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long pulse laser amplifier (a reminder)

ℏ𝜔12

1

2

𝜎21𝑁1𝐹

𝜎21𝑁2𝐹

𝜎21𝑁2𝐹𝑠

populations’ dynamics:

𝑑𝑁2

𝑑𝑡
= −

𝑁2

𝜏21
− 𝑋𝜎21𝑁1𝐹 − 𝜎21𝑁2𝐹 +⋯

𝑑𝑁1
𝑑𝑡

= ⋯

Δ𝑁 = ⋯

Δ𝑁0, 𝜎21 ⇒ 𝛾0 = 𝜎21Δ𝑁0
𝐹𝑖𝑛

𝐹𝑜𝑢𝑡

𝜎21, 𝜏21 ⇒ 𝐹𝑠 = 𝜎21𝜏21
−1

photon flux:

𝜕

𝜕𝑧
𝐹 = γ𝐹

𝑧 = 0 𝑧 = 𝑙

 unsaturated amplifier:

𝜕

𝜕𝑧
𝐹 = 𝛾0𝐹 ⇒ 𝐹 𝑧 = 𝐹(0) ∙ 𝑒𝛾0𝑧

Δ𝑁 𝑧 = Δ𝑁0(𝑧)

 saturated amplifier:

𝜕

𝜕𝑧
𝐹 =

𝛾0𝐹

1 + 𝐹/𝐹𝑠
⇒ 𝐹 𝑧 = ