Classical and Quantum Gravity

PAPER

Decomposable (4, 7) solutions in eleven-
dimensional supergravity

To cite this article: Dmitri Alekseevsky et al 2019 Class. Quantum Grav. 36 075002

View the article online for updates and enhancements.

Recent citations

- Choices of spinor inner products on M-

tlheory backgrounds
Umit Ertem et al

- Decomposable (6, 5)-solutions in 11-
dimensional supergravity
loannis Chrysikos and Anton Galaev

This content was downloaded from IP address 193.188.128.21 on 13/04/2021 at 10:02


https://doi.org/10.1088/1361-6382/ab0615
http://dx.doi.org/10.1016/j.nuclphysb.2020.115248
http://dx.doi.org/10.1016/j.nuclphysb.2020.115248
http://iopscience.iop.org/0264-9381/37/12/125004
http://iopscience.iop.org/0264-9381/37/12/125004
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjssn-NtMRQqhwJ-qPzeXr9eUKvMV3byGdMieH-4kEgWqYtmU45gz4W7UalVGFvtjzglN-6TfB3xVuzHCFjKAGfMsk1VsFm4vAPFbCOY2ZaEysNeytfCFufDHxGkikbQzqMoT0d_3l2LuRpqyOC3qnHNaYCe2-QAepQ4KLpMSKUpeMKuCga-dv-hfEsqw0Tq1pY2jRrjHOr9exyP4cQUH0PBMayLadUdWyIyWDW-G_Fy3CODpWflJAGumXkO8FMtTad67oV_7JgoITGFZw7SQ2nc0&sig=Cg0ArKJSzEOSqOIYcym5&fbs_aeid=[gw_fbsaeid]&adurl=http://iopscience.org/books

10P Publishing Classical and Quantum Gravity

Class. Quantum Grav. 36 (2019) 075002 (27pp) https://doi.org/10.1088/1361-6382/ab0615

Decomposable (4, 7) solutions
in eleven-dimensional supergravity

Dmitri Alekseevsky'+?, loannis Chrysikos?®
and Arman Taghavi-Chabert*

I Institute for Information Transmission Problems, B. Karetny per. 19, 127051,
Moscow, Russia

2 Faculty of Science, University of Hradec Kralové, Rokitanskeho 62, Hradec
Kréalové 50003, Czech Republic

3 Dipartimento di Matematica G. Peano, Universitd degli Studi di Torino, Via Carlo
Alberto 10, 10123 Torino, Italy

4 Department of Mathematics, Faculty of Arts and Sciences, American

University of Beirut, PO Box 11-0236 Riad EI Solh, Beirut 1107 2020, Lebanon

E-mail: dalekseevsky @iitp.ru, ioannis.chrysikos @uhk.cz and at68 @aub.edu.lb

Received 20 September 2018, revised 30 January 2019
Accepted for publication 11 February 2019
Published 28 February 2019 @
CrossMark
Abstract
We describe a class of decomposable eleven-dimensional supergravity
backgrounds (M!*! = M3 x M’,gnp =g+ g) which are products of a
four-dimensional Lorentzian manifold and a seven-dimensional Riemannian
manifold, endowed with a flux form given in terms of the volume form on
M3! and a closed 4-form F* on M’. We show that the Maxwell equation for
such a flux form can be read in terms of the co-closed 3-form ¢ = *7F*,
Moreover, the supergravity equation reduces to the condition that (1\713’1,§)
is an Einstein manifold with negative Einstein constant and (M7,g,F) is a
Riemannian manifold which satisfies the Einstein equation with a stress-
energy tensor associated to the 3-form ¢. Whenever this 3-form is generic,
we show that the Maxwell equation induces a weak G,-structure on M and
obtain decomposable supergravity backgrounds given by the product of a weak
G,-manifold (M7, ¢, g) with a Lorentzian Einstein manifold (M>',g). We
also construct examples of compact homogeneous Riemannian 7-manifolds
endowed with non-generic invariant 3-forms which satisfy the Maxwell
equation, but the construction of decomposable homogeneous supergravity
backgrounds of this type remains an open problem.

Keywords: supergravity, M-theory, supergravity backgrounds, homogeneous

supergravity backgrounds, special geometric structures, G;-structures,
Einstein metrics
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1. Introduction

Ten-dimensional supersymmetric string theories and their eleven-dimensional unified ana-
logue, called M-theory, are some of the most promising approaches to a consistent model
for the unification of fundamental forces of nature. Supergravity theories merge the theory
of general relativity with supersymmetry and provide low-energy descriptions of superstring
theories. They have thus proved crucial for understanding the dynamics of massless fields
in string theories, since they determine the appropriate backgrounds in which strings prop-
agate, see [BBJO7] for a comprehensive survey. Nowadays there are several known consistent
supergravity theories in different dimensions. For example, in dimension ten there are at least
five different types of string theories, namely Type I, Type IIA and IIB and some heterotic
Eg x Eg and SOz, theories. In dimension eleven physicists are concerned with the strong cou-
pling limits of these theories via T-duality and other kinds of dualities which yield a unique
eleven-dimensional M-theory. In these terms, eleven-dimensional supergravity arises as the
low-energy effective theory of M-theory.

It is remarkable that over the past few years studies in eleven dimensional supergravity
have led to a reconsideration of results in the theory of Kaluza—Klein compactifications (a
review of Kaluza—Klein supergravity is given in [DNP86], while the lectures notes [A02]
analyse developments in M-theory). From the physics perspective understanding compac-
tification of eleven-dimensional supergravity is of high importance and in particular com-
pactifications based on G;- or weak G;-manifolds have been a constant source of interest
(see [CR84, CRW&4, PT95, AWO01, BDS02, D02, AG04, HMO05]). From a bosonic super-
gravity perspective there are two parts required for a solution, first finding manifolds that
admit the required flux form obeying Bianchi and Maxwell equations and second (potentially
significantly harder) is to determine a metric solving a generalized Einstein equation. On the
other hand, a supergravity action consists both of bosonic and fermionic fields. The fermi-
onic data is related with matter degrees of freedom, e.g. gravitino, while the supersymmetries
transformations relate the bosonic and fermionic fields each other. The supersymmetries for
a given bosonic supergravity background are determined by (generalized) Killing spinors in
the background Lorentzian manifold and the number of preserved supersymmetries is a key
tool towards a classification of supergravity backgrounds. For instance, nowadays classifica-
tion results of supersymmetric bosonic supergravity backgrounds can be read in terms of
the so-called Killing superalgebras, see [FO1, FP0O3]. Hence, all maximally supersymmetric
Lorentzian backgrounds in four or eleven dimensions are known [MFS16, FS16, FS17], while
the same time all symmetric backgrounds in eleven-dimensional supergravity have been clas-
sified in [FO7, F13]. From another perspective notice that the supergravity Einstein equation in
eleven dimensions is a generalization of the classical Finstein field equation, given in terms
of an energy momentum tensor depending on the flux form (see below). Needless to say
that from a mathematical point of view the classification of non-symmetric, not necessarily
supersymmetric, supergravity backgrounds can be a hard topic in differential geometry, where
influences from both Lorentzian and Riemannian geometries, and topology are mixed in a
natural way.

Recall that the eleven-dimensional supergravity theory has as bosonic fields some
Lorentzian metric g and a 3-form potential A with 4-form field strength F = dA, the so-
called flux form, satisfying the supergravity field equations (with zero gravitino):

dF = 0, Closure (%),
dxF = (1/2)FAF, Maxwell (M),
Ric*M(X,Y) = (120X, F,Y.F) — (1/6)gm (X, YV)||F|J?, Einstein (&).



Class. Quantum Grav. 36 (2019) 075002 D Alekseevsky et al

Here, d = d%M is the exterior derivative of differential forms on the Lorentzian manifold
(MO g11), Ric®M is the Ricci tensor of the Levi-Civita connection on M, and

1 1
XOF YoF) = 8m(XoF, YoF),  IFIP = grem(F. 7).

The second equation is referred to as the Maxwell-like equation and the third one as the
supergravity Einstein equation. Note that usually one asks from M!'%! to be also spin, but in
this work we are not interested in the supersymmetries of the model, so we do not pay much
attention to this condition.

The construction of supergravity backgrounds, i.e. eleven-dimensional Lorentzian mani-
folds (M1%1, g\, F4) solving the above system of partial differential equations, can be con-
sidered in several different contexts. For example, besides the notion of Killing superalgebras,
there are also methods based on (reduced weak) holonomy theory and G-structures, see for
example [CR84, DNP86, BDS02, BJ03, AG04, GPROS, PT95, MCO05, Wt06]. In this paper we
are concerned with eleven-dimensional oriented Lorentzian manifolds

M= M]O,l = MS,] ><1‘47

given by a product of a four-dimensional oriented Lorentzian manifold (1\~/1 = 1\713’1,§) and
a seven-dimensional (compact) oriented Riemannian manifold (M = M’, g) and analyse the
bosonic supergravity equations from a purely geometric perspective. Of course, the most tradi-
tional route to possible M-theory phenomenology is to consider compactifications on eleven-
dimensional spaces M3 x M7 with trivial flux 4-form, where (AN/IM, 2) is a flat Minkowski
space and (M’,g) has holonomy G, (due to the existence of parallel spinors, see [A02, p 9] or
[PT95, HMO5]). In particular, in this case the supergravity background M>! x M’ is a vacuum
solution of Einstein’s equation and the parallel spinor on M’ leads to an effective theory
with N = 1 supersymmetry in dimension four. Here we generalize this background Ansatz
by considering non-zero flux (one can allow even a warped product metric on M>! x M’).
In this case, and in the presence of a non-trivial flux, we will show that one has to replace the
condition ‘G-holonomy’, which cannot anymore produce supergravity backgrounds, with the
condition ‘weak Gj-holonomy’.
In particular, we consider the following type of flux forms on M

F* :f~V01A7[—|-F4, (%)

where F* is a closed 4-form on M and f € R is assumed to be a constant. Solutions of eleven-
dimensional supergravity for such 4-forms and with respect to the product metric g\ = g + &,
will be called (4,7)-decomposable supergravity backgrounds.

For this specific Ansatz the core observation (see proposition 2.2) is that the Maxwell equa-
tion () is equivalent to the equation

d *7 F4 Zf . F4,
which by setting ¢ := %7F* can be rewritten as

dp=frr¢. (%)

Moreover, the closure condition (%) of F can be rephrased as d x; ¢ = 0. For brevity, 3-forms
on M’ satisfying the last two conditions for some constant f € R, will be referred to as special
3-forms. In these terms one has the specific flux F as a solution of the closure condition (%)
and the supergravity Maxwell equation (.#), if and only if the associated 3-form ¢ := x;F*
on M’ is special.
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Turning now to the corresponding supergravity Einstein equation (&), we conclude that the
four-dimensional Lorentzian manifold (M, g) must be Einstein with negative Einstein constant
A= —1 (2% + [|¢||*) (proposition 2.7). Moreover, we see that the Ricci tensor of (M, g)
must satisfy the equation

RICE(X,¥) = cg(X,¥) (£ 4 206lh) +go(X,¥),  (ex)

where g4(X, Y) is the symmetric bilinear form defined by g4(X,Y) := —3(X_¢, Y 1)p. We
then proceed with a description of some special situations arising by focussing on (x * ). In
particular, we examine the following basic classes of special 3-forms on (M, g):

e F*=0but f#0,
e non-zero harmonic 3-forms, i.e. ¢ # 0, f =0,
e non-harmonic 3-forms, i.e. ¢ # 0, f # 0.

In each case we analyse the supergravity equations and show that the construction of
(4,7)-decomposable supergravity backgrounds can be expressed nicely in terms of special
3-forms and in particular G,-structures (see also [PT95, AW01, BDS02, D02, BJ03, AF03,
GPROS5, HMO5] for the role of Gj-structures in M-theory). For example, for the first type
our results generalize the usual supersymmetric Freund—Rubin Ansatz [FR80], where the
four-dimensional Lorentzian manifold and the seven-dimensional Riemannian manifold are
both Einstein with Killing spinors and the flux is non-vanishing only along the four space-
time directions. In fact, in this case the space-time is considered to be maximally symmetric
hence solutions are given in terms of anti-de Sitter spaces with standard example the product
AdS; x S7. In our case we can relax this condition and for bosonic supergravity backgrounds
it is sufficient to fix some Lorentzian Einstein manifold M- with negative Einstein constant
and some Riemannian Einstein manifold M’ with positive Einstein constant (corollary 2.11).

On the other hand, whenever ¢ := x;F* is a co-closed generic 3-form on M’ satisfying
equation (xx) for f # 0, i.e. a generic special 3-form with f # 0, which is equivalent to say
that ¢ induces a weak G,-structure on M, we show that the pair

(M=MxM, gm=g+2),

where g is the Einstein metric induced by ¢, provides (4,7)-decomposable supergravity
solutions.

Theorem A. Assume that the product (M =M X M,grg =3+ g) is endowed with
the 4-form F*:=f - voly; + F* for some constant 0 #f € R and some closed 4-form
F* € Q4 (M) on M, such that ¢ := *7F* is a generic 3-form on M. Then (M, g, F*) gives
rise to a (4,7)-decomposable supergravity background if and only if (M,g, := x7F*)
is a weak Gy-manifold and (Il~4 ,8) is Lorentz—Einstein with negative Einstein constant. In
particular, f takes the values f = +2.

Weak Gy-structures are spin 7-manifolds (M, g, ¢) endowed with a generic 3-form ¢ satis-
fying the differential equation d¢p = A %7 ¢, for some non-zero constant A. Such G,-structures
are extremely interesting in theoretical and mathematical physics, since they are manifolds
admitting non-trivial solutions of the Killing spinor equation (see [CR84, DNP86, FKMS97]).
We should emphasize that our approach to theorem A does not take into account the theory
of Killing spinors or Killing superalgebras, i.e. we reach theorem A by solving only the zero
gravitino supergravity equations, independently of the supersymmetries that preserves the

4
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corresponding model M. The geometric constraints induced by the spinorial equation which
determines the supersymmetries adapted to our flux, will be examined in a forthcoming paper.

Our Ansatz serves well also the purpose of finding obstructions to the existence of
(4, 7)-decomposable supergravity backgrounds. For example, whenever ¢ = x7F* is a generic
special 3-form with f = 0, which means that it induces a parallel G,-structure on M, we obtain
the following non-existence result.

Theorem B. Iff =0 and ¢ := »x7F* is a generic 3-form on M’, where F* € Q4 (M7, then
the closure condition (€) and the Maxwell equation () for our Ansatz (%), imply that ¢ is
Vé-parallel, i.e. ¢ induces a parallel Gy-structures and hence (M, ) is Ricci flat. In this case
the eleven-dimensional Lorentzian manifold (M = MxMgu=3+ g, F*) does not give

rise to a (4,7)-decomposable supergravity background.

The rest of the article is devoted to the homogeneous case, where the calculations related
to the supergravity equations become more attractive, since the tensor fields g4 and F* are
invariant under the action of a Lie group. In this case we obtain a series of examples serv-
ing theorem A, and these are based on the the classification of compact homogeneous weak
G;-manifolds and homogeneous Lorentz Einstein 4-manifolds, given in [FKMS97] and [KO1,
FeRO06], respectively. Then we examine the supergravity equations for invariant non-generic
3-forms ¢ 1= *7F 4 To this end, we classify all almost effective seven-dimensional homogene-
ous manifolds M7 = G/H of a compact Lie group G (see table 2 and theorem 4.5). This extends
the classification of simply-connected homogeneous 7-manifolds M’ = G/H of a semisimple
compact group G, which was used for classifying homogeneous Einstein 7-manifolds, see
[CRW84, N04]. In combination with the classification of compact homogeneous 7-manifolds
admitting invariant G,-structures given in [LM12, R10], we obtain the complete list of all com-
pact (almost) effective homogeneous 7-manifolds which admit a G,-structure but no invariant
G;-structure (and hence no invariant spin structure, see theorem 4.6). We then describe all
invariant special 3-forms ¢ (i.e. solutions of Maxwell equation) on the non-spin manifold
CP2 x §* = SU;/U, x SU,. We also discuss the case of the Lie group S x T* = SU, x T*.
In both cases we show that there are invariant special 3-forms which are not generic.

2. 11D supergravity backgrounds of the form A101 — 31 x M7

We begin by fixing some conventions, relevant to our subsequent computations.
Conventions. Consider an n-dimensional pseudo-Riemannian manifold (N, ) of signature
(p,q). At any point x € N, the tangent space V :=T,N = R” (n=p+ q) is a pseudo-
Euclidean vector space endowed with a non-degenerate inner product of signature

(pg)=(n—q.q)=(++.— )
When the signature is (n,0) (resp. (n — 1, 1)), then we say that (N,h) is a Riemannian
(resp. Lorentzian) manifold. We shall denote by so(V) the Lie algebra of skew-sym-
metric endomorphisms of V; for any u,v € V let w A u the skew-symmetric endomor-
phism on V, given by (u A v)(z) = h(v,z)u — h(u,z)v. Hence, here we take the convention
w) Awp = w) @wy —w) ®w, for any two elements wy,w, € /\l TIN. The metric tensor h
induces a metric in A* 7N and its dual, namely

(6.4) 1= det (61, 15)) = h(on15).
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for any decomposable k-vector ¢ = ¢ A ... A ¢ and ) = Yy A ... A Y. We choose a volume
form vol™ normalised as (vol™, vol™) = (—1)4. Equivalently, if {ey, . . ., €y Cpils--Cpig)
is a pseudo-orthonormal frame with

h(ei,e;) = 6, hlex,er) = =0, hlei,er) =0, for 1<ij<p,p+1<kl<p+q,

then vol(”)(el, e, ...,e,) = 1. The Hodge star operator is defined by ¢ A xp = (¢, ) vol™
for any k-form ¢ and v. In particular, for any ¢ € /\k TN we have the identities

x1=vol™,  xvol® = (=1)1, %x¢ = (—1)"HFag,
and hence ¢ A = (— )k(n k) +q<¢ *tp)vol (n) ,forany ¢ € /\ T*Nand ¢ € \'™ kT*

2.1. Supergravity backgrounds of the form M'%! = M3 x M7

Let us consider an eleven-dimensional Lorentzian manifold (M = M!*!, ¢ ,/) given by the
product of a four-dimensional Lorentzian manifold (M = M*!,g) and a seven-dimensional
Riemannian manifold (M = M’, g),

(Mogp) = (M x M, grg = + g). Q.1

We assume that both (M, Z) and (M, g) are oriented with volume forms voly; and voly, respec-
tively. Then, the volume form on M is given by vol M i= Vol + voly and M is oriented as
well. Since dim M = 4, notice that any 4-form on M*is closed We mention that we do not
assume any homogeneity condition for the Lorentzian manifold M = M xM. However, we
will assume that M’ is compact and that the flux 4-form is given by

F =f-voly + F*, 2.2)

for some closed 4-form F* on M and a constant f € R. Note that the last condition is equiva-
lent to say that F* is co-closed, i.e. d x4 F* = 0, where x4 : QK(M) — Q*%(M) is the Hodge
star operator on M. Indeed, *4|Qk = (—1) 6= k)“Iko with %4voly, = (1) = —1 (since
g = 1), and hence the relation F* := f - voly; yields x F* = F* —f. Next we shall call 4-forms of
type (2.2) decomposable.

