optical structure (N, ). It turns out that such metrics are algebraically special with
respect to (N, K).
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Appendix A. Setup and notation

In this appendix, we set up the notation used throughout this paper. We essentially follow
and extend the index notation and the spin coefficient convention of [PR84]. While we have
avoided the use of spinors, our notation is inspired by [GPGLMGO09], which is an extension
of the Penrose-Newman formalism using four-spinor calculus in five dimensions. There are
some minor differences between their convention and ours, which will be pointed out in due
course.

A.l. Null basis
Let (M, g) be a five-dimensional Lorentzian manifold. The metric can then be put in the form
8ab = 2k Ly +2m g py + U up,
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where k,, £, and u, are real, and m, are complex 1-forms. As usual, indices are raised and
lowered via the metric, so £¢, k%, m“, m® and u® are basis vector fields (in [GPGLMGO09], u*
is chosen to be of norm +/2). For future use, we note that this naturally defines two canonical
almost optical structures (Np, £) and (N, K), where

No = spanf{e“, m“}, L = span{¢“}, N1 = span{k?, m“}, K = span{k“}.

It is convenient to introduce numerical indices, which are particularly useful for taking
components of various tensorial quantities. Writing, 8% in place of g,”, we assign the following
numerical values to the basis vectors and 1-forms:

a __ ga a __ a —ad __ Sd a __ ga
k—8,€—87,m—8,u—8,
and k, =38!, €,=8, m,=8, u,=38°,
respectively. Thus, for instance, components of a tensor A, in this basis are denoted as

Al = AykmPke,

and so on.
With this notation, we denote the induced basis bivectors and basis 2-forms by
8U71 = /25,61, b= N288 0 G e{1,1,2,2,0p,

respectively. These are clearly dual to each other, i.c. 85’ J(Sfjd] = 28{,( 8’@. Here, a Greek
index « can be viewed as a multi-index, or in the abstract index language [PR84], as being
‘isomorphic’ to [ajay], say.
There is an induced metric on the space of bivectors given by

gaﬂ = g(ll[b] gbz]ag9

which can be re-expressed as
To1l _ 22422 2512 2512 10 510 20 $20

Bup = =8, 8y — 0205 + 2805815 +282 85+ 28,8 ) +280, 8%
Similarly, the induced metric on the space of 2-forms is given by

gozﬁ = gal[bl gb2]¢l2’
and clearly satisfies

by 5b
gwg}/ﬂ — 3([111 50221 =8P

o

A.2. Connection components

Let V be the Lévi-Civita connection on (M, g), i.e. the unique tosion-free connection
preserving the metric g,5, and define, for convenience, the differential operators

D :=k"V,, D=V, 8 == m"V,, § == u"v,.
The components of the connection 1-form can then be expressed as follows:
(€+& :=T,1=LDk,, (y+7):=Tqj=40'Dk,, (@+p):=Ty7=~"8k,
k =T, =m*Dk,, 7t :=Ti,, =m"Dk,, o :=T7=m"Sk,,
7 =T =m"Dl,, ¥:=Tjg,=m"Dl,, k=T, =m"8l,,
(€ =& =T =m"Dia, (y—7):=Ti3=m"Dita. (B—a):=Ty;=m"rma.
b= =u"Dl,, :=Tqj9 =u'Dl,, £ := Ty =u’st,,
F:=Ty0=u'Dk,, :=Tj0=u"Dk,, ¥ :=T2=u"sk,,
x =To=u’Dm,, :=T7y= u’Ding, ¢ = Txmy = u'siny,,
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(6 +6) := T = £8k,,

n = Lo = m*Sky, =T, = M8k,
¢ :=Tgi = m*8€,, [ = Tay, = m*3L,,
(6 —6) := T3 = m*ing,

T i= i = 4y,

3 = F()l() = u“8ka,

R =T = u*8ma, v =T = u"dmq,

Here, we have introduced the ancient Greek letters % (‘sampi’), f (‘digamma’), 4 (‘qoppa’)
and ¢ (‘stigma’), together with the Hebrew letters 3 (‘beth’), 7T (‘daleth’) and R (‘aleph’).

These are denoted by gothic letters in [GPGLMGO09].
The commutation relations among the basis vector fields are then found to be

[D,Dl=—(y+7)D—(e+)D+(m — 1) 8+ @ —1)8+ (1 — )4, (A.1)
[D,8]=—@+a+B)D—xD+(e—&—p)s—ad+(x — )34, (A2)
[D,81=—(4+0+8)D—FD — (X +7) 8 — (x +1) 8 — 38, (A.3)
[D,§]= 0D+ (—t+a+B)D+(y —7 —pn)8— A8+ (w— &) 4, (A.4)
[D,81=-2AD+(—5+60+0) D — (@+¢)8 — (w+) 8 — T8, (A.5)
[8.8]1=(—pu+m) D+ (—p+p) D+ (B —a)s — (B—a)s+ (D —v)$, (A.6)
(6,81 = (=6+8)D+ (=Y +n) D+ (—0—0+0) 8 — p5 — RS. (A7)

A.3. Curvature tensors

Denote by R, »e” the Riemann curvature associated with V, which we take to be conventionally
defined by

Rabd"Vd = 2V[a Vb]Vc.
For the purpose of the paper, we are only concerned with the decomposition of the Riemann
tensor as

Ravea = Cabea — 481aic Pay b1,

where C,pq and P,;, are the Weyl tensor and the Rho tensor, respectively.

The Weyl tensor and the Weyl curvature operator. In five dimensions, the Weyl tensor has 35
independent components. In Lorentzian signature, and with respect to an almost null structure
of real index 1, it is convenient to label them as follows:

Wy 1= Ciai2, V= Ciais W, = Cpi3 V3 := Cis311» Yy = Ciz1zs
¥y := Cion, Wy = Cpy, W3 := Cioio w3 = Cianas Wy = Ciois,
Ul = Ci, W3 := Cigo
\1'12 = Cyo1z ‘1’32 = Cxonz
Wo3 := Coo12, Wi = Ciop Wiy = Cioi Vi = Cioia, Y4 1= Caoiz,

where \Il?, \I’g, \Ilg’ are real, and the 16 remaining components complex. While we have made
the same choice of independent components as [GPGLMGO09], their notation is more adapted
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to the use of a spinor basis of real index 1. Despite the importance of pure spinors in the
theory of optical structures, the algebraic speciality of the Weyl tensor is somewhat expressed
more simply tensorially, and the aim of this notation is to reflect the curvature properties of
the canonical optical structures, while extending the four-dimensional Petrov classification.
In particular, the vanishing of the components W characterizes the integrability condition
of the almost optical structure (N, K). If further the components W, vanish, the spacetime
is algebraically special with respect to (N, ). By symmetry, components W, and W', are
related to the curvature properties of the optical structure (N, £). Components W, are the
only non-vanishing components for ‘Petrov’ type D spacetimes.

The Weyl curvature tensor C,p.s gives rise to the Weyl curvature operator Cpfd =
Caberg“g®, which we also denote by C,” in the notation introduced earlier. In five
dimensions, one can thus regard C,” as a tracefree 10 x 10 matrix, satisfying Cop = Cgqy,
acting on 2-forms, or dually, on bivectors. From the symmetries of the Weyl tensors, one
can express the entries of C,” in terms of the components of C,p.y. We omit the most
general form of C,”, and focus instead on Weyl tensors algebraically special with respect
to the optical structure (N, K). So, assume that ¥, = W; = 0. In the induced bases
of 2-forms {ng ]} and of bivectors {(Sg j]} adapted to (N, K), choose the index ordering

{[12], [12], [10], [20], [20], [11], [22], [12], [12], [10]}. Then, the Weyl curvature operator
C,"” reduces to

(C)aﬁ =

W, 0 0 0 0 0 0 0 0 O

0 By 0 0 0 0 0 0 0 0

0 0 o) 0 0 0 0 0 0 0

2 0 2 -w) 0 0 0 0 0 0

0 w2 W) 0o - 0 0 0 0 0
—\3 —@3 \I/:% + \I‘:% 0 0 —\I’g — Uy — @2 - + \Ilz 0 0 0

e 2 A ZH S ] 0 —W, + 0y U —5h+w) 0 0 0
L\ ) ) 0o w2 W3 Wy — wl ¥, 0 0

v ! &0 vz 0 T3 —3 + 0! 0 ¥ 0

) 0 -2y vl —02 -yl w2 — 92 o 0o v

(A.8)

This is an almost lower triangular matrix, and after a little algebra, one can read off its
eigenvalues. In fact, a computer computation reveals that the Weyl curvature operator has
Segre characteristic [222(11)11]. Table Al lists the eigenvalues and eigenforms for the
repeated eigenvalues. These eigenforms can be seen to be null with respect to the induced
metric on 2-forms. The eigenforms for the simple eigenvalues are omitted for the lack of
space. It suffices to say that they are spanned by ki, 77, kig 1 b1, Kja U b, k1o €57, and 1, m ).
When W4 # 0, the Weyl curvature operator has the same Jordan normal form. While
the eigenvectors for the eigenvalues W,, W, and \I!g remain the same as in the algebraically
special case, the others differ: a complex conjugate pair of eigenvectors for —\I'g now read

wip? — \y14\I/14k B w2 < 2 . B " 2 .
o0 1 KaMp V3| s=gKalUp) —MagUp) ) — VYia | Z5gKalp) — Malp ),
W) + W, PA\ PA\

R A TAATT RN < v ) v < sy g )
—_——— m —_— u — MU — —_— u — MU .
‘Ifg + \1’2 [a TV b) 3 z\pg [a ¥ b] [a ¥ b] 14 ijg [a Y b] [a ¥ b]

Contrary to the algebraically special case (with W4 = 0), these eigenforms are not null. The

eigenvectors for —(W, + Wy) + \/ (W — 0y)2 + (\I"g)2 are again rather complicated, but as
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Table Al. Eigenvalues and eigenvectors of the Weyl curvature operator of a five-dimensional
algebraically special spacetime.

Eigenvalue (multiplicity) Eigenvectors
v, (2) kio 11 1y
W, (2) k[a m p)
\IJS 2) k[a Uyp)
Wl (2) W ko 11 ) + il k 7
) [a 1M b) [aUUp) — Mg Up)
qu + W, 2\I/§
w2 Wl
mk[amb] + T\;Ok[ﬂ Up) — Mg Up)
2 2

—(¥ + ) + /(W — B)2 + (W) (1) Omitted
—(U +0y) — /(W — 5,2+ (D)2 (1) Omitted

in the algebraically special case, they are spanned by ki, ), kjg M p), kja U ), kja €5}, and
Mg M p).

The Rho and Cotton—York tensors. The Rho tensor is symmetric, and thus has 15 independent
components, which are labelled in the usual fashion. Another important curvature tensor is
the Cotton—York tensor defined to be

Aabc = 2V[b Pc]av
or equivalently, from the contracted Bianchi identity,
vdcdabc = —2Aupe-

This implies that A, = 0 and A%, = 0.

A.4. Gauge transformations

The null structure is invariant under the subgroup of the sim group generated by (R@u(1)) x R3.
This group can be split into three types of transformations:

e null rotations fixing k¢

ca ca _ =, 1.2
k4 — k¢ =k°, E‘”—)E“_£”+zm”+zm”+ru“—(zz+§r )k“ (A.9)
m® — m* =m* -7k, u* = a* = u’ — rk?,
where z € C, r € R;

e boosts
Kk =bk?, = =b""0 mie mt=m® u'— a’=u’.  (A.10)
where b € R;

e unitary rotations
K kO =k, 04 00 =1, m® e mt =zm®, w0t = ul. (A.11)

where z € U(1).
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Transformation rules of the connection I-form. Here, we give the transformation rules of
the connection components under a boost (A.10) only, the other cases being somewhat more
straightforward.

K=k, F=rF, 6 =0 — zk, 1/7=1/f—z1:, b =p—Zk,
J=1-rf, =n-—rk, R =x+rc—zF,
<]3=¢—zx+ro—rzk—z1p+zzf, §=6+ZK+%}"F,
&:a—Ze+Zp—ZZK+r1ﬁ—rzF, B:,B—ze+26—zZ/c+r1//—rzF,

7 =7'T+Zz€+z2/2—%r2/<—rx +rzf + Dz f=t+zp+20+rn—(zz+%r2)/<,
$=c+z¥ +2¢ +rd— 22+ 3r)F, R=R—r(x —n) —ri+rzr —z3,
D:U—Zx+rp—r21<—z1ﬁ+z2;:, @:9—r6+2n—2r/c+r3—rzf,

C=t+r(e+&) +zx +7x +r(z/€+ZK)+%r2F—zZF+Dr

=A—r¢— %r20+2zo7 — T +rzx +rzy + %FZZK

>l

—27% —r?F+ 2% p — R + 87 — 2Dz

T=7—rN—ra+riy— 1rn+iric — 2rze — rPzp + 220

+rzl+ 7% — 2’k + 8z —rDz

- 1.2 2 T 2= == o= 1,22
A=p—5r"p—rv+2z+rzy +z°0 —ZT +rzx + 51 Zk

—277& — rzif — 727k + 87 — 7Dz

v =}/+ZO{+Z,3+F9—(ZZ+%I’2)6+Z‘L' +7zp+ 70 +Zrn—Z(zZ+%r2)K+r¢+rz1/_/

+rzy + 23 —r(zz + %rz);:

§=§+r&+rﬁ+%r2w—z'q—rze—rz%—%rzzf+rzf)+z17—zz)"(—rz2E+Z¢+rZa

—2Tx — 22V — rzZK + 22 ZF + 8r — zDr — (22 + %rz)Dr

O=w+rN— %rz)( +r2n — (%r3+rzZ)/<+r7:+rzp — 5+ 27V —rzﬂ—zzl/_/+(zz+ %rz)F
+Zp +rzo —2Zx — 2TY

T=T—ri+ @z — ) —rPe+&) +r@+0) + 3r* —z)J+ R + 2R
—rzX —rix +rzip+rin— 2z — rizic +8r —rDr
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Table A2. Boost weights of the components of the Weyl tensor.

Weyl tensor components  Boost weights

Wy, WO, WO 2
Wos, Uy, W, @2 1
Uy, Wiy, Wi, O, ) 0
Wy, Uy, Wl 02 -1
Wy, W0, w0 -2

D=9 —rw—rR— (%r2 +zZ)7T + (%r3 +rzZ)x — %rSn + (}1"4 + %FZZZ)K
— %rz‘r +2zy +zjit — (rzz + 2122)6 — (%r3z + rzZZ)F — %rzz,o +7rz7
+2rz0 —rzu +r2z3+ 2125 + rzzr'] + rzzx_h — (%rzz2 + DR+ 22T+ 26
+Zh —rZ¢p — %FZZO' +2zZa +rzZy + zzz,b +rZ+ Dz

+287+787 — (22 + %rz)Dz +7rdz

A=A+r(y+7) — Gr2+z20h - Gl +rza)e+8) — Art = 222)F
+(Ar* =25+ 0 +0) —r T+ (3r’ —rz2)3
+IO+Zw+rZR +rIN +rza +rz@ +rzB +rif — (%rzz +220)x
— Az + 2D + iz + i+ A’z — 299 + A’z — 22y
—(Grz+r?Dk — Gz ra e +rit +rit +ZE 4+ PP+ PP+ 177G

+r220 +rzZp +rzzp +zZv + 720 + Dr + er +Z6r + r<°3r

Transformation rules of the Weyl tensor. To make contact with the CMPP classification, we
state the transformations rule of the Weyl tensor under boosts in terms of boost weights, as
given in table A2. We recall that a scalar quantity f is said to be of boost weight w, if, under
a boost (A.10), it transforms according to the rule f > f = b" f.

We omit the transformation rules for unitary rotations, which are pretty straightforward.
On the other hand, under a null rotation (A.9), the Weyl tensor transforms according to

q/oz\lfo, \,I\ll :\I/1+Z\I/?+Z\IJQ+V‘I/8,

N )

W3 = Wo3 +r¥g — 20y, Ol = +rw + 2209, $2 = w24 r00 — 200,
Wly = 1200 + 200 + Wy — r0] — 220 — 2207

B0y = rzWg + 20 — 1r2Wo + 2200 + Wy — r Wy
Ul = r?00 — Gr* + 20 +rz29) + 10y +rz 0 + Wi, + 207 + 203,
Wiy = =220 + 277200 — 320, +3r20] +3r2° W) — 170 + 3r 0,

+322lp12 — %rzlilw + Wy

\7 =10 =11 = =2 1..2,,0 7,2
Wy =rZWy — W + 220 + 27 W — 51 W) + W) — 1y
W) = r2W) +rzW0 + W) + 20 + 20 + (—r? +222)W) — rw? — r ¥}
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W3 = 27220 + (3% — rz2) U — 299 — 2r 0y + 220] + (2 — 220 — 3279, — 20,
+(3r’z — 22H W) — 320, + 170 + 1Pz

70 2 =2 =2 7
— V¥ + Vs + Vs + W +4rZW +rz¥es

WY = (=324 r22)W) + (=32 + r2D) W0 + (—r* + 222) W) + r2W ] + rz 0y
+ (=372 + 22V + (=372 + 2] — Pz — 1727,
+(Grt = 2722+ )W) + W — 120, — P — 522 — 500,
+220) = 2,200y — 2rz Wy — 20 — W) + W) — 22U
+ (3% = 2r2) W} — 103 + (3 = 2r2D) U} — 220y — r W3

U = —r22W0 + (37 = 2rz2) U — 2205 — r¥y — 220] + (3r° — 222) 0]
+(2r7z = 22200 + 1?0y + 1220y — 220, + 2r Ui, + U
+2rZ\I'12 + 2rZ‘~I112 +2rzWg;

11132 = %rzz\llg + (rzz — ZZZ)\TJ(? + r\I/g — 2\11113 + rZ\IJ]1 + (—%r3 + ZrZZ)\IJ? +2rz0y + rzz\ilo

+r0y + 2200 + (=% +222) W] — 37700 + 22003 + 03

Uy = 272300 — 2200 + 620, — 2230 — 31220 +423W, + 24, — 3777200 + 6270,
+ 41—1}’4\110 — 3}’2\11?3 + 22\1’31 —4z7W5 + Uy — 61"22\1’12 + }’3‘11()3 —2r¥y,

\IJ? = (%rzz2 — 123)\118 + (—%r4 + %rzzz)\flg + 3rZ\IJg + ?y(%r2 — zZ)‘IJll3 + (—%r3 + 3rZZ)\T!]1
+ 3r22\111 + rZ3\I/0 + (—%r32 +rzZ7 + 2rz22)\lf? +3rz\¥,
— %r3\i’1 — %r3zqf0 + 3rz\IJ?3 + 322@123
3.2,2 0 1 =3 3. 22,2
— W+ Wy — Wy — W3+ 27 W3 — 5177V

+ 32\1’32 + (—31"22 + 3122)\312 — %}’ZZ‘-I’(B + Z\IJ14.

Appendix B. The Ricci identity

The Ricci identity are given by the well-known formula
28[6‘ 1-‘d]ab = 2F[c |aerld]eb + 2F[cd]ereab + Rcdab-

Taking components of the above formula and combining some of these yield a set of
54 equations. These are given in full in the arXiv preprint version of this paper
arXiv:1011.6168. Here, only those equations quoted in the main text are given:

—d6k+Do =xn—ax =3k —fp —kT+ XY —nY +3€0 —€0 — po — po —kT+ Y
(B.1)
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—0F+ Dy = =2aF — 2B +k¢p —Fa +2ey — xp
—Yp— X0 — Yo —ks+kD+xI— Yy I+ W) (B.2)

—8x + D¢ =Ry —2Bx +Fh —kw+2ep —2Ep — x7 — RYr
—AY —pp+ho —ov — k€ + Yy (B.3)

Dn—:SK:—RF+26)7—KH—X,0—17,0—)'(U—1'70—Fr—3ic9—fc6_?+x:l—n:l+\118.
(B.4)

Appendix C. The Bianchi identity

The components of the Bianchi identity are obtained according to the formula
010 Coelde = —28[ad Acllb e — 2F[abfcc]fde - 2F[a|[dfce]\f\hc]~
Again, these are given in full in the arXiv preprint version of this paper arXiv:1011.6168.
Here, only those equations quoted in the main text are given:
—8W; + DWy — DYy = Arpy + Qo — E)U + oW + (—x — Y)Wy
+ (=7 +20)W] + (=28 — 40)W; + (4y — )Wy — AWY + (—2€ +2€ + p) W,
+30Ws + (—x +2Y) U — kW3 + (4 — 29)Wo3 + oW + pUyg + U]

(C.1)
— D\IJll + DV, + S\I"O — 8\1’? =—Ain+Qu-— 1_))\118 — ¢lIJ8 +K\Ijg — F\IJIIS
+(—2e+20+ D)V +0 U] + (2 —4p)W; + (4o + )Wy + (—2a — 28 — 7) W)
+RWY — 30y — FUT + (X — 29)Wos + (x +Y) W7 + (=2 +9) ]
(C.2)

DW, +8W; — DY = Aq i — Asiy — p) + (0 — 26)¥]; — v!
+20W) — 3uWy — AU + oW +EWE — UL + (—x + )W) + 7]
+(T — W] + (=28 +27)W3 + (2€ + 28+ p)WS + oWy + (4 — 5 — D) W]
— AU + (4, — D)3 (C.3)

§Wy — WY + DW) — DWs = Ajp5 + Asps — W) + (b + v — D) U],
AW — O]+ 200 + 37, + (20 + 28 — 7)Y, + g U
+ (4 — D)W + (=26 — p — )W + (26 +20) W3 + RV — KWy
+ Q23 —P); —EV] +EWgs — XV + (—x + ) Wiy (C4)

