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4.1 Introduction and motivation of the research

Precision with which we are able to measure basic physical quantities such as time, mass,
length etc., determines the range of physical phenomena which may in principle be put under
scienti�c investigation. It also de�nes our abilities to test basic physical theories and may
be critical in realizing ambitious technological projects. Among some of the most spectac-
ular examples are spectroscopic measurements enabling tests of quantum electrodynamics
predictions up to 12 signi�cant digits, gravitational wave detectors capable of detecting
gravitational waves with amplitudes below the size of the proton or the GPS system which
operation is crucially dependent on precise atomic clocks that require calibration of only
10ns per day.

All measurements involve a certain degree of uncertainty, which may be due to the
dynamics of the measured system, noise resulting from the interaction with the environment
or imperfection of the measuring devices themselves. In the classical physics framework,
none of these contributions to the �nal uncertainty has a fundamental character, and could
in principle be decreased to an arbitrary low level. This is, however, an illusion that arise
when neglecting the fundamental quantum nature of physical systems. In the most precise
measurements, when �classical� sources of noise (technical noise etc.) are negligible, quantum
e�ects become the dominant contribution to the overall measurement uncertainty. In optical
measurements, the quantized nature of light leads to the so called shot noise in intensity
measurements, which is ultimately linked with the probabilistic behavior of a single photon
in the detection process. Similarly, in atomic clock calibration, discrete structure of energy
levels manifest itself in probabilistic nature of the detection process�projection noise�when
the number of excited atoms is to be determined in order to obtain a feedback information
necessary for clock calibration.

It is possible to reduce the impact of the shot or projection noise by increasing the
light power, or the number of atoms involved. This can be intuitively understood, taking a
simpli�ed (though usually adequate) approach were in typical experiments photons or atoms
evolve independently of each other. Consequently, an experiment involving n photons or
atoms may be regarded as n independent single particle experiments. In this case, according
to basic laws of statistics, parameter estimation uncertainty will decrease in general as 1/

√
n,

analogously as when estimating the mean of a random variable based on its n independent
realizations. Precision bound of the 1/

√
n form is usually referred in the literature as the

Standard Quantum Limit (SQL).
The SQL limit, however, does not have a fundamental character, since it is a consequence

of the assumption of independent behavior of quantum systems (atoms, photons) in the
measurement process. Under the same resource constraints (the same n), it is in principle
possible to obtain better precision when preparing quantum systems in an appropriately
correlated (entangled) state. In this more general approach it is in theory possible to reach
the precision scaling of 1/n, which is referred to as the Heisenberg limit (HL). Taking into
account large numbers n in typical metrological setups, employing entangled states could
lead to a qualitative (quadratic) improvement in precision, and result in an unimaginable
progress in the whole �eld of metrology [27].

For practical implementation of these ideas, it is, however, necessary to consider more
realistic models that take into account omnipresent e�ects of quantum decoherence, such



as e.g. photon loss, spontaneous emission or �uctuations of external electromagnetic �elds.
Entangled states that are optimal when analyzing idealized models are typically extremely
fragile under even very modest levels of decoherence. Because of that, it is crucial for the
whole �eld of quantum metrology to derive fundamental bounds for precision in entangled
based protocols in realistic models that take into account decoherence. In particular, one
of the most important questions is whether the quadratic gain achievable in idealized sce-
narios thanks to the use of entangled states is present also in models taking into account
decoherence.

The cycle of publications which is the core of this habilitation application provides de-
tailed answers to the above questions. It has been demonstrated that even an in�nitesimally
small level of decoherence makes it impossible to achieve the quadratic gain in precision in
the asymptotic limit (large n) and the use of entangled states allows asymptotically only for
a constant factor improvement in precision. Moreover, mathematical tools have been devel-
oped that enable e�ective calculation of this factor and as a result obtain quantitative bounds
on maximal precision enhancement achievable with the help of entangled states. Knowledge
of such bounds is crucial for a fair assessment of the usefulness of entangled states in partic-
ular implementations of metrological protocols and shed light on the prospects of the whole
�eld of quantum metrology. It also enables one to judge how closely the present day im-
plementation of quantum metrological protocols approach the fundamental limits, and what
is the space for further improvement possible thanks to the use of e.g. more sophisticated
entangled states.

4.2 Idealized quantum interferometry

One of the basic measurement techniques in metrology in interferometry. Optical inter-
ferometers such as: Michelson interferometer, Mach-Zehnder interferometer, Fabry-Perot
interferometer and others, allow for an extremely precise measurements of distances be-
tween optical elements that constitute the interferometers, and are commonly employed in
engineering, basic science as well as for the calibration of other measurement devices. The
essence of the quantum enhancement problem in interferometry is easiest to analyze with an
example of the Mach-Zehnder interferometer.

In the standard con�guration, one input port is fed with a �classical� state of light,
mathematically described as a coherent state with amplitude α. After propagating through
the interferometer: splitting on a balanced beam-splitter, propagation through the inter-
ferometer arms with relative phase delay φ and �nally interfering on the second balanced
beam splitter, the amplitudes at the two output ports read respectively: α1 = α sin(φ/2),
α2 = α cos(φ/2) (Figure 1a). Average number of photons registered at the output detectors
read respectively n̄1 = |α1|2 = n̄ sin2(φ/2), n̄2 = |α2|2 = n̄ cos2(φ/2), where n̄ = |α|2 is
the average input number of photons. In order to estimate phase φ based on the photon
numbers registered by the two detectors n1, n2, one needs to specify a function φ̃(n1, n2)
called the estimator. A natural choice for an estimator (which is apparently optimal in this

case) is φ̃(n1, n2) = arccos
(
n2−n1

n2+n1

)
. Due to Poissonian �uctuations of the number of photons

registered, characteristic for classical sources of light, the value of the estimated phase will
also �uctuate from shot to shot. This results in the already mentioned phase estimation
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Figure 1: a) Standard con�guration of the Mach-Zehnder interferometer with a coherent
state sent into one of the input ports. b) General scheme of phase delay estimation with
arbitrary input state |ψ⟩ and with the most general quantum measurement Πr.

uncertainty
∆φ = 1/

√
n̄ (1)

referred to as the shot noise or the SQL.
When thinking of employing non-classical states of light in order to improve the precision

one might hit upon the idea to replace the input coherent state with a state of light with
de�nite photon number n (a Fock states). In this case the joined probability distribution
p(n1, n2) for the number of photons detected will become a binomial rather than a Poissonian
distribution. Nevertheless, in this case the behavior of estimation precision as function of
number of photons used is exactly the same as for the coherent states, ∆φ = 1/

√
n, which

simply stems from the fact that e�ectively one can still regard the process in a way that
each photon �interferes only with itself� and we basically deal with n independent single
photon experiments. Only the use of more general input states of light, e.g. photons sent
into both input ports simultaneously, may o�er a chance of exploiting quantum correlations
(entanglement) in order to enhance the precision.

Looking for the optimal estimation strategy, it is convenient to consider a setup, in which
a general n photon two-mode state of light

|ψ⟩ =
n∑
k=0

ck|k, n− k⟩, (2)

senses phase delay φ, and is subsequently measured using a general quantum measurement
Πr, yielding measurement result r (Figure 1b)1. Probability of getting a result r depends on
φ and is given by p(r|φ) = Tr(|ψφ⟩⟨ψφ|Πr), where |ψφ⟩ =

∑n
k=0 cke

ikφ|k, n − k⟩ is the �nal
state of light after experiencing the phase shift φ.

Finding the optimal states of light, i.e. optimal amplitudes ck, optimal measurements
and estimators, which allow for the maximal quantum enhancement as compared with the
SQL, is one of the fundamental problems of theoretical quantum metrology. Solution to this
problem provides an information on maximally precision enhancement allowed within the
quantum mechanics framework, at therefore leads to the fundamental quantum precision
bound.

1Mathematically, a general quantum measurements i described with a set of positive semi-de�nite oper-

ators Πr ≥ 0, such that
∑

r Πr = 11



Useful bounds may be derived using the Craméra-Rao inequality[28, 29], which states that
irrespectively of the choice of a measurement and an estimator (assuming it is unbiased),
having at ones disposal a φ dependent quantum state ρφ (we assume the most general case
of a mixed state), it is not possible to obtain better estimation precision than:

∆φ ≥ 1√
F (ρφ)

, (3)

where F (ρφ) is the so called Quantum Fisher Information (QFI). In the case of ideal inter-
ferometer, considered above, ρφ = |ψφ⟩⟨ψφ| is a pure state which makes the explicit formula
for the QFI relatively simple:

F (|ψφ⟩) = 4
(
⟨ψ̇φ|ψ̇φ⟩ − |⟨ψ̇φ|ψφ⟩|2

)
, (4)

where |ψ̇φ⟩ = d|ψφ⟩
dφ

and leads to an equality F (|ψφ⟩) = 4∆2n̂1, where ∆2n̂1 is the variance
of the number of photons traveling in the upper arm of the interferometer. In the above
approach, the quest for �nding the optimal state amounts to �nding a state that maximizes
the above variance. Such states are called the n00n [30] states, because of their simple
structure:

|ψφ⟩ =
1√
2
(|n, 0⟩+ |0, n⟩) , (5)

and the corresponding QFI, F (|ψφ⟩) = n2, leads to the Craméra-Rao inequality:

∆φ ≥ 1/n, (6)

which at least in principle gives hope for reaching the Heisenberg limit (HL).

4.3 Summary of the key results

From the point of view of practical interferometry, the above considerations are not satis-
factory for many reasons. The cycle of publication, which is the basis of the habilitation
application, is a reaction to these oversimpli�ed considerations.

The basic drawback of the analysis presented in Sec.4.2 is the fact that e�ects of deco-
herence, present in all experimental implementations, are not taken into account. In the
case of optical implementations, the main factor limiting the potential of non-classical states
of light, such as e.g. the n00n states, is the photon loss. This problem has been analyzed
systematically for the �rst time employing the concept of the QFI in [8, 9]. Estimation
strategies based on multiple-passes of light through the phase delaying sample have been
analyzed in [6], and their e�ciency has been compared with the optimal ones. Moreover,
an experimental realization of the optimal phase estimation in the presence of loss has been
reported in [5]. Results obtained, as well as the discussion of perspectives for the future
development of the �eld of quantum enhanced metrology have been published in a short
review article [7]. The above papers are discussed in detail in Sec. 4.4.

Analysis of achievable precision based solely on the concept of QFI may be insu�cient in
many situations. While the Craméra-Rao inequality is satis�ed for all unbiased estimators it
is not obvious that it can always be saturated. Moreover, QFI is a tool allowing for a precise



judgement of sensitivity of only the so-called local parameter estimation problems, where
it assumed that the value of the estimated parameter �uctuates relatively weakly around
a known value φ0. In some situations, it is therefore more practical to use an alternative
Bayesian approach to estimation, where one explicitly assumes certain a priori probability
distribution of φ and subsequently minimizes the average estimation cost. The Bayesian
approach does not su�er from saturability issues nor it requires the assumptions of locality
which is not always justi�ed. This approach applied to the problem of phase estimation in
the presence of loss and the �at a priori distribution, has been proposed and solved for the
�rst time in [4]. Moreover, in [3] the solution to a more general problem where the a priori
distribution is arbitrary has been derived. Results obtained in the Bayesian approach to
estimation are presented in detail in Sec. 4.5.

Research on the role of decoherence on the achievable precision in quantum metrology
has been culminated in [1], where general tools have been developed which allow for a
direct and computationally e�cient derivation of useful bounds on precision for general
decoherence models. In this way it has also been proven that generically even in�nitesimally
small amount of noise makes the Heisenberg scaling, characteristic for idealized models,
unachievable asymptotically. Results are presented in Sec. 4.6.

Apart from the single parameter estimation problems, which were addressed by the above
mentioned publications, two models of multi-parameter estimation have also been analyzed.
In [2] a general approach to optical quantum interferometry has been presented taking into
account the role of an additionally phase reference beam, which led e�ectively to a two-
parameter estimation problem. In [10] the concept of Fisher matrix has been employed
to �nd n-qubit states optimal from the point of view of estimation of the rotation group
elements, being an example of a three-parameter estimation problem. Results obtained for
multi-parameter models are presented in Sec. 4.7.

4.4 Optimal local phase estimation in the presence of loss

Idealized analysis presented in Sec. 4.2 has been generalized in [8, 9] to cover the case
of the optical interferometer with loss. A general model, presented in Fig. 1b, has been
considered where loss was taken into account by inserting additional virtual beam-splitters
of transmissivities η1, η2 in the two arms of the interferometer respectively. Due to loss, the
output state if light ρφ is mixed and it is no longer possible to use the simple formula for
QFI, Eq. (4), valid in the pure state case. The output state reads explicitly:

ρφ = Λφ(|ψ⟩⟨ψ|) = UφΛ(|ψ⟩⟨ψ|)U †
φ, (7)

where Uφ represents the unitary evolution resulting solely from the relative phase delay in the
interferometer, while Λ is a non-unitary operation describing the loss process (decoherence).
Moreover, as shown in [8, 9], the order in which the loss and the phase delay transformation
are placed does not in�uence the form of the �nal state. In order to perform rigorous
calculations, it is necessary to use a general formula for the QFI, which involves computing
the so called symmetric logarithmic derivative. This in general requires performing the
diagonalization of ρφ, which makes analytical search for the optimal state as well as the
numerical optimization for large number of photons n impossible. In [9] it has been shown,



however, that in the case of single-arm losses η1 = η, η2 = 1, the formula for the QFI
simpli�es to the following weighted average:

F (ρφ) =
n∑
l=0

plF (|ψ(l)
φ ⟩), (8)

where pl is the probability of a loss of l photons while |ψ(l)
φ ⟩ is the pure state conditioned on

the loss of l photons. Thanks to the above explicit form it was possible to perform numerical
optimization over ck parameters for a general input n photon states, Eq. (2), for n < 80,
and as a result a numerical bound on the maximal achievable precision as a function of loss
parameter η has been found. Moreover, it has been proven that the optimization amounts to
a maximization of a concave function over a convex set, and as such guarantees that any local
maximum will be the global one. In the case when losses are present in both arms, analogous
procedure does not lead to a strick equality as before. Nevertheless, it still provides a useful
upper bound on the QFI in the form:

F (ρφ) ≤
n∑

l1=0

n−l1∑
l2=0

pl1,l2F (|ψ(l1,l2)
φ ⟩), (9)

where pl1,l2 is the probability of loosing l1 photons in the upper and l2 photons in the

lower arm, whereas |ψ(l1,l2)
φ ⟩ is the corresponding conditional state of light. Analysis of the

upper bound is su�cient in order to draw conclusions regarding the bounds on the maximal
achievable precision. Moreover, it was shown numerically [9] that the above approximation
was actually very precise and did not result in appreciable deviations from the QFI calculated
rigorously. Further analysis and optimization of the above quantities over input states led
to �rst numerical results suggesting that in the presence of loss the Heisenberg limit is
not achievable and the asymptotic scaling of precision is most likely to have a classical,
1/
√
n, character. Additionally, the structure of optimal states has been analyzed in [8] and

suboptimality of the strategies based on the use of n00n states has been demonstrated. It
has also been proven that neither distinguishability of photons nor investigates states of light
with inde�nite photon number would lead to an increase in estimation precision and as such
are not relevant from the point of view of looking for the fundamental bounds.

In [6] the above results have been generalized in the model were the possibility of mul-
tiple passes of light through the phase delaying element has been taken into account. Opti-
mal quantum strategies with �xed photon number n have been compared with one-photon
multiple-pass strategies in the presence of loss. It has been proven that non-classical states
of light are indispensable to reach the optimal precision enhancement and it is not possi-
ble to replace them with multiple-pass strategies employing single-photon or classical light
sources. The analysis has been carried out both under the assumption that multiple passes
are treated as a resource (included in n), and in the case were they are not included in the
total resources consumed.

Theoretical analysis of the optimal local phase estimation strategies has been accompa-
nied by an experimental work were the optimal phase estimation strategy in the presence
of loss based on the use of two-photon states has been implemented [5]. Advantage of the



optimal two-photon states, found using the tools from [8, 9], both over the classical strate-
gies and the quantum strategies based on the use of the n00n states has been demonstrated.
A detailed statistical analysis of the obtained results has been carried out and it has been
proven that the precisions achieved agree with the fundamental theoretical bounds calcu-
lated for the model with relevant experimental parameters such as loss and interferometer
visibility taken into account.

In [7], which is a Comment written for the Nature Photonics journal, recent achieve-
ments both in theoretical and experimental quantum metrology have been revised, with a
special focus on optical interferometry and atomic spectroscopy. The role of appropriate
quanti�cation of the resources that are used to compare classical and quantum strategies
has been highlighted. In particular, it has been pointed out, that the most of the so called
proof-of-principle experiments based on post-selection which are supposed to demonstrate
the quantum precision enhancement, are not capable of proving unambiguously the practical
usefulness of the quantum estimation protocols implemented.

4.5 Bayesian phase estimation in the presence of loss

An alternative approach to quantum phase estimation which is not based on the QFI is the
Bayesian approach. Let p(φ) be a probability distribution describing a priori knowledge on
the value of phase φ before any measurements haven taken place�in particular p(φ) = 1/2π
represents complete ignorance on the value of φ. Assume that a measurement Πr is performed
on the output state ρφ = Λφ(|ψ⟩⟨ψ|), being the �nal result of the φ-dependent evolution,
yielding result r. Based on the result, a phase is estimated according to the estimator
function φ̃(r) which leads to an average estimation cost given by

C̄ =

2π∫
0

dφp(φ)Tr(ρφΠr)C(φ, φ̃(r)), (10)

where C(φ, φ̃) is a cost function. Looking for the optimal Bayesian strategies amounts to
determining the optimal measurements Πr, estimators φ̃(r) and input states |ψ⟩ (ck coe�-
cients in Eq. (2)) which minimize the above formula. In general, this is an extremely complex
mathematical problem and it is not possible to arrive at an analytical solution.