On the closure condition (%) and the Maxwell equation (.#). Let us focus now on the
closure condition (¢") and the Maxwell equation (.#'). We denote the Hodge star operators
on M and M as %1 : Q¥ (M) — QU=F(M) and %7 : QK(M) — Q7=%(M), respectively. We
need the following elementary result (which makes sense, appropriately reformulated, for any
pseudo-Riemannian metric).

Lemma 2.1.  Consider the Lorentzian manifold (MO = M3 s M7 gaq =3 + g) and let
a € QX(M) and o € Q(M) be some differential forms of M and M, respectively. Then, since
TM =TM & TM defines a decomposition of the tangent bundle of M, the following holds:

(1)

EE D 4.a) - (o)

em@na,ana)=
and consequently,

(@Aaana)m = (@) (o [[&Aa|a= a5 ol



Class. Quantum Grav. 36 (2019) 075002 D Alekseevsky et al

(2) The action of the Hodge star operator xy; : Q' (M) — Q''="(M) on &* A of reads as
* (@A @) = (=1 P70 w0 @A ¥ pa.

Based on this basic result a short computation shows that

Proposition 2.2. For the 4-form on M = M x M given by the Ansatz (2.2) with f € R,
the closure condition (€') and the Maxwell equation () are simultaneously satisfied, if and

only if

dF* =0, and dx F*=f-F" (2.3)
In the case where f = 0, then the equations (€) and (') are simultaneously satisfied if and
only if the 4-form F* on M’ is closed and co-closed, dF* = dx;F* = 0.

For the following, let us denote the 3-form x;F* by ¢ := x7F*, with x;¢ = F*. By proposi-
tion 2.2 we deduce that the Maxwell equation (.#) for the 4-form F given by (2.2), i.e. the
second relation in (2.3), is equivalent to the equation

do =f %7 ¢, (2.4)
for the 3-form ¢ := *7F 4 Moreover, the closure condition (€) is equivalent to the relation
d*; ¢ =0. (2.5)

This motivates us to introduce the following definition.

Definition 2.3. A 3-form ¢ € Q*(M) on a Riemannian 7-manifold (M, g) is called special
if it is co-closed (d x7 ¢ = 0) and satisfies the relation d¢) = f *7 ¢ for some constant f € R.

In terms of special 3-forms, we obtain

Corollary 2.4. The 4-form F = f - voly; + F* € Q% (M) for some constant f and closed
4-form F* € Q4 (M), is a solution of Maxwell equation (.4 ) if and only if ¢ := *7F is a
special 3-form on M.

On the Einstein supergravity equation (&’). For the computations related to the right hand
side of the Einstein supergravity equation (&) we use the following basic lemma.

Lemma 2.5. Let ¢ be a k-form on a smooth pseudo-Riemannian manifold (MP4,g) of
signature (p,q) withp +q =n. When1 < k < n — 1, we have

(1D (Xoxp, Yaxd) = (9, o)X, Y) — (X1, Y 20), for all vector fields X and Y. (2.6)
When k = n, we have

(X20,Ya0) = (¢, 9} (X, Y), for all vector fields X and Y. 2.7

Proof. It suffices to prove (2.6) and (2.7) by taking X and Y to be basis elements at a point.
Let us fix an orthonormal basis {e;};=1,..., with (e;, ¢;) = d; forl < i,j < p,and (e;, ;) = —J;
for p+ 1 <i,j < p+ q. Denote by {e'},—;. .., the corresponding dual basis such that the vol-
ume form is given by vol = e! A ... Ae" For any 1 < k < n, the k-forms {e' A ... A€’}
constitute a basis for /\k TM orthonormal with respect to the natural extension (-, -) of the
metric , 1.€.

(e" A NER e AL NEN) = (—1)",

~
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where u is the number of timelike 1-forms among the {e’}. In the following discussion,
{i1,..., i, } will denote an even permutationof {1...n}.Foranyl < k < n,set = {i1,..., i}
and J = {ixs1,...,i,} so that I NJ = (). Then

x(€" AL AER) = (1) e AL N,

Let us deal with the case 1 < k < n — 1 first. By invariance, we may assume that

(Xax ¢, Ya* ¢> = a(qb, (;5> <X, Y> + b<X_|¢, Y_lq/)>

for some a, b € R. To determine a and b we choose ¢ be a basis element, i.e. ¢ = €'l A ... A €.
It is also clear that if X and Y are linearly independent, then each term of this expression van-
ishes. Hence, we may take X = Y = ¢, for any 1 < r < n. Then, it is easy to check the follow-
ing:

oIf rel, then we have 0= (—1)Ya+ (—1)*b when e, is spacelike, and
0 =a(—1)“(=1) 4+ b(—1)“"! when e, is timelike, so we must deduce a = —b in both
cases.

oIf reJ, then we have (—1)7"*=qa(—1)*+0 when e, is spacelike, and
(=1)97%=1 = a(—1)*(—1) + 0 when e, is timelike. Hence, in both cases, a = (—1)“.

Therefore, a = (—1)7 and b = —(—1)?, which proves the claim. We leave it to the reader to
check (2.7), which is completely analogous (here, one takes ¢ to be e! A ... A e"). O

Applying lemma 2.5 in our case, we obtain the following useful corollary.

Corollary 2.6. The 4-forms F* =f - volg; € Q4(M) and F* = x1 € Q4 (M) satisfy the
following relations

(XOF,Y_F)5 = f*|volz|23(X.Y) = —f’%(X.Y), VX,Y € (TM),
(XJF,YJF)y = g(X, Y)|9ll3 — (Xa, Yad)u, VX,Y € T(TM).
FII3 = Il %7 0113 = ll¢ll3; and

[ F[5 = (F. Fhaa = (f - voly + F.f - voly + FYya = —f* + | FHl3-

Moreover,

Now, for the Lorentzian manifold (M = M x M, g = g + g) the Levi-Civita connection
VEM gplits as VEM = V& + V& where V& and V¢ are the Levi-Civita connections on (M, g)
and (M, g), respectively. This effects on the Ricci tensor Ric®M of VM, which splits accord-
ingly, i.e.

Ric*M(X,Y) =0, for any vector field X on Mand Y on M,
Ric*M (X, Y) = Ric*(X, Y), for any vector field X, Y on M,
Ric*M(X,Y) = Ric® (X, Y), for any vector field X, Y on M.

Initially we examine the Einstein supergravity equation (&) for some vector fields X, ¥ on M.
In this case for the Lorentzian 4-manifold (M, g) we deduce that

Proposition 2.7. Let (M,3,F* =f - voly;) be the four-dimensional Lorentzian manifold
of an eleven-dimensional supergravity background of the form (M =M X M,gpm = ¢ + 8),
where the flux 4-form F is given by (2.2), with f € R. Then, (1\71, ¢) is Einstein with negative
Einstein constant A := —§ (2f* + ||¢||?). In particular,

@ || is constant.

8
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Proof. Since we can always write F = ;¢ for some (co-closed) 3-form ¢ on M’, the proof
is based on the previous observations. In particular, a direct computation in combination with
corollary 2.6, shows that

. 1 1.
Ric!(X,Y) = §<f'XJV01A’;1,f‘ Yovoly) sy — ag(X, Y) (|If - VOIMH[ZVI + ||F||,2W)

1, 1_
= 3R+ BT (£~ 1FIE)

1

=% (=22 = IFIl) 8(X.Y) = = (=2f* = [I9I*) 8(X. ).

A=

Now, the constancy of ||¢|| follows. O

Therefore, the supergravity Einstein equation (&) for the specific flux form F* given by
(2.2), forces the Lorentzian 4-manifold (]l71, g) to be Einstein. We mention that this occurs
independently of the closure condition (%) for F, or the Maxwell equation (.# ), so it is inde-
pendent of the notion of special 3-forms. However, it yields the constraint ||¢|| = constant.

Let us restrict now the supergravity Einstein equation (&) on vector fields X, Y € T'(TM").
Since F = %7¢, by corollary 2.6 it follows that

Ric*(X,Y) = %(XJF, YoF)y — ég(X, Y) (—=f* + IFl3)
= 3ok 6. O+ ¢o(6Y) (72 = I
= (8.1 (6.0) — (X6 Y0 ) + c.¥) (7~ 1FI)
= 2806l — 3 (X6, b)u + g8 7) (72— 613)
= 306 Vo) + g6 Y) (£ + 210l).
Thus, one can write
RIc!(X,¥) = <&(X,¥) (£ + 206ll%) +gu(X. ), 28)
where g4 (X, Y) is the symmetric bilinear form g, (X, Y) := —1(X_1¢, Y ¢)u.

Hence, motivated by the results in this paragraph, we introduce the following definition:

Definition 2.8. A Riemannian 7-manifold (M’, g, ¢) with a special 3-form ¢ is called a
special gravitational Einstein manifold if the pair (g, ¢) is a solution of the supergravity Ein-
stein equation (2.8).

Remark 2.9. Note that a special gravitational Einstein 7-manifold is not necessarily an Ein-
stein manifold, since g is not necessarily a multiple of the metric tensor g. In particular, (2.8)
is an extension of the Einstein equation by a stress-energy tensor associated to the 3-form ¢.