DY) — DU, +8WE +8W7 = Agia + By + 7 — )W) — AW + (—x +29) W)
+(—€+E+2D)W ]+ 200, + (4 — Y] + (=5 + D)W — 0V
+ (=30 +25)W) + W + Y Wo + ¢W) + (x + Y)W — pUT; — oW — F s
+TWos + (@ + B +27)W] — kWyy + (@ + B +31)07 — kW3 (C.5)
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SWly — 8WL + DWpy — DUy = — W + (—a@ + B +37)¥; + Qo — &)V

+ (=0 — E)W) + AW + (=34, + 39) W + oW, — 90y + (@ — B — 31) U,
+eU) + (2% + )WL + (x + ) U3 — U+ By — 7 — w)Wos — 2407
+(—€+38+ D)Wy + 2007 — 207 + o W3 (C.6)

SW) — W) + DV? — DU} = Ba + B +m)¥) + (—3a — g — 7)¥)

+2RW — 26Uy + 2 — )] + (=2 + )] + (=% — )V — dYp
+ (=30 +30)W) — FUy + (x + Y)W + W + F¥, + R U7,
— KW +GWos + (€ +E —3D)Wi + (—€ — E+3p) W7 — 0 ¥g3 (C.7)

DVl + DU +8Wg; — 8WF = Agpa — WY + 200 + 21 — Y)Wy

+(€—E—=2D)W ) + (=1 +2v0 — D)W +pP| + (4, — V)Y,

+EW) — WY + (=21 +39) Wy — x W — oW + (—x — )y

+(€ —E—3p)U% +oVh — FUL + FUs + Ba — B+ ) Wg3
+(—a — B —20)W] + kW, — 203 + 7] + kW2 (C.8)

SWL — 8Wh + DUF — DWI = Agys + (U — D)W + 1],

— AU +EW — UL+ (1 — )W — ET + (4 + D),

+ U + (@ — B+2m)UE + (—a + B — 27) W7, + kW)

— kW) + 27 — V)V + (2% + Y)W — 303 + (W3 + AWp3 — W]

+(—€ —&—2p)5 + 1] — A3 + (€ + & +2p) V3 (C.9)

SW — DY)+ DUy = —A |1 — Ayz + (—0 + E)W) — 0¥ — pW)

+ YW+ Ul + (= + D)W + TP + Qo+ 2m) W) + AW
+H(=2y =27 + WY — GWY — 3pW, + (¥ — 29) U], — kW) + 260
+5F — V)W — FUT + (=4 +5 — )P} (C.10)

DV — DW; — W), +8W) = Ay — Ays — TW) + (5 — )W, + 90},

+Qy — u— W+ (=2y +2)¥; — v + DV + (=20 + 28 — )W,
+3t0 + (5 — v+ D)W — pW —oW] +20W;
+(—@+E)Vg3 — W] + YWy, — YU + Qo — £)T] (C.11)

—8W ], + 80}, — DUl + DV = Agj + 00 + (4 — )W)

26

+(—a+ B =200, — AV, + (—@+E)W| + 0] +EW; — AW

+(4— V)W — W) + (=5 + V)W) + (@ — B +21) U7, + T,

— KW+ (X — )V — x U3 — P05+ W3+ FWY + AWg3

+(—y =7 +20)V] —6Wy+ (—e — & —2p) U5 + ] — p¥3 (C.12)
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— W +80], — DU+ DU? = —Agy; — v + 50 + (—v + )W)
+(—a+B =200+ (@— B+20)V + (20 + 5V + Qw — )] + 2y,
+PU + (5 — D)W — 0¥ + (—5 + )T, — U,
— UL+ T — YU+ YW+ (—y — 7 +20)W] — Uy
+pUI+ (Y +7 —20)W7 — pWI + oWy (C.13)

— DV, — DUL — §Wy + 807 = — A, + (20 + &)W
+(—y +7+30)VL — AL 420! — 20, + 20 — 35)W,
+(@+E)Ws + oW + (—y + 7 + 2P + pW) — o W) + (5 — 2v + D) U3
— WS + (=5 + 0)W3 — YUy + QW3 + YW — vWos + 2007
+(—a+3B — D)Wy + (—a — p+20)¥F — D7 — 1 W? (C.14)