Problem of Bayesian phase estimation in the presence of loss and in the absence of a priori
knowledge, p(φ) = 1/2π, has been addressed in [4], where a natural cost function C(φ, φ̃) =
4 sin2[(φ− φ̃)/2] has been chosen�a simple cost function which for small deviations φ− φ̃
approximates the variance, but at the same time respects the periodic nature of the estimated
parameter. It has been proven that analogously to the lossless case [31], the search for the
optimal measurement and estimator may be restricted, without loss of optimality, to the
so called covariant measurements [32], i.e. sets of measurements operators Πφ̃, such that∫

dφ̃
2π
Πφ̃ = 11, Πφ̃ = Uφ̃Π0U

†
φ̃, where Π0 is �xed positive semi-de�nite operator. Moreover, the

optimal operator Π0 has been derived and reads explicitly:

Πopt
0 =

n⊕
n′=0

|en′⟩⟨en′|, |en′⟩ =
n′∑
k=0

|k, n′ − k⟩, (11)



where the direct sum is carried our over sectors representing di�erent total number of sur-
viving photons. This allowed the authors to derive a formula for the minimal achievable
estimation cost:

C̄min = 2− λmax, (12)

where λmax is the largest eigenvalue of an n+ 1× n+ 1 matrix A, which non-zero elements
read:

Ak−1,k = Ak,k−1 =

k,n−k∑
l1,l2=0

βl1,l2k βl1,l2k−1 . (13)

and

βl1,l2k =
√
Bk
l1
(η1)B

n−k
l2

(η2), B
n
l (η) =

(
k

l

)
(1− η)lηn−l, (14)

with η1, η2 being the e�ective light transmission coe�cients in the two arms of the inter-
ferometer respectively. Making use of the above tools, the optimal states and the optimal
precision have been numerically calculated for up to n = 100 photons.

The most signi�cant result of the paper, however, was the derivation of analytical bounds
on precision based on the algebraic properties of the matrix A, the �rst of this kind in the
literature. In the case of one-arm losses (η1 = η, η2 = 1) and equal losses in both arms
(η1 = η2 = η) the derived analytical bounds read respectively:

∆φ ≥
√

1− η

4ηn
, ∆φ ≥

√
1− η

ηn
. (15)

Hence, the results of [4] provided for the �rst time an analytical argument for the claim
that the presence of decoherence implies the 1/

√
n asymptotic scaling of precision, and that

the quantum enhancement amounts to a constant factor improvement rather than a better
scaling exponent. The results obtained are illustrated in Fig 2. It should be pointed out
that the paper was cited 19 times in less than a 3 year period.

The Bayesian approach to metrology has been developed further in [3], where the problem
of Bayesian phase estimation with the cost function C(φ, φ̃) = 4 sin2[(φ−φ̃)/2] and arbitrary
a priori knowledge has been addressed. Making use of the tools typically applied to the
problem of separability of quantum states�positive partial transposition method�it has
been proven that the optimal estimation precision is given by the following expression:

∆φ = 2
√(

1
2
− ∥R∥1

)
, (16)

where ∥ · ∥1 denotes the trace norm of a matrix, while matrix R reads explicitly

R =
1

2

∫ π

−π
dφp(φ)eiφρφ, (17)

where ρφ is the �nal state on which the measurement is being performed in order to estimate
the parameter φ.

Moreover, it has been shown that the optimal estimation strategy may be realized by
performing a standard von-Neumana measurement in the eigenbasis of U = VRU

†
R operator,



Figure 2: Log-log plot of the minimal estimation uncertainty as a function of the number of
photons used for equal losses in both arms: η = 1 (solid line), η = 0.8 (dashed line), η = 0.6
(dotted line). White region in the middle corresponds to 1/n < ∆φ < 1/

√
n. Gray lines

depict analytical asymptotic bounds for η = 0.8, η = 0.6. The inset provides an insight into
the structure of the optimal states for n = 100 and for the three levels of loss respectively.

where VR, UR are unitary matrices entering the singular value decomposition of the R matrix
R = URΛRV

†
R, whereas the phases corresponding to the eigenvalues of U are in fact the

optimal estimator values. Additionally, an iterative numerical method has been proposed
that allows for an e�cient derivation of the optimal states, measurements and estimators.

The above tools have been employed in order to study the unexplored intermediate es-
timation regime interpolating between the results obtained using the QFI and Bayesian
methods making use of the symmetry arising due to the assumption of a �at a priori distri-
bution. Precision gains relative to the a priori knowledge have been studied and the regime of
su�ciently narrow a priori distributions has been identi�ed such that the optimal estimation
strategies were analogous to the ones obtained in the QFI approach.

4.6 E�cient methods for deriving bounds on estimation precision
in single parameter estimation for general decoherence models.

The above presented numerical and analytical results, leading to an observation of the key
impact of decoherence on the asymptotic scaling of precision, were restricted to a single
class of models dealing with loss as the only decoherence source. The main goal of [1] was to
formulate a general approach to the problem of �nding the bounds on the optimal estimation
precision achievable in quantum metrology in presence of decoherence, without restricting
the considerations to a concrete decoherence model. Two e�cient methods for �nding the
bounds have been proposed: one based on the mathematical idea of the classical simulation
(CS) of a channel [33] and the other based on the ides of channel extension (CE) [34].
Both methods are applicable for models in which decoherence acts independently on each
particle (see Fig. 3a). Importantly, thanks to the CS method it is possible to derive bounds
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Figure 3: (a) General scheme of quantum metrology with uncorrelated noise. n-particle
quantum state is being sent into n parallel φ-dependent channels. Based on the results of
the measurement performed on the output state the value of parameter is estimated using
an estimator φ̃. (b) Idea of the classical simulation of a quantum channel. A channel Λφ
is treated as a mixture of other channels ΛX , where the dependence on φ is moved to the
mixing probabilities pφ(X). (c) A geometric construction that allows to �nd �distances� of a
channel from the boundary of the set of quantum channels and in this way derive the bound
on precision via Eq. (18).

on estimation precision using solely the geometry of quantum channels. In [1] it has been
proven that when the φ-estimation problem is regarded a channel estimation problem, were
the channel moves along a certain trajectory in the set of quantum channels (see Fig. 3c)
the CS method allows to derive a simple bound on the achievable precision in the form:

∆φ ≥
√
ε+ε−
n

, (18)

where ε± are �distances� of the channel Λφ along the tangent to its trajectory to the boundary
of the set of quantum channels in the sense that the channels at the boundary are given by
Λ± = Λφ ± ϵ±∂φΛφ. It implies that for an arbitrary decoherence process for which ε± > 0
(which is a generic situation) the above construction allows to immediately conclude that
the asymptotic scaling of precision must necessarily have a 1/

√
n character, and reaching

the Heisenberg scaling is not possible.
Additionally, in [1] the CE method has been developed and applied it to a quantum

channel written in the Kraus form Λφ(ρ) =
∑

iKi(φ)ρK
†
i (φ) making use of the fact that the

estimation uncertainty is always lower bounded by

∆φ ≥ 1

2
√
nminh ∥αK∥

, (19)

where αK reads explicitly

αK =
∑
i

(∂φKi(φ)− i
∑
j

hijKj(φ)

)†(
∂φKi(φ)− i

∑
j′

hij′Kj′(φ)

) , (20)

∥ · ∥ is the operator norm, while minimization over the h matrix is subject to an additional
constraint ∑

ij

hijK
†
i (φ)Kj(φ) = i

∑
i

∂φK
†
i (φ)Ki(φ). (21)



Figure 4: Graphical representation of popular decoherence models. Qubit decoherence pro-
cesses are ilustrated as transformations of the Bloch ball (a) Depolarization (b) Dephasing
(c) Spontaneous emission (d) Lossy interferometer, where η is the transmission coe�cient.

Model Depolarization Dephasing
Spontaneous
emission

Loss

∆φCS
√

(1−η)(1+3η)
4η2n

√
1−η2
η2n

- -

∆φCE
√

(1−η)(1+2η)
2η2n

√
1−η2
η2n

√
1−η
4ηn

√
1−η
ηn

Table 1: Bounds on precision scaling as 1/
√
n derived for di�erent decoherence models

using the methods of the classical simulation (CS) and the channel extension (CE), where
0 ≤ η ≤ 1 is the decoherence parameter of a given model with η = 1 corresponding to no
decoherence at all while η = 0 to the full loss of coherence.

It has been demonstrated that the above optimization problem can be solved with the help
of the so called semi-de�nite programming, for which e�cient numerical procedures exist,
which in particular guarantee that the the optimum found is the global one. Additionally,
it has been proven that the CS method is a special case of the more general CE method
and as such the CE method yields the bounds which are equivalent or tighter than the ones
obtained with the CS method. The only drawback of the CE is that it does not lead to a
nice intuitive geometric picture analogous to the one which is provided by the CS method.

Making us of the above methods, bounds on estimation precision have been found for
di�erent decoherence models relevant in quantum metrology such as: depolarization, de-
phasing, spontaneous emission and loss (see Fig. 4). It has been shown, in particular, that
the CS method provides bounds equivalent to the ones obtained with the CE method in the
case of dephasing, but cannot be applied to pure loss and spontaneous emission decoherence
models as these channels lie on the border of the set of quantum channels and the tangent
to the trajectory points away from the set: ε± = 0. Comparison of the bounds derived using
the CS and CE methods is presented in Table 1.

The methods have also been applied to one of the most spectacular implementation
of quantum enhancement ideas�the gravitational wave detector GEO600, were squeezed
vacuum states have been used in order to beat the classical precision bounds [35]. The
results have been welcomed by the experimentalists as they have in particular shown that in
practice the technique based on interfering a coherent state of light with a squeezed vacuum
state allows for almost optimal performance in the regime of large number of photons, and



there is no need to consider more sophisticated quantum states of light as inputs to the
interferometer.

It should be pointed out that after being published in Nature Communications the paper
has already been cited 8 times (no self-citations) over the period of approximately 7 months
(according to Web of Science) which re�ects the importance of the results and gives hope
that the paper will contribute signi�cantly to the future development of the whole �eld of
quantum metrology.

4.7 Multi-parameter models in quantum metrology

Apart from single parameter estimation problems, which were the focus of all of the previ-
ously discussed papers, the cycle of publications contains two positions [2, 10] which deal
with multi-parameter estimation.

The motivation for the research done in [2] was the observation that in theoretical models
dealing with non-classical optical interferometry an additional phase reference beam is often
neglected in the analysis. The reference beam is indispensable to give a physical meaning
to phases of coherent/squeezed states used in optical interferometry and is commonly used
in implementation of homodyne measurements. It has been demonstrated, that the naive
use of the QFI in optical interferometry with cohrerent/squeezed states may lead to appar-
ently paradoxical conclusions that the optimal estimation strategy depends on the way the
estimated phase delay is distributed among the two arms.

This apparent paradox, arise due to implicit assumption that all phase delays as de�ned
with respect to an external reference beam. A proper approach to this problem has been
developed, which involves the use of a two-parameter estimation theory, and in particular the
calculation of the whole quantum Fisher matrix�two phases corresponding to relative phase
delays between each of the arm the reference beam need to be treated as two parameters
entering the estimation problem. This has allowed for a rigorous calculation of the precision
of estimation of the relative phase delay between the two arms of the interferometer as a
function of the strength of the reference beam, and two extreme cases were analyzed in
detail: strong reference beam, which can be treated as an ideal phase reference, and the case
when the reference beam is lacking, and one needs to average input states of light over their
phases which in this case have no physical signi�cance. In the case of loss, precision increase
with the increasing power of the reference beam has also been demonstrated.