By proposition 2.2 (or corollary 2.4) and proposition 2.7, it is obvious that the pair
(gm=8+8F =f voly +F?),

where the closed 4-form F*is given by F* = x7¢ for some special 3-form ¢ on M’, g is a gravita-
tional special Einstein metric and g a Lorentzian Einstein metric, induces solutions of eleven-
dimensional supergravity on M!'®! = M3! x M”, which we shall call (4,7)-decomposable

9
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solutions of eleven-dimensional supergravity. In this case, M'%! = M3' x M7 will be referred
by the term (4, 7)-decomposable supergravity background. We conclude that

Corollary 2.10. Any (4,7)-decomposable solution (M, g xq, F) of eleven-dimensional
supergravity, is a product of Lorentzian FEinstein 4-manifold (AN/I3’1,§) with negative
Einstein constant and a gravitational special Einstein 7-manifold (M’,g) with special 3-form
¢ € B (M"). In particular; the flux 4-form is given by F =f - volg; + F* for some closed
4-form F* := x7¢ € Q4(M") and some constant f € R.

cl

2.2. Three basic types of (4,7)-decomposable supergravity backgrounds

As explained in the introduction we focus only on non-trivial fluxes. Hence, we shall consider
the following three classes of flux 4-forms for our form F = f - voly; + F “ (depending on the
type of the special 3-form).

(I) F*=0but f #0.
(II) non-zero harmonic 3-form, i.e. ¢ # 0, f = 0.
(IIT) non-harmonic 3-form, i.e. ¢ # 0, f # 0.

Our purpose is to analyse the construction of solutions of the supergravity Einstein equa-
tion (2.8) for any of these three types. We begin with the first type, i.e. 7 = f - volg.

Corollary 2.11. The equation (2.8) for special 3-forms of Type I reduces to the standard
Einstein equation, i.e. Ric® = (f?/6)g. Consequently, using the flux 4-form F = f - voly;
we obtain a (4,7)-decomposable supergravity background, given by a product of a Lorentz-
ian Einstein 4-manifold (A~43",§) with Einstein constant —f*/3, and a Riemannian Einstein
7-manifold (M’,g) with Einstein constant f*/6.

Therefore, flux forms of type 7 = f - voly; with f € R*, induce (4, 7)-decomposable super-
gravity backgrounds by choosing a Lorentzian Einstein 4-manifold (1\~43’1,§) and a compact
Einstein 7-manifold (M’,g). In this way we obtain a generalization of the Freund—Rubin con-
struction [FR80], where the four-dimensional Lorentzian manifold and the seven-dimensional
Riemannian manifold share a common property: They both admit Killing spinors, imaginary
in the first case and real for the second. In this Ansatz the flux is non-vanishing, and con-
stant, only along the four space-time directions, and the space-time is considered to be maxi-
mally symmetric. This implies that in general the ground state of such a theory is no longer
Minkowski, but anti-de Sitter—for more details, see [HMO05, FO7, F13] and the references
therein. On the other hand, we can still view M as a weak G,-manifold (M 7 g,w), although
its generic 3-form w does not come into the definition of the flux F, i.e. even F*=0for M’,
and hence an Einstein manifold with Killing spinors and cone with holonomy contained in
Spin,. In fact, as long as ¢ is generic, one faces a similar situation even when special 3-forms
of Type III are treated; indeed this case implies again that both manifolds must be Einstein
(see next section).

Let us proceed with special 3-forms of Type II. In this case the flux form F is given by
F = *7(25 = F 4.

Corollary 2.12. The equation (2.8) for a special harmonic 3-form ¢ # 0 on M of Type I,
reduces to the equation

10
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. 1 1
Ric® = §||¢H12wg 5494 q(X. X) = [|X_0|l5-
Moreover, (1\713’1,25) is Einstein with Einstein constant —||¢||? /6.

Remark 2.13. Apriori, we may consider a generic Type 1I special 3-form ¢. However,
such a 3-form it turns out to be parallel and in section 3 we will show that it does not induce
(4, 7)-decomposable supergravity backgrounds.

Example 2.14. Consider the Riemannian product (M7 := Q* x P*, g = go + gp) between
a 3-dimensional Riemannian manifold (Q3, go) and a 4-dimensional Riemannian manifold
(P4, gp)-Assume that M’ admits a special 3-form ¢, given by ¢ := volp, where voly is the is vol-
ume 3-form on the first factor, with ||¢||? = ||volp]||? = 1. Then (X_voly, Y 1volp) = go(X,Y)
for any X,Y € I'(TM"). Hence the supergravity Einstein equation becomes

1 1
Ric® = —g — =go,
7387 8
and we conclude that Ric%? = — % go and Ric®” = % gp. Therefore, the manifolds Q, P must be

Einstein manifolds with Einstein constant fé and %, respectively. Assume now that our initial
metric g is complete. Then, Q is a complete space of constant negative curvature (i.e. a quotient
RH? /T of the Lobachevski space RH? by a lattice) and P is a compact Einstein 4-manifold.
Note that the manifold M’ is compact if I" is a co-compact lattice. So we get an example of
decomposable supergravity background of Type II, with internal space M’ = Q3 x P* and
space-time any Lorentzian Einstein 4-manifold M3 with Einstein constant —1/6.

3. (4, 7)-decomposable supergravity backgrounds of Type Ill associated
to Go-geometries

The supergravity Einstein equation (2.8) for a 7-manifold (M7, g, ¢) where ¢ is a special
3-form of Type III, i.e. a non-harmonic 3-form, remains unchanged. Here we shall study this
case under the assumption that the special 3-form ¢ is generic and hence induces a G,-struc-
ture on M’ see also the works [BDS02, HMO05, AE16]. To this end, it will be useful to refresh
some notions of G,-structures (see also [Br87, Br05, FKMS97, J00]).

3.1. The Lie group Gy and Go-structures

Recall that the Lie group G, C SO; has dimension 14 and traditionally is defined as the
automorphism group of the octonion algebra Q. It is also defined as the stabilizer G,, of a
generic 3-form w on R7 = ImQ, with respect to the natural action of the linear group GL(R)

,,,,,

{ei}izl,,,,,7. Then, a representative of w is given by

w = el27 +e347 —‘,-6567 +el35 _ e245 _ el46 _ 6236, (31)

where e/* = ¢! A e/ A e denotes the wedge product of e/, e/, e, and the GL;(R)-orbit of
w is open. We shall denote this orbit by €23 while elements in Q3 will be referred by the
term Gy-generic, or just generic where there is no danger of confusion. Indeed, one needs

1
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to mention that there is another open GL;(IR)-orbit which is the orbit Q% of a 3-form with
stabilizer the normal real form G3 of G, (the Lie group G; is defined in terms of splittable
octonions, see [K98, L06]).

A differential 3-form w on a smooth 7-manifold M is generic if its value w, € A’ (T,M)
is generic for any p € M. Let Qi(M) be the set of G,-generic 3-forms on M’. Any 3-form
w € Q3 (M") induces a Gy-structure, i.e. a subbundle of the linear frame bundle which is
defined by frames {e;} with respect to which w is given by (3.1). Conversely, any G,-structure
defines a generic 3-form and so we may identify a G,-structure with some w € Qi (M). Since
G, C SOy, any Gp-structure w € Qi (M) determines an orientation (Hodge star operator) and
a Riemannian metric g with respect to which the basis {¢;} used above is orthonormal and
positive oriented (see [Br05]). Note that on R this metric coincides with the Euclidean metric.

Proposition 3.1 ([FKMS97]). The existence of a Gy-structure on a connected 7-dimen-
sional manifold M’ is equivalent to the vanishing of the first and the second Stiefel-Whitney
classes of M’ and hence equivalent to the existence of a spin structure.

Definition 3.2. A G,-manifold (M’, g,w) is called

e parallel, if dv =0 =d *; w,
e weak Gy, if there exists A € R\{0} such that dw = A x7 w (and thus d %7 w = 0),
e co-callibrated, if d x7 w = 0.

When (M7, g,w?) is a parallel G,-manifold, then there exists a V&-parallel spinor and hence
(M',g) is Ric8-flat [W98]. On the other hand, the existence of a weak G,-structure on a com-
pact 7-manifold (M’,g) is equivalent to the existence of a spin structure carrying a real Killing
spinor [FKMS97], i.e. a non-trivial section ¢ € I'(X8M) of the spinor bundle XM over M
satisfying the equation Vi = AX - ¢, for any X € I'(TM) and some 0 # X € R, where here
V& represents the spinorial Levi-Civita connection. Thus, compact weak Gp-manifolds are
singled out by the fact that admit Killing spinors and hence are Einstein manifolds with posi-
tive scalar curvature, i.e. (see [FKMS97]),

3
Ric!(X,Y) = g)\zg(X, Y), VX, YeT(TM"). (3.2)

Remark 3.3. Compact weak G,-manifolds (M7, ¢, g) admit an equivalent description in
terms of the metric cone (M = R x M7, g = dr? + r2g) over M’. Since (M’, ¢, g) admits Kill-
ing spinors, (M , &) admits parallel spinors and hence has holonomy group Hol(M ) C Spin,. In
particular, if (M’ ¢, g) is simply-connected and not isometric to the standard sphere, then the
inclusions Sp, C SU4 C Spin, yield the following three natural classes of weak G,-manifolds:

e If Hol (M ) = Sp,, then M’ is called 3-Sasakian and it has a 3-dimensional space of Killing
spinors.

o If Hol(M ) = SUy, then M is called Sasaki—Einstein manifold and it has a 2-dimensional
space of Killing spinors.

e If Hol (M )= Spin,, then M’ is called proper weak G,-manifold, with 1-dimensional
space of Killing spinors.

12
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3.2. (4,7)-decomposable supergravity solutions induced by weak Gy-structures

Let us explain now how the above theory applies in supergravity equations and gives
rise to special (4,7)-decomposable supergravity backgrounds. Let ¢ = ®* be a generic
3-form on M’, i.e. assume that (M7,¢) is a G-manifold. We will normalise ¢ such that
B3, = (&, ¢)s = 7. Then the identity (X_ ¢, Y_¢) = 3g(X, ¥) holds, see [Br05] . Therefore,
equation (2.8) reduces to

Ric*(X,Y) = é (f*+5)8(Xx.Y), (3.3)

forany X,Y € I'(TM"). Based on the previous description of weak G,-structures, proposition
2.2 (or corollary 2.4) and the relations (3.2) and (3.3), we check that when the associated flux
4-form F = f - voly; 4 x7¢ is a solution of the supergravity Einstein equations (&), then it
needs to hold f = 42. Thus we obtain the following

Theorem 3.4. Let M'*! be the oriented Lorentzian manifold given by the product of a
four-dimensional oriented Lorentzian manifold (M>',g) with volume form voly; and a seven-
dimensional oriented manifold M” admitting a Gy-structure ¢ € Q3. (M), such that ||¢||* = 7.

Define
Fi = £2voly + *7¢.

Then (M, gy = g + g, F1 ), where g is the Riemannian metric on M corresponding to ¢, gives
rise to a pair of (4,7)-decomposable supergravity backgrounds if and only if (M", ¢) is a weak
G,-manifold and (M>',g) is Lorentz Einstein with negative Einstein constant A := —15/6.

Let us also discuss the case where the special 3-form ¢ is generic and of Type IL, i.e. f = 0.
Then, the closure condition and the Maxwell equation imply that ¢ is both closed and co-closed,
so it induces a parallel G,-structure. Therefore (M7,g) must be Ricci-flat, and by (3.3) we obtain

Theorem 3.5. The 4-form F = F = x;¢, where ¢ is a parallel Gy-structure on (M’,g),
i.e. ¢ is a generic special 3-form of Type 1l, cannot satisfy the supergravity equations for the
Lorentzian manifold M = M>! x M7, endowed with the induced product metric.

4. Classification of 7-dimensional homogeneous manifolds of a compact
Lie group

In this section we classify all compact almost effective homogeneous 7-manifolds M’ = G/H
of a compact connected Lie group G (up to a covering). We apply this to the description of
invariant generic (special) 3-forms, and some invariant non-generic special 3-forms that solve
the Maxwell equation. In particular, one can separate the examination of Type III invariant
special 3-forms into the following two subclasses:

e Type Illa, ie. ¢ :=x;F* is an invariant generic special 3-form and thus it induces a
homogeneous co-callibrated weak G,-structure on M’ = G/H.
o Type 1113, i.e. ¢ := %x7F* is an invariant non-generic special 3-form on M’ = G/H.

4.1. Classification of subalgebras of so7

So, consider a seven-dimensional compact connected homogeneous Riemannian manifold
M’ = G/H,g). We will always assume that the action of G is almost effective, that is the
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kernel of effectivity C = {g € G: gx =x, Vx € M} is finite. Let g = + m be a reduc-
tive decomposition of g and identify m = T,M’, where o := eH. The isotropy representa-
tion x : H — SO(m) = SO; is given by x(h)X = Ad,X, for any & € H and X € m. Almost
effectivity means that the differential x. : h — so(m) of the isotropy representation is
exact, i.e. ker(y.) = {0} (cf. [Bs86]). Hence, h is isomorphic to the isotropy subalgebra
X«(h) C so(m) = so7.

The classification of almost effective homogeneous 7-manifolds of a compact Lie group
G reduces to the description of all compact Lie algebras g with a reductive decomposition
g="h+m, m=T,M, whose isotropy representation . is exact and such that h = x.(h)
generates a compact subgroup H of a compact Lie group G with the Lie algebra g. This pro-
cedure splits into two simple steps:

e Description of all subalgebras h of the orthogonal Lie algebra so7.
e Description of all compact Lie algebras g which contain b as a codimension seven Lie
subalgebra.

Since so7 = bz is a rank three simple Lie algebra, any subalgebra h C so; is a compact
Lie algebra of rank r :=rnk b < 3. The list of simple Lie algebras of rank < 3 is given
below (here the lower indices denote the rank, the upper indices denote the dimension):
a} = b =}, ab, al’> =00, b0 =l g% b3, ¢} Using it, we write down the list of
proper semisimple subalgebras of s07: s503,2503, 3503 = 504 + 503, 6§05, SUy = 606, SU3.
Calculating the centralizer of these subalgebras, we get the following non-semisimple
proper subalgebras of so7: uy,2uy, 3uy, 503 + 1y, 503 + 2uy, 605 + uy, uz. Now, the several
non-conjugate subalgebras of type s03 can be described as follows. Let us denote by V* the
irreducible submodule of real dimension k and by /R the trivial /-dimensional module. Let
V3 := R3 be the standard representation of so3 and V* := C? the standard representation of
su,. Recall that there are two injective homomorphisms so03 — s05 of s03 into sos, the stan-
dard one A — diag(A, 0,0) and the embedding which corresponds to the unique 5-dimensional
representation V> := R = Sym?(R?). Similarly, we shall write V7 := R7 = Sym}(R?) for
the unique 7-dimensional irreducible representation of s03.

Any s03 subalgebraof s07is givenby a7-dimensional representation p : 503 — s07 C gl(R7)
of s03, which must be a direct sum of the irreducible representations R, V3, V4 V>, V7. As
before, we use upper indices to indicate dimension of irreducible representations of dimen-
sion >1. Then, up to conjugation in SO7, we get the following description of subalgebras of
507 isomorphic to so03.

Lemma 4.1. A subalgebra of so3 type inside s07 coincides with one of the following:

() suy = s0%, such that R” = V* + 3R, (ay) 5og3’3), such that R7 = V3 + V3 + R,
() su§ = 5054’3), such that R” = V* 4+ V3, (as) s0}, such that R” = V° 4 2R,
(a3) 503, such that V? + 4R, () 503, such that R7 = V7.

Since s0% = su, = sp; C 605 = 5p,, the splitting of R’ in case ;) coincides with the isot-
ropy representation of the 7-sphere S’ = Sp,/Sp; (see [Z82, LM12]). On the other hand, the
isotropy representation of the Stiefel manifold Vs, = SOs/SOY, where SOj3 is embedded in
SOs diagonally, decomposes as R” = V3 + V3 + R and V’ coincides with the isotropy repre-
sentation of the 7-dimensional Berger sphere B’ = SOs / SOi3r (see [Br87]). Finally notice that
V7 coincides with the isotropy representation of the symmetric space SU3 /SOs.

We treat now subalgebras of rank 2. Up to conjugation in SO7 there are two subalgebras
of type so04 inside s07. The first corresponds to the standard embedding A — diag(A,0,0,0)

14
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and we write s04 = su, + su), with decomposition R’ = V* + 3R. Notice that su, and suh
are conjugate in SO7. The second subalgebra of this type is denoted by 504(14’3) = 5l + 5u§

with R7 = V* 4+ V3, We proceed with non-conjugate subalgebras of type so3 + u; inside s07.

Lemma 4.2. A subalgebra of so3 + u; type inside 07 coincides with one of the following:

(B1) s0%+u}=su+ul, R =V*+V2+R, (B5) s03+ul, R7 = V3 + V2 + 2R,
(B2)  s0f +ul? = sy + 13 =11y, R7 = V* + 3R, (Bs) 503 +13?, R’ =V} 4+ V24 V2,
(B3)  s0f +uP?? = suy + uP?, R’ =V*+V2+R, (37) 50&33) +u3?, R =V'QV*+R,
(Bs) 508" 4u2? = sug + 1% = w5, R7 = V44 V3, (Bs) s03 +ul, R7 = V5 4+ V2

Here V?* := C! states for the standard representation of u,. Notice that in the third case [33)
the Lie algebra u acts both on V* and V?, in the second case (3,) it acts on V* and in the first
case B) it acts only on V2.

Proof. We are based on lemma 4.1 and compute the centralizers of all subalgebras inside
507 of type s03. We see that Cs,, (50%) = 504, Cso, (5o§3‘3)) = u%,z,z’ Cso, (s112) = s} + S03,
Cso,(503) = 13, Cso,(5uS) = sub and Cs,, (503) = {0}. Hence we need to exclude so} + 1

and our claim follows by considering the several possible actions of u; (the case arising by the

decomposition R7 = V3 4+ 2R cannot exist due to the uj-action). O
Concerning subalgebras of rank 3, we remark that sos + 50, = suy + sub + 1y belongs
to s07, but this is not true for the direct sum 50£4’3) + 505 = sl + su§ + u;. Indeed, in

(4.3)

the first case one computes Cs,,(504) = sup, while the centralizer of so is trivial, i.e.

Cso, (504(‘4’3)) = {0}. Let us summarise all the results (including lemmas 4.1, 4.2) with some

more information in table 1.

4.2. Classification of almost-effective compact homogeneous 7-manifolds

Now, the classification of almost effective homogeneous 7-manifolds M’ = G/H of a compact
Lie group G, reduces to an enumeration of all compact Lie algebras g = g?*7 of dimension
d + 7, which contain a subalgebra h = h? from table 1 and have as reductive decomposition
g9t7 = b? + m, one of the indicated isotropy representations. We present all such homoge-
neous 7-manifolds in table 2, but initially it is convenient to use lemma 4.2 and present a
proof for the almost effective cosets M7 = G4*7 /H? whose isotropy subalgebra h? C so0;
is of type so3 + u; (and hence d = 4). We mention that in table 2 we omit the details for
most of the embeddings h C so; which do not give rise to some almost effective coset and
use the following notation: For a given direct product M = G/H X TX of a homogeneous
space G/H (whose isotropy subgroup is given by H = H' X T with a torus T, we shall
denote by My, = G/HXT* the twisted product My, = G/H?, defined by a homomorphism
Y :H=H xT'— T where H? := {(h,s)(h)) : h € H} C H x T*. It is remarkable that
several cosets M’ = G/H is of this type.