— DW}, +8W, + DUE + W7 + 68U = —Appo + (—p + DY — 28
+ (= + 20U + (€ +E+2D + DU + 200, +10] + (4 +20 + D),
+EWo + 26 + D)WY — U + (—x =30+ Y)W + ¢ + (x + )
+(€—E—p—2D)U] — oW, — U] — FUs + W
+(—R+a+p+20)W7 — kW — 2605 + (—R+a+p+ )07 — kW?
(C.15)

—8W + 800+ DW? = Ao+ RW) + (R —3a — B — )P
+ WY+ 2R + (F — W] + (—x — 0+ V)P + (4 +260 +20 + 30) W)
+((+ )V + W+ Ty — kWE + (€ +E —3p — W] — D07 — 05

(C.16)
5\1/113 - S‘y% — DW= —Axpp+ ¢\I-’g +(—R—a+p+ 37‘1)\11113
+(—E — D)W +(=34,—20 420 — D)WY, — 9T, — RTD,
0§+ (=23 — WY + (O + ) W5 — FOy + TW03 — 2007
+(—€+3E+p+ )WV + 02 (C.17)

DU}, — W] +8W, + DUY — 8WE +8U7 = Ayyg — ¥ + 20
+Q2x +MWY + (€ —E—2p — W] + 2005 + (=4 — 20 — 20) Y|
+200] + (4420 + D)W + eV — WV + (=25 + WL + (—x — 3+ Y)W,
— U+ (—x — Y)W+ (e —&—p — DU +o Wi, — U]
+rU+ R+m)W+ (R —a@ — B —27)V] + W)y — 203
+(2R+a+ B+ )7 + kW] (C.18)
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—SUL 48U+ DU = Ajg+ Asyg + (L — D)WY+ (R —a@ + B — 7) UL,
— oW+ EU] 4200 + (4 + D)W + U, + (R +2m) T,
—K\I—Q? +)_(\IJ31 +(—x — 77)\1131 +(x +2n —Y)¥s +F\IJg)
+(—€—&—p—T3+Q2u— "NV -0y, (C.19)

SWO+ DW! +28W0 = — A1+ (44360 + 0 +20) W) + 201
— 26U + 270 ] + (26 — 2p — D)W — 200] — IV, — RY,
+ (=38 +4a + 48 +27)W) — 28 WY, — UL + (=% + 1) Wo3
+(=2x = 29)¥7 + (x +3n = 29) ¥} (C.20)

—8W! — 2DV, +8Wps = —Agpp + (=& — D)WY + 2000 + (=2 — 29 W,
+(2R =28 — 27)W] — RW; + W) — 2AW) + (—de +4€ +2p + 3D W),
+(=2x = 3n+yY)Pf — 2605 + (24 +30 — 0 + 0) Vs
+20W7 + 270 — o U7 (C.21)

— DU+ 8, + DU}, = — Ay + (=3y — 7+ DY+ (x — W + W],
+5U] + (4 +5+20)W) + (@ + )Wy + Bw + )W)
+ (=X — MY+ (—x = 3Ws + (€ — & — 2DV, — U]
+ (T — )Wz — RWF — 20 + (=R + 7 — 37)¥7 (C.22)

—8WY 4 8WL — DWg3 = —Agyg + DU + W) — KWL + (=20 — OY] + (0 +E)Y,
— AW+ (=37 — 20 +20 — D)W, — pWy + (=R — @ + f + 31) U7,
+(=n— UL+ (=3y + 7+ + N3 + ¥y — 2007 + A7 (C.23)

— 8w 480 — 8W3 + 807 = Appp + (—p+ )WY + (7 + Y)W
— IV +200; + (=20 — 20 — D)U| + U] + (20 + v + D)V,
+H(—E+ D)W+ (E — D)W + (11 — 39) W5 + (=30 +¥) W,
+Bo—p— UL+ R —3a+B)Wps + RU] + (28 +a + )P}  (C.24)