Problem of optimal alignment of Cartesian reference frames by sending n qubit states
has been analyzed in [10]. This problem had already been solved in the Bayesian approach
[36], but the solution to the problem in the QFI approach, applicable when the two reference
frames are only slightly rotated with respect to each other, had not been known. Math-
ematically, this problem is equivalent to the estimation of an SU(2) group element in the
vicinity of the identity element, by measuring an n-qubit state on which the n-fold tensor
representation of the group acts. As such this is an example of a three-parameter estimation
problem. Analyzing the Fisher matirx in this case, it has been proven that the search for
the optimal states may be restricted to the fully symmetric subspace�which is not true in
the Bayesian approach�while the optimal states may be elegantly depicted using the so
called Majorana representation. In Majorana representation an arbitrary symmetric n-qubit
state may be represented as n points on the Bloch sphere. The symmetric state is obtained



by writing an n qubit state as a product of n respective single qubit states corresponding
to each of the points on the Bloch sphere after which a full symmetrization is performed.
Thanks to this tool, an intuitive insight into the structure of the optimal states has been
obtained and in particular it has been shown that points on the Bloch sphere corresponding
to the vertices of the platonic solids result in states that are optimal from the point of view
of the problem of alignment of reference frames.

4.8 Conculsions

The cycle of publications presented constitutes as substantial contribution to the dynamically
developing �eld of quantum metrology. It should be stressed that apart from numerous
results on optimality of various estimation strategies obtained within concrete theoretical
models, universal mathematical tools have been developed that allow for an e�cient analysis
of a huge class of realistic quantum models. Therefore, the impact of the above works goes
beyond the spectrum of the particular models considered such as optical interferometry or
atomic spectroscopy, since the tools developed may easily be applied to di�erent metrological
tasks such as e.g. magnetometry, as well as apparently non related topics such as robustness
of quantum algorithms against noise.

Moreover, thanks to the use of various advanced mathematical tools such as, Bayesian
estimation, Fisher information, covariant measurements and the geometry of quantum chan-
nels in the context of realistic quantum optical models, the cycle of publication closes the
gap between sometimes a bit detached theoretically-mathematical and experimental aspects
of quantum metrology.

5 Other research accomplishments

a) bibliometric data (as for 16 May 2013)

Total number of papers: 23 + 3 preprints

Citations with auto-citations excluded: 258

Total impact factor: 125

Hirsch index: 8

b) research not contributing to the habilitation

The remaining research not covered in the cycle of publication deals with a wide variety
of topics in quantum information theory. The most recent papers on quantum metrology
(preprints) are a natural continuation of the research contained in the cycle of publications
and are described in Sec. 5.1. The remaining sections are not related directly with quantum
metrology and deal with quantum cryptography and communication (Sec. 5.2), entanglement
theory and the role of correlations in quantum information theory (Sec. 5.3) as well as the
search for optimal approximate cloning operations (Sec. 5.4).



5.1 Recent research in quantum metrology not included in the cycle
of publications.

Methods presented in [1] have been further developed in [11] in order to obtain tighter
bounds in the regime of �nite n without the need to go to the asymptotic limit n → ∞. A
detailed analysis of relations between seemingly unrelated methods used for the derrivation
of the bounds in quantum metrology has been performed covering methods such as: classical
simmulation (CS), quantum simmulation (QS), right logarithmic derivative (RLD) and the
channel extension (CE) method. The methods have been ordered in a hierarchy with respect
to the tightness of the bounds they provide and the scope of models to which they may be
applied. It has been proven that the RLD method provides in general tighter bounds than
the CS methods, whereas the CS and the QS methods are a special cases of the CE method.
As a result, it has been shown that the CE method is the most universal tools for derivation
of the bounds among all the methods discussed in the literature.

Additionally, the problem of frequency rather than phase estimation in the presence of
decoherence has been addressed in the framework of continuous quantum evolution described
with GKSL equations (Gorini-Kossakowski-Sudarshan-Lindblad). The issue of the optimal
choice of the evolution time has been investigated and expressions for the optimal frequency
estimation precision under �xed resources�number of atoms n and the total time of an
experiment T�have been derived. Application of the CS, QS, RLD and CE methods have
also been presented to the problem of estimation of the decoherence parameter itself con-
trasting this problem with the unitary parameter estimation such as phase or frequency. In
the case of estimation of the decoherence parameter it has been proven that all the methods
considered result in equivalent bounds, hence the simplest and the most intuitive CS method
is su�cient for obtaining the optimal bounds for precision.

An attempt to link quantum metrology with an extremely useful many-body physics
concept of matrix product states (MPS), used for an e�cient state characterization, has been
the main objective of [12]. In face of the results of [1] stating that the asymptotic scaling
od precision has typically the 1/

√
n character, it is possible to use an intuitive argument

that in order to achieve the optimal precision in the regime of large n, it is not necessary
to employ strong entanglement among all the particles involved in the experiment, but it is
su�cient to consider states where substantial degree of entanglement is only present inside
clusters containing only �nite number of particles. Reasoning along these lines, the class of
MPS appears to be an ideal choice for an e�cient description of states were only short-range
correlations are involved. Indeed, it has been proven in [12] that in lossy interferometry it
is possible to approximate faithfully the optimal states by considering MPS of relatively low
number of free parameters (low MPS bond dimensions) both when the QFI itself is being
maximized as well as when a concrete measurement scheme, e.g. Ramsey interferometry, is
considered. This description not only facilitates the numerical search for the optimal states,
but at the same time provides a much more intuitive description of the structure of the
optimal states than is possible with the help of the standard Hilbert space formalism.



5.2 Quantum cryptography and communication

In [14], a study of security of four state quantum key distribution protocols, such as BB84 [37],
SARG04 [38], has been performed, where heralded single-photon pulses were generated in
parametric down conversion processes. A regime of experimental parameters has been iden-
ti�ed, were multichannel detection allows for an enhancement of the secure communication
distance and the results have been compared with the ones obtained in the implementations
based on standard weak coherent pulses.