Proposition 4.3. Let M’ = G''/H* be an almost effective homogeneous 7-manifold of
an eleven-dimensional compact Lie group G, whose stability subalgebra b = h* is of type
503 + . Then M is diffeomorphic to one of the cosets appearing in table 2, case d = 4.

Proof. It is useful to split the examination of compact Lie algebras g'! into two main cases:

Case A: g!! is semisimple. Let us assume that g'! is semisimple, i.e. g'' = [g', g'!]. The
only semisimple eleven-dimensional Lie algebra is the direct sum a; + a,, hence we set
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Table 1. Lie subalgebras of so7 = bs.

r=rnk b h = p? g7 h-decomposition of R’
r=0 bh = trivial g’
r=1 U g8 R = V2 +5R
Uy g R7 = 2V2 + 3R
ug gt R? =3V2+R
sUp = 503 g'0 R’ =V*+3R
og = 50§4,3) g0 R7 = V4 4 V3
502 g'0 R” = V3 +4R
503 g'0 R’ = V% + 2R
5053,3) g10 R? = V3 + V3 +R
so], g0 R = V7
r=2 2uy = diag(uy + ) + v o R'=V2@R2+ (V) +R
s0f +u? = sup + 1} g'! R’ =V*+V>+R
Wy = 503 + 1w = sup + ul? g'! R7 = V* 4+ 3R
508 + up?? g!! R’ =V'+V2+R
u = 5054,3) n u%z = su§ + u%z g!! R = V4 + V3
50} +ul g'! R7 = V3 + V2 + 2R
s0d + 12 g!! R7 = V34 V2 4 2
50l 4222 g!! R'=V*@V*+R
50] + u} g!! R = V3 4+ V2
504 = Sl + 5u1) g' R? = V*+3R
5054,3) — sup 4+ 5 g R7 — 4 1 3
s13 g's R7 = V6 + R
505 = 5P, g7 R’ =V° +2R
@ g2 R = V7
r=3 3y glo R? =3V2+R
2u; +su =up + 1y g2 R =V*+V2+R
504 + 507 = SUp + 5Ub + Uy gt R =V*+V2+R
u3 g't R’ =V +R
Sy + 5U) + 503 = 504 + 503 g't R = V*+ V3
505 + Uy = 5P, + 50, gt R? = V3 + V2
506 g? R? = Ve +R
507 g =0, R? =V’
g'! = s03 + su3 = su, + sus. The only subalgebras of type so3 inside su3 are the subalgebras

SUy = 50‘3t and 50%, whose centralizer in sus is uy and {0}, respectively. Therefore, the fol-
lowing cases appear:

(1) If sup C su3, then h = 50‘31 + uf’z = u,. This gives rise to the homogeneous space
M = CP? x §* = (SU3/U,) x SU, with isotropy representation R7 = V* 4 3R,

(2) If so3 C suz and u; C so3 C su, + suz, then we deduce that there are two desired sub-
algebras of type s03 4 u;. The first one is given by h = s0 + u? and induces the coset
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M = S? x §° = (SU,/U)) x (SU3/SU,), whose isotropy representation decomposes as
R7 = V2 + V* + R. The second one coincides with b = s03 + u with corresponding
coset M = (SU,/U;) x (SU3/SO3). Here, the isotropy representation is given by
R7 = V2 +V°.

(3) If so3 C su3 but u1 Q 503, then h = su, + u% 22 where SUy = 503 is the standard subgroup
of su3 and ul = Au, is the diagonal subgroup of u; + u; C su, + sus. Then we get
the homogeneous space M = (SUz x SU,)/(SU, x Uj) = ((SU3/SU,) x SU,) /AU,
whose isotropy representation decomposes as follows: R7 = V4 + V2 + R. Usually, the
embedding of Auy in u; + 1 is indicated by two parameters a, b and it is classical to
denote these manifolds by N, ;.

(4) If su, ¢ sus, then h = 50§4’3 + u%’z = suj + u%’z = u5, where we identify suj with the

diagonal subalgebra Asu, of su, @ su,’ C su, @ su;, and u; = ufz with the central-

izer of su} in sus. This gives rise to the so-called exceptional Allof~Wallach spaces
W11 = (SU3 x SU,)/(SU$ x Uy), with isotropy representation R” = V* + V3. Note that
here the Lie group SU5 can be viewed as the normalizer of ASU; inside SU3 x SU,.Inorder
to complete Case A, we need to show that the subalgebra h = s03 + u1 % does not induce
some almost effective homogeneous 7-manifold. Indeed, since R7 = V? + V2 + V2, the
eleven-dimensional Lie algebra g'' mustbe without center, and thus we get g'! = su3 + su,.
However, it must be 50% C sus but only 5112,50% have non-trivial centralizer inside suj
and our claim follows.

Case B: g'! is non-semisimple. Assume now that g'! is non-semisimple. Then the dimension
of the center Z(g'!") must satisfy I < dim Z(g!!) < 3. Hence we need to consider three cases:

(1) dimZ(g'") = 1. The unique candidate of a Lie algebra of type g'' = s+ u; with s
snngle is the Lie algebra g'' = so5 +u; = sp, + u;. Inside sos the sos- subalgebras
50 and suUp C up have non trivial centralizer and the same holds for su$ = 50(

3 2 2 2 3
inside sp,. Hence, in this case we find the following subalgebras of type so; + u; which
induce almost effective homogeneous 7-manifolds:

e bh =503 +ul, with corresponding coset M = (SOs/U;)xS' =CP*xS' and
R =Vv*+ V2 + R.

oh= 50 @3 4 u?? = 15, which defines the squashed 7-sphere S” = (Sp, x U,)/(Sp, x AU,).
Here, the isotropy representation is such that R7 = V4 4+ V3,

o b = 500" 4 1222, which induces the twisted product Gr,(R%)xS! = (SOs5/S0; x SO,)xS!,
where Gr,(IR%) is a Grassmann manifold. In this case the isotropy representation decom-
poses by R” = (V3 ® V?) 4 R, where we identify the irreducible representation V* @ V2
with the isotropy representation of the six-dimensional symmetric space Gr,(R?).

(2) dimZ(g'') =2. Then g'"' =3s03+2u; =3su, +2u; and h=s0] +ul. In this
case we obtain the space M = (SO;/SO;3) x (SU,/U;)XT? = S3 x §?xT?2, with
R7 =V’ +V?+2R.

(3) dimZ(g'') = 3. Then g'' =su; +3u; and the isotropy subalgebra b must be
503 4 u3? = wy. Thus we get the coset M = CP2X T3, with R7 = V* + 3R. O

Remark 4.4 (Remarks on table 2.). For the homogeneous spheres S°, ¢ and S in ta-

ble 2 we use a subscript with the decomposition of the associated tangent space into irreduci-
ble submodules, in particular the subscript ‘irr’ characterises an irreducible isotropy represen-
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Table 2. Compact almost effective homogeneous 7-manifolds M7 = G/H.

d b g=g" M =G/ Gy Gy Einy
d=0 {0} Ty T’ v X X
sy + duy SU, x T* =83 x T* v x X
251 + 1wy SU, x SU, x T = §3 x $3 x S! v X X
d=1 u su3 Wi, = % v v 2
(k1€ Zso, k>1>0, ki > 1)
Wl,O = % v v 1
~ 1 ~ ~
251, + 2wy Vo XT? = LZSISUZ xT2 = g%; x T2 v x
sty + 5wy CP'XT’ = > XT° = S xT1° x
1
d=2 2uy suy + 61, no almost effective coset X X X
2515 + 3wy SUz o %Qﬁ — S2 % S2XT3 X X X
1 1
3su, Mype = N E,SS%JTSUZ v v 1or2,
(azb>c>0,a>0,gcd(a,b,c)=1) a=b=c=1 simil. see [NO4]
suz 41 Foxs' = 3%t v x x
Wi := 3% (k.1 arbitary) v v 2
1
d=3 ay) su, = 5043‘ sy + Ty no almost effective coset X X X
7 S 2
5P, SV4+3]R — % v Ve
sus + 21y S?/”_]R < T2 = %J; « T2 N X X
ap) su§ = 5o§4’3) g'> suy no almost effective coset X X X
as) 50} 2su2 + 4uy S X T4 = S0 T4 =SSl T4V x x
) 50533) 3sup + g SOaxASé)Ca):SOa « Sl =3 xs3xg! v X X
505 Vs3 = SOs5/SOY v v 1
as) 503 suz + 2u 0] = SUs o T2 X X X

SO3

(Continued)

200520 (6102) 9€ "AeID Wnjueny "sse|y

Je 16 Aysneesyely g



6l

Table 2. (Continued)

_ d+7 7 _ d+7 /gd inv inv
d b g=g'* M' =G /H G; mpGyY g
7 i )
503 505 B’ = SO5/SO™ v v I gir
3y 35Uy + 1y 32 « S2 x S2XS! X X X
d=4 B1) sof +u? SU3 + 51y % xS = % % X X 1 geym
505 4 Uy 37l _ SOsTQl S,y Tql v X X
CP’xS' = U;><S = SP]XZUI xS
Bo) 50} +ui? =, U3 + sty CP? x §* = 3% x SU, X X 1 gsym
2
su3 + 3wy CP2XT? = SLyTs X x X
2
44222 5U3 + Sl SU3 xSU su v v 1
B3) 505 +uj Nop = “si0r = (sTi X SUZ)/AUl
22 SU3 xSU
Ba) sU§ +up” =us U3 F st Wi = sd;xxulz v v 2
Sp, + Uy 7 _ SppxUs v v 2
2 SV“+V3 — Sp,xAT,
Bs) 503 + uf 351z + 2wy 8Os x SLIT? = 8 x S2XT? x x x
Bs) 503 + ul? 505 + 1 no almost effective coset X x X
(33 22,2 S50 u 5\l — __SOs T ql X X X
By) 50! )+u1 s+ Gn(R°) xS' = ¢577%0, %S
5 2 SU SU SU
Bs) 503 + 13 suz + sup QZ:sT)z x$ = S « §2 X X 1 gsym
11 .
4w g D4y no almost effective coset x x x
d b g=git’ M =G /H? inv npGlY iy
d>4 Then r =2,3
Case(): r=2
d=6 504 = SUy + 5u’2 3suy + 4wy no almost effective coset X X X
451 + 1 SU, xSU SU, xSU 1 X X
S As, - X Taso, - XS v
su3 + Suy no almost effective coset X X X
505 + 31y X X X