$WY +8W, +8W; + DT + DS + DU} + DI = — A3 — Ajjg — V)
— D0 + (244 29) WY + (=7 +27) W), + (—7 +21) 0],
+(@+20)W; + 2200 + (4 + D)W, + (0 +20) T
+(+ )0 + Q2 — UL + 27 — 1)V — /T — kW)
+(X +20) W3 + () +20)W53 + 2700 + (¥ + 7 — 2]
+(—€ —E=2D) W2+ (y+7 — 2NV + (—€ — & —2D)W? (C.25)
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—8W) — 5w, — sU], +8W, + 80, — SUL — 5wl
= — Ay — Asgg + (=20 — 20)W) + (2R — o + BV,
+QR—a+ B+ (E =200 +(E —2D) W] + (—E +20) ¥, + 29,
+(U+ D)Wy + (=& +20)W) + (v + D)W, + 26T,
+ (2R — o+ B)UL + 2R — @+ B)WE + (=277 + ¥)W3 + (=21 + ) V]
+ (20 — Y)W + (2 — Y) W5 — A3 + (—p +20) W] — 5 Uy
+(2p — P)V5 + 2u — )] — A3 + (—p +2p) V5 — 0 Wiy (C.26)

DY) +2DW) — §W? — 502 = —Agip — Ayyj + Qo+ OV + Qo+ )W)
—20W0 + (—x =25 + (—x — 2P + (r — 2D)¥] + (7 — 21) 9]
— R + @y +47 —2DHWY — JW, — RY; — D0, + (—x + P
F(=x +MYUL + R + kW) + (= — 25 — 0 — O)W? — p U3
+(=4— 25— 0 — )V} — w2 (C.27)

— 8wl — DU +8U% + DU} = — Ay — AW + (=27 +27) W)
+(=4 =25 — 0+ )W) + (=27 + D! + ¥, — 209!
+ (=27 +27)W); — RW, + RU, + (24 +5+0 — O) P
+ W) + (=28 — D)W — W3 + 26 W) + (@ + &) Wos
+ Qo+ 20)WT + (=3 — MWy + (—2x = 2)V] + (—0 + DU + (x — V3
(C.28)

SWY —8Wl, — DUl = —App+ Ay — AW + (=R +20)W) + (=25 — 0 +6 — D)W,
— QW+ (=2 +pu+ DY + 20 — 200 + (R +27) W,
+RU) + (5 — D)L — oW + pUs + o W3 — J0; + oW,
+ Qo —E+20)W] — W — YU+ (—o =TT + (- —Y)¥]  (C.29)

2DWY, 48Ul — 80y, = Aypy — 200 + Qo — £ +30) W), +20W]
+(@dy — 47 =2 = 3DV + Qo +26) U + (n + ) ¥
+ (=28 — 20 +27) W] + RW3 — Iy + 20 W) — 2203
+(=25 —0+30 — D)Wy — 203 + W3 (C.30)

— 8 80 + 8] — 80T = —Apy + (“E+ OV + (E - DT
+(2p = 2p) W5 + (271 — 20) W5 + (=27 + 29) W5 + 2R — 20) ¥
+ (2R +20)¥| — R¥; + 2u — 2 W) + 26 WY, — JW, + R,
+ 30, — 2000 + (7 + V)V + (—n — Y)W + dWg3
+(O+0+20+ D)W + (=0 — 0 — v —20) U7 — p¥g3 (C.31)
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—SWY + 8w, +25WY, 48U = — Ay — Ay +2RWY

+(O0 =0 +20+ D)W + UL, + (—p +22 — Y] — 2¥] + Ty,

+ (=28 +da —4B)WY; — KW, — Ry + (0 — 6 + 20 + D)UY

+ UL + (20 — p — WL — o W) + IW3 + (=28 + &)W + (£ — 20)W7

+([1 =20 Wiy + (=20 + ) U5 + (E+ D TT + (n+Y) V3 (C.32)

— DW) —2DWY +8W2 + 8w = Agjy — App + 200 + (@ — )W,

+(w =V — W] — U] + T, + T, + (@ +20) ¥

+(@+20)Wh + (=2 — DY) + (=2x — W) + 2r — 7)¥]

+ (27 — 1)V + 83 + RW; + (de +4E + 2T)W) + AW

+2u+5—0 =) +AT] + (2 +5— 0 — )5 (C.33)

—8Wd 4 8W) 802 — 802 = — Ay + (<2 + 20)W0 + (E + )V,

+(=E = DU+ 2000 + W, — T, — 2000, + (=28 +20)0,

+ (28 = 2D)Wh + (7 — ¥) B + (—n + Y)W + (28 +2B)¥;

+(=2R = 2B8)W3 — RT3 + RW3 + (=20 +2p) W) + ¢ ¥y

+(—=0 —0+20+ D)V + (O +60 — v —20)W] — Py (C.34)

$Wy — 8U2 + DUF = Ajgg + Agzp — v + (5 — 0)W) + (R +27) T,
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