In entanglement based quantum cryptography the notion of private states [39], which
allow for a secure secret key distillation, is a key concept. The main goal of the [15] paper
was to experimentally generate a four photon private state, in which the amount of distillable
secret key would exceed signi�cantly its distillable entanglement�demonstrating experimen-
tally a theoretical fact that secret key and entanglement distillation tasks are not equivalent.
Results of the experiment have been analyzed thoroughly and the tomographic reconstruc-
tion of the prepared state have been performed using two independent methods: maximum
likelihood estimation method, as well as the method based on the Bayesian approach and
gaussian approximation of probability distributions on the set of density matrices. The re-
construction was accompanied by a credible assessment of reconstruction uncertainties of the
quantities of interest, i.e. distillable secret key and distillable entanglement, proving that
indeed the content of the secret key was larger than that of the distillable entanglement.

In [17] security of the so called quantum secret sharing protocols has been analyzed under
the assumption of local eavesdropping attacks. The goal of the protocols considered was to
securely distribute a message from a sender to two parties in such a way that the two parties
could decode the message only in cooperation with each other. This problem may be solved
by performing two independent quantum key distribution protocols from the sender to each
of the receiving parties. It has been shown in [17], however, that under local eavesdropping
attacks a more secure strategy is to make use of entangled states and send them to the
receiving parties. In this case security is guaranteed for appreciably higher noise levels than
in the two independent quantum key distribution approach.

Analysis of communication capacity through quantum channels, such as optical �bers,
has been addressed in [20]. Motivated by the depolarization processes occurring in optical
�bers, a general model has been formulated based on the mathematical theory of di�usion on
the SU(2) group. Using the model, information capacity as a function of correlation strength
of the noise acting on the consecutive photons has been investigated. Analytical formulas for
the evolution of general multi-photon state in such channels have been derived, and explicit
optimization of communication protocols have been performed in the case of the simplest
non-trivial case of three-photon states. States most robust to the noise have been identi�ed
and the corresponding communication capacities calculated.

5.3 Entanglement and correlations

[13] paper was an extension of the previously published paper [15] demonstrating experi-
mental details of the process of preparation of four photon states relevant from the point of
view of entanglement theory, such as: private states, Smolin states. Results of a detailed
tomographic reconstruction of the four photon density matrices corresponding to these states



have also been presented.
In [16], the strength of polarization correlations between two light beams that can be

achieved in the semiclassical regime using statistical mixtures of coherent states and binary
on/o� detectors has been analyzed. It has been proven that correlation visibility is bounded
by 33%, which is in striking contrast with 100% visibility, theoretically achievable by em-
ploying entangled states. The results have been illustrated with an experiment performed
on a pair of laser beams undergoing correlated depolarization.

The problem of decorrelation of quantum states, i.e. preservation of as much local infor-
mation in the states of the subsystems as possible while removing completely correlations
between them, has been studied in [18, 19]. In [19] the problem has been stated and solved
for the case of two-qubit and two-mode gaussian states decorrelation. States for which decor-
relation is possible have been characterized and it has been proven that the states arising as a
result of the action of the optimal cloning machines are not decorrelable. In [18] mathematical
techniques have been described that allow to �nd the optimal decorrelating transformations.
It has been proven that decorrelation is not possible in the case of continuous sets of states
of d-dimensional quantum systems. A construction of optimal transformation decorrelating
gaussian states of light has also been found.

[21, 24] papers investigated the impact of correlations in multi-qubit systems on the
quality of estimation of local properties such as direction of the local Bloch vector. In
[24] a complete analysis of this problem in the case of permutationally invariant states has
been presented. Within the class of states with the same length of the local Bloch vectors
(degree of mixedness of subsystems), optimal correlated states have been identi�ed that
allow for the most precise estimation of the direction of the local Bloch vectors. It has
also been demonstrated that depending on the type, correlations may facilitate or hinder
the process of estimation of local properties of the subsystems. In particular, it has been
shown that the states resulting from the action of the optimal cloning of qubits contain the
type of correlations that are the worst from the point of view of the estimation precision
of the local Bloch vector among all the states with the same degree of mixedness of the
subsystems. Inspired by [24], the [21] paper contained a proposal for making use of the
observed e�ects of correlations on the possibility of estimating local quantities in order
to encoded the information on the spacial direction in an n-qubit state in a way that its
decoding would be only possible when performing collective measurements on majority of
the qubits, whereas would be virtually impossible when performing local measurements with
the assistance of classical communication. An explicit protocol has been presented and its
robustness against the loss of a small fraction of qubits has been demonstrated.

Properties of the so called multi-partite concurrences used in the characterization of
entanglement have been studied in [23] from the point of view of their behavior under local
operations and classical communication (LOCC). Only the quantities monotonically non-
increasing under LOCC may be employed in quantitative characterization of entanglement.
Su�cient and necessary conditions for monotonicity of the multi-partite concurrences have
been derived.

[25] paper was one of the �rst attempts to link the theory of quantum chaos with the
theory of quantum entanglement. Entanglement production in a system of coupled kicked
tops has been studies as a function of a dynamics parameter (tops kicking strength) that is
responsible for the transition from the regular to chaotic dynamics. Average �nal entangle-



ment has been investigated, were averages have been performed over two di�erent ensembles:
ensemble of products of spin coherent states and products of random states. It has been
shown, that any conclusion drawn regarding the entanglement production depending on the
chaoticity of the subsystems is strongly dependent on the choice of one of these ensembles.
Analytical bounds on asymptotic generation of entanglement have been derived as a function
of entanglement of eigenvectors of the evolution operator.

5.4 Cloning of quantum states

Faithful cloning of unknown quantum states is forbidden by the laws of quantum mechan-
ics. It is, nevertheless, possible to �nd optimal approximate cloning transformations, which
provide the best possible cloning �delity allowed within the quantum mechanics framework.
These topics are important for the analysis of security of quantum key distribution protocols,
since it is often the case that the optimal attacks on the protocols amount to performing the
optimal cloning transformation.