4 3 _ SOs 3
S"xT _so4><T

(Continued)
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Table 2. (Continued)

d+7

M7 — Gd+7/Hd

inv
G,

inv
d b g=9 an2 ginv
505 + 5l §* x 8% = 3% x su, x X 1 gsym
4
43 . 5 5 7 _ Sp,xSp v 1
50y = s, + s P2t b Sviim = 5588, ’
_ 7 __su. 1
d=8 53 Sl D Sl Shoyn = S v v 8stn
u 6 1_ Gy 1 v X X
g2+ e xSt=2 %8
= 50 50 2u 5 2 _ SOg 2 v X X
d=10 5 6 1+ 2uy SSmeT_SOZXT
d= 14 92 507 O O S7 _ Spin, v v 1 &irr
irr G,
Case(I): r=3
d=>5 sty + 2y 0'? = su3 +sup + 1y T2 x XU, = CP? x §?%S! x X x
2
d=17 504 + 1w 505 + 5l + Uy sli%x%:sliszxs“ x X x
1 4
d=9 u3 Sug + S xSt = CP3xS! x x
3
35Uy = s04 + SU. 505 + s0 S0s  SU;xSU, _ g4 3 X 1
2 4+ 5up 5 + 504 Sor x S — st xS 8sym
= u 506 + S0 SO¢ . S0s _ g5 2 X X 1
d=11 505 + Uy 6 1+ 503 SO;” X Soi_ssymxs 8sym
d=15 Sly = 506 g2 D suy no almost effective coset X X X
— 7 _ SO X X 1
d=28 507 508 D §07 Ssym — Si()j Zsym
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tation (but not symmetric), while ‘sym’ means that the corresponding sphere is a symmetric
space (and similarly for the metrics). The space M,;. = (SUz x SU; x SU,)/(U; x Uy)
is diffeomorphic to S? x S x 83 and is a circle bundle over the six-dimensional product
of spheres S? x 82 x S2. According to [R10], it admits a homogeneous G,-structure if and
only if a,b,c € {—1,1} and one can assume without loss of generality that a =b =c = 1.
Details about the number of invariant Einstein metrics on M, ., which depends on the
parameters (a, b, c), are described in [NO4]. Note that for a =b =1 and ¢ =0 this fam-
ily induces the product (SO4;/SO,) x (SU,/U;) = V4, x S% The Berger sphere B’ and
the 7-spheres Spin,/G, or (Sp, x Sp,)/(Sp; x ASp,;) admit a unique invariant proper
weak Gj-structure, see [Br87, FKMS97, B93] and a unique invariant Einstein metric. In
fact, this structure on the squashed sphere (Sp, x Sp,)/(Sp, x ASp,) is also invariant un-
der the Lie group Sp, x U;. Consider now that the Allof~Wallach spaces Wy, = SU3/ U’,"l,
where Ut = diag(7, 28, 7/*%) € Uy € SU; with z € S' = Z(Us), and k, £ are integers such
that k > 1, I > 1, ged(k,l) = 1. The 2-parameter family W, admits (up to homothety) two
SUs-invariant weak Gs-structures and two invariant Einstein metrics, see [CR84, CRW§4,
FKMS97, NO4]. For the special case of W (i.e. k- I = 0), these Einstein metrics are iso-
metric each other, in particular the weak Gj-structures on W coincide. By [BG94] it is
also known that the exceptional Allof-Wallach space W;; = (SU;z x SU,)/(SU5 x Uy ) and
the 7-sphere S’ = Sp,/Sp, exhaust all compact homogenous 3-Sasakian spaces in dimension
seven. Note that a 7-dimensional 3-Sasakian manifold admits a second weak G,-structure
which is proper, with the corresponding Einstein metric to be a member of the canonical vari-
ation of the invariant 3-Sasakian Einstein metric, see [FKMS97]. Recall also that the Stiefel
manifold Vs3 = SOs/SOY is an Einstein—Sasakian manifold and the unique SU,-invariant

Einstein metric on the sphere Sz,ﬁ +r =SUq4 /SUsj is the standard one, gy, see [In73]. Finally,
the homogeneous spaces Q] = (SU3/SO3) x T? and Q3 = (SU3/SO3) x S? are products of
the symmetric space SU3/SO; with the 2-torus T2 and the 2-sphere S? respectively. The
coset SU3/SO;3 belongs to the family SU,/SO,, which according to [CG88] is spin only for
n = even. Consequently, neither Q] nor Q] is spin or admits a G,-structure (see proposition
3.1). The difference between Q] and Qj is that Q! is neither simply-connected nor Einstein,
in contrast to @5, which is a symmetric space and satisfies both these properties (it admits a
unique invariant Einstein metric given by the product of the Killing metrics).

Table 2 implies the following classification theorem.

Theorem 4.5. A 7-dimensional compact connected almost effective homogeneous mani-
fold M’ = G/H of a compact Lie group G, is diffeomorphic either to the flat tours T" or to a
homogeneous manifold of the following list (up to covering)

7 _ SOg _ SUs _ SO; _ Sp 3 4 2 3 T2
> _ﬁ_uﬁ_s?;s_sip? ST ep xS VarxT
_ SpxUi _ SpyxSp 4. T3 1375 5% gl
= SPIZXAGI = S XASH: S*xT CP xT Gry (R )x? o
S? x 8% x §2xS! S° x T? CP2xT? Mape = ST355
S? x §3 x St S% x 2 CP*xS! B’ = S0O5/SO}
S* x §2xS! S? x S* FioxS! Vsa = T1S? = SOs /SO
$* x 82 x §? 6 x s! Wi = i Nap = S
z N N SU; xSU
S3><SZ§T2 Q?:ﬁf"p QZZST)?XSZ W, = SU3§>§<U|2
S% x S2XT? CP? x $2xS.
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Notice that several manifolds in this list admit several presentations as homogeneous spaces,
eg. §3,85.87, CP3, CP3XS!, §° x S2, V4, XT% S x S* x S! and other (for details see ta-
ble 2).

4.3. (4,7)-decomposable homogeneous supergravity backgrounds of Type llla

The classification of compact simply-connected homogeneous weak G,-manifolds [FKMS97]
and that of homogeneous Lorentzian Einstein 4-manifolds [KO1, FeR06], together with theo-
rem 3.4 yield a large list of (4,7)-decomposable homogeneous supergravity backgrounds of
type Illcv. Recall that a G,-manifold (M7, w) is called homogeneous if there is a transitive Lie

group G which leaves w invariant. A classical result of Dynkin states that the Lie algebras

s0], 5054’3) = 51 + su§ and su3 exhaust (up to conjugation) all maximal subalgebras of g,.

Hence, a homogeneous manifold M’ = G/H admits an invariant G,-structure ¢ if and only if
M’ = Spin, /G, or . (h) belongs to one of the subalgebras 50%, 5054’3) and susz. Following
the papers [LM12, R10] and [FKMS97] in table 2 we also indicate which of the compact
almost effective homogeneous 7-manifolds M’ = G/H admit an invariant G,-structure and an
invariant weak G,-structure. To track this information we use the notations ‘Gizn"’ and ‘aniZ""’,
respectively. For convenience, in the last column we also include the number &, of non-
isometric invariant Einstein metrics, see remark 4.4. By ‘X’ we mean that the corresponding
coset does not admit some of the aforementioned invariant objects.

4.4. Non existence of invariant Go-structures and invariant G3-structures

Let us describe now all compact almost effective homogeneous spaces M’ = G/H which admit
no G-invariant G,-structure and moreover no G,-structure. This task is based on our classifica-
tion theorem 4.5, the column ‘G}™” of table 2 and proposition 3.1. We conclude the following

Theorem 4.6.

(1) Let M” = G/H be a compact connected almost effective homogeneous 7-manifold of a
compact Lie group G. The manifold M” admits no G-invariant Gy-structure (or equiva-
lently, no G-invariant spin structure) if and only if it is diffeomorphic (up to covering) to
one of the following cosets:

spin non-spin

S3 X S4 = (SU2 X SUQ/ASUz) X (SO5/SO4) (CPZ X 83 = (SU3/U2) X SU2
S* x T3 = (S05/S04) x T? CP>XT? = (SU;3/Uyp) XT3
S? x $2 x 82 x S! = (SU,/Uy)? x S! Q] = (SU3/S0;) x T?

S% x $° = (S03/S0,) x (SOs/SOs) 0} = (SU3/S0;) x S?
CP'XT® = (SU,/U;)xXT° Gry (R%)xS!

S? x S2XT? = (SU, x SU,/U; x Up)xT? CP? x $2xS!

S? x §2XT? = (SU, x SU,/ASU,) x (SU,/U; ) xT?

S* x §2xS! = (S05/S04) x (S03/S0,)xS!

CP? x S' = (SU,/U;) xS!

S7 = S0g/SO;

(2) Manifolds from the left column admit a Gy-structure which is not invariant, or in other
words, admit a generic 3-form which is not invariant. Inside the class of compact con-
nected almost effective homogeneous 7-manifolds M’ = G/H only the manifolds from the
right column doest not admit a G,-structure.
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Theorem 4.6 gives rise to the following natural questions for further research.

Question 1. What is the explicit form of the non-invariant spin structure, or equivalent,
non-invariant G,-structure assigned in theorem 4.67

Question 2. What is the symmetry group corresponding to such a structure?

These type of questions are in general difficult. To our knowledge, they have been exam-
ined for example in [LO6] for the coset S* x S* and for G3-structures. Below we also describe
our conclusions for non-existence of G3-structures. But firstly, let us analyse some example
and enlighten the details of theorem 4.6.

Example 4.7 The space S° x S* is a spin manifold and by proposition 3.1, also a
G,-manifold. However, this G,-structure is not invariant with respect to G = SOs x SUy,
where we identify S* x §* 2 SU, x (SOs/SOy). Indeed, a spin structure on a seven-dimen-
sional oriented connected homogeneous Riemannian manifold (M’ = G/H,g) with a reductive
decomposition g = h + m is invariant if the isotropy representation y : H — SO(m) lifts to
Spin(m) 2 Spin,, i.e. there exists a homomorphism ¥ : H — Spin(m) which makes the fol-
lowing diagram commutative

Spin7

P

K —*-80,.

Here, Ad : Spin; — SO7 is the double covering. Conversely, if G is simply-connected and
(M" = G/H.,g) has a spin structure, then  lifts to Spin(m), i.e. the spin structure is G-invariant
(see [CGTI3, thmeorem 1, p 146]). Hence in this case there is a bijective correspondence
between the set of spin structures on (M’ = G/H.,g) and the set of lifts of x onto Spin(m). If
in addition M = G/K is simply-connected and such a lift exists, then it will be unique. For the
product S* x §* = SU, x (SO5/S04) the full isometry group G = SOs x SUj is not simply-
connected, so the spin structure which admits S* x S$* does not lift to a G-invariant spin struc-
ture, or in other words the corresponding G,-structure is not G-invariant. All the spaces in
theorem 4.6 which are spin can be justified in a similar way.

Results about G;-structures. Recall that in a line with a G,-structure, a compact manifold
M’ admits a Gj-structure if and only if M’ is orientable and spin, see [LO7, main theorem]. On
the other hand, recall that SOy is the unique maximal compact subgroup of G, but also a max-
imal subgroup G,. Therefore, in the homogeneous setting we see that a G-invariant G3-struc-
ture on a compact homogeneous space M’ = G/H induces also a G-invariant G, structure.
However, the converse is not always true, since given a compact connected coset M’ = G/H
with isotopy group x(H) C Gy, then we may have x(H) ¢ Gj. In fact, this is the case for the
invariant G,-structures on the cosets

B7 SOS Spin7 SU4 G2

— 2= , —, — xS
sof' Gy, ' SUy SU; @D

In [LO6] one obtains the non-existence of invariant G;-structures on the product S3 x S*. Next
we classify all compact almost effective homogeneous spaces M’ = G/H which can be char-
acterised by the same non-existence.
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Corollary 4.8.

(1) A seven-dimensional compact connected almost effective homogenous manifold
(M’ =G/H,g) of a connected compact Lie group G which admits no G-invariant
G3-structure is diffeomorphic (up to covering) to one of the cosets given in theorem 4.6,
(1), or one of the cosets given in (4.1).

(2) Inside the class of compact connected almost effective homogeneous 7-manifolds
M’ =G/H only the manifolds CP* x S*, CP*XT>, Gry(R%)xS!, CP? x $?%S! and
Q1, 0} do not admit a G3-structure.

5. Some solutions of the Maxwell equation for non generic 3-forms

Next we present examples of compact homogeneous Riemannian manifolds (M’ = G/H,g)
which admit non-generic invariant special 3-forms, that means 3-forms ¢ which satisfy the
Maxwell equation d¢ = f x7 ¢ and are of type III3.

5.1. Solutions of Type IlI3 for the Maxwell equation on M7 = CP? x s

The simply-connected homogeneous manifold M’ = CP* x $* = (SU3/U,) x SU, has no
spin structure. Hence there are not exist generic 3-forms. However, here we will show that it
is endowed with invariant (non-generic) special 3-forms.

The Lie algebra g = suz + su, admits the reductive decomposition

g=bh+m bh=1w, m=m +m =R+ su,.

The tangent space at the identity of M’ coincides with m. Dually, we have g* = m} + m} + h*
where we identify m* = mj + mj with the cotangent space at the identity. One can choose
a basis adapted to this decomposition such that m} = span(a');—;. 4, m5 = {8 }i=1. 3
h* = {y'}i=1.._4.NotethatAnn(m;) = m3 + h*, Ann(my) = m} + h*andAnn(h) = m} + m3.
The structure equations then read
da' = —a? Ay =P A (371 —'yz) —a*aqt, Ay =—al AP —a? Aat,
do? = a' A4? —(13/\74—a1 A (371 —0—’yz) , dy¥=a'nad —aPnat =243 AN,
do’ =a' A (3’y1 —”yz) +a2 Ayt —at AN, &P
do* =o' Ay* + a2 A (371 +’72) —PAy, A =—alrat—aP AP =242 A3,
' = —p2 NG, dFP=-p A, 4Bt =B AP
Any Us-invariant metric on M’ has the form g = g4 + g3 where g4 = a Z?:l o' ® o is pro-
portional to the Fubini—Study metric and g3 is any Euclidean metric on su3. Without loss
of generality, we may assume that g3 = Z?:l ¢; 8 ® A, for some positive constants c; (see
[M76]). Denote by voly = a? - (o' A a? A o3 A a*) the volume form induced from g4 on CP?
and by vol; = /c1cac3 - (B' A B2 A B?) the volume form on S* induced from gs. Then, the
metric-compatible volume form is given by vol; = vols A vols.
Now, the most general Us-invariant 3-form on M’ is given by
¢=wABO+b-vols, (5.1

where w = a - (a' A a® 4+ o A o*) is the Kihler form on CP?, 6 is an arbitrary SU,-invariant
1-form on S* and b a constant. It is strai ghtforward to check that w is anti-self-dual, i.e. 4w = —w.
In particular, we have *7¢p = —w A %36 + b - voly. Computing the exterior derivatives, we find

:—al/\az—a3/\a4—2'y4/\'y2,
4
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d*7(i)=—(.d/\d*30, d¢ZWAd0
From the structure equations we also see that any 2-form on SUj is closed and thus 6 must
be co-closed, i.e. d x3 # = 0. Hence, the equation d x; ¢ = 0 is always satisfied. Now, the
Maxwell equation d¢ = f %7 ¢ reads as w Adf =f - (—w A %30 + b - voly). Matching each
side of the equation yields the following conditions: dd = —f %3 # and f - b - voly = 0.Taking
the components of the first of these equations leads to

(—,/C—‘ +f> 0 =0, (—,/6—2 +f) 02 =0, (—,/6—3 +f) 03 = 0.
C2C3 Cc3C CciCy
(5.2)
Thus, there are two non-trivial cases to examine:

e If f =0, then we automatically get df = 0, which implies § = 0 by the last system of
equations. Thus, (5.1) reduces to ¢ = b - vols.
e If f # 0, then we obtain b = 0 so that (5.1) reducesto ¢ = w A 6.

Proposition 5.1.  The only invariant solutions of the Maxwell equation on M’ = CP* x §*
are the following:

o if f=0,¢=>b-vols, b = const,

o if f #0, ¢ = w A0 where w is the Kéihler form of CP* and the components of the 1-form
0 and of the metric are subject to (5.2).

In both cases, one can check that these special 3-forms do not satisfy the supergravity
Einstein equation with respect to the metric g, hence M’ does not provide us with a special
gravitational 7-manifold.

5.2. Solutions of Type 1113 for the Maxwell equation on the Lie group G = ST

We choose a left invariant metric g on G such that the decomposition g = su, + t is orthogo-
nal, where we indentify the tangent space of S* = SU, with the Lie algebra su, and similarly
for the 4-torus T#, i.e. t = TeT4. Then we may choose and orthogonal basis w, of 1-forms on
suy such that dw® = w? A w?, where (o, 3,7) is a cyclic permutation of (1,2,3), and more-
over an orthonormal basis p;, i = 1,2, 3,4 of t such that dp; = 0. Set

pa P q
A\ = Asw) A A\ @)
Then d A" < A”T" and % A”? ¢ A*77*7%. This show that any solution of Maxwell
equation belongs to A"* = suf A A*(t*). Now, the space A*(t*) = AT+ A~ is the direct
sum of self-dual forms /\+ and anti-self-dual forms A, which are the + eigenspaces of the
Hodge operator x4. Set ¢ =w Ao € /\1’2, where w is a left-invariant 1-form on SU, and
o € N*() is a left-invariant 2-form on the torus T*. Then we get
dp =dw Ao, *1p=%w A*40.
Now, we may assume that g(w®, w?) = (A%) 7255, In this case it is easy to see that @~ = A%w

is an orthonormal basis and moreover

NI\

*3w® = WP AW
Therefore, ¢ = w® A o satisfies the Maxwell equation if and only if
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x40 =40, and NN\ = £\

This implies that A* = £1. More precisely, (A}, A2, A\}) = (£1,41,41). Note that if o is
self-dual the number of units in this triple must be odd and if o is an anti-self-dual the corre-
sponding number is even. For example, assume that A* = 1, a = 1,2, 3. Then, any self-dual

2 form o € /\+ defines a solution of Type 1113 for the Maxwell, given by ¢ = w A o, where
w is any unit 1-form in suj.
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