In [26] the problem of optimal cloning of spin-coherent states has been solved. Optimal
cloning �delity has been found numerically as a function of quantum system dimension, and
the extrapolated asymptotic cloning �delity has been estimated to be ≈ 0.68. Because of the
fact that the spin-coherent states become isomorphic to the standard coherent states in the
asymptotic limit of large system dimension this allowed to conjecture that most probably
gaussian transformations cloning coherent states and achieving 2/3 �delity are not optimal
This hypothesis was indeed con�rmed in [40].

Cloning of entangled qubit states using local operations and classical communication has
been investigated in [22]. A threshold for the strength of entanglement has been found above
which classical communication helps in increasing the cloning �delity as compared with a
strategy based on independent cloning of each of the qubits. Moreover, it has been shown
that bound entanglement is not a useful resource for increasing the cloning �delity.

c) prizes

• 2012, III-rd degree individual prize of the Rector of the University of Warsaw for the
research on the realization of quantum technologies.

• 2011, Polish Ministry of Science and Higher Education Scholarship for young scientist
for the years: 2011-2014

• 2006, Foundation for Polish Science prize START for young scientists

• 1998, Polish Physics Olympiad Laureate; Honorable mention on the International
Physics Olympiad (Iceland)

d) directing research projects

• 2013-2016, Directing research activities at the University of Warsaw as part of the
SIQS consortium (Simulators and Interfaces with Quantum Systems) a project �nanced
under the 7-th EU framework programme



• 2012-2013, Directing research activities at the University of Warsaw under the Euro-
pean project QUASAR (Quantum States: Analysis and Realizations) �nance by the
polish NCBiR under the ERA-NET CHIST-ERA programme

• 2006-2007, Polish research grant, 1 P03B 129 30: Optimal communication in the pres-
ence of correlated noise - usefulness of multipartite entanglement

e) participation in research projects

• 2010-2013, integrating project QESSENCE (Quantum Interfaces, Sensors, and Com-
munication based on Entanglement), 7-th EU framework programme; Workpackage
leader: Multiparameter Estimation and Non-Linear Metrology

• 2010-2013, Photonic implementations of quantum enhanced technologies, Foundation
for Polish Science TEAM project, Post-Doc

• 2008-2011, CORNER (Correlated Noise Errors in Quantum Information Processing)
EU FET project.

• 2007-2008, QAP (Qubit Applications), EU integrated project

• 2004-2005, QUPRODIS (Quantum Properties of Distributed Systems), 5-th EU frame-
work programme

• 2004-2007, Polish research grant, 1 P03B 042 26, Chaos in open system

• 2004-2006, National solicited grant PBZ-MIN-008/P03/2003, Quantum computing and
engineering

f) invited conference talks

• 19-22.02.2013, Toronto, Canada, Workshop on Mathematical Methods of Quantum To-
mography, All you need is squeezing! Optimal schemes for realistic quantum metrology

• 20-24.06.2012, Toru«, Poland, Symposium on Mathematical Physics, Quantum en-
hanced metrology and the geometry of quantum channels

• 21-25.05.2012, Torino, Italy, Advances in Fundations of QuantumMechanics and Quan-
tum Information with atoms and photons, Almost all decoherence models lead to shot
noise scaling in quantum enhanced metrology

• 18-19.05.2012, Sopot, Poland, KCIK Symposium,Quantum enhanced metrology and the
geometry of quantum channels

• 17-21.01.2012, Mo�ett Field, California, USA, First NASA Quantum Future Technolo-
gies Conference, The illusion of the Heisenberg limit

• 17.09.2011, Toru«, Poland, International symposium �Quantum metrology with pho-
tons and atoms�, Quantum enhanced metrology



• 05.09.2011, Lublin, Poland, XLI Meeting of Polish physicists, Fundamental bounds in
quantum metrology

• 22-26.08.2011, Bad Honnef, Germany, Wilhelm and Else Heraeus Physics School:
Modern Statistical Methods in Quantum Information Processing, Quantum enhanced
metrology

• 11-15.07.2011, Sarajevo, Bosnia and Herzegovina, 20th International Laser Physics
Workshop, Experimental extraction of secure correlations from a noisy private state

• 27.06-01.07.2011, Mi¦dzyzdroje, Poland, II Polish Optical Conference, Fundamental
bounds in optical metrology

• 9-12.09.2009, Gda«sk, Poland, NATO Advanced Research Workshop, Quantum Cryp-
tography and Computing, Entanglement enhances security in secret sharing .

• 8-12.06.2009, Zakopane, Poland, Quantum Optics VII, Quantum enhanced phase esti-
mation in the presence of loss.

g) national and international collaboration

• Germany, Hannover (2012-2013). Collaboration with Roman Schnabel (leader of the
LIGO group) on the application of fundamental theoretical bounds to the GEO600
gravitational wave detector

• UK, Nottingham (2011-2013). Collaboration with Madalin Guta on mathematical
aspects of quantum metrology and quantum estimation theory which resulted in [1].

• Switzerland, Zurich (2012-2013). Collaboration with Martin Fraas on quantum metrol-
ogy in the context of calibration of atomic clocks.

• Poland, Gda«sk, (2011-2013). Collaboration with Paweª Horodecki on the theory of
private states, quantum states reconstruction and the issue of additivity in quantum
metrology, which until now resulted in [13, 15].

• UK, Oxford (2008-2010). Collaboration with I. A. Walmsley group from the University
of Oxford on optimal phase estimation in the presence of loss which resulted in [5, 7�9].

• Italy, Pavia (2005-2008). Collaboration with G.M.D'Ariano group from the Univer-
sity of Pavia on quantum cloning and optimal decorrelation of quantum states which
resulted in [18, 19].

• Spain, Barcelona (2004-2008). Collaboration with Maciej Lewenstein group from
ICFO-Institut de Ciencies Fotoniques on local quantum information processing, which
resulted in [17, 22].

• Germany, Dresden (2003-2005). Collaboration with Andreas Buchleitner group from
the Max-Planck-Institut fur Physik Komplexer Systeme on multi-partite entanglement
measures which resulted in [23].
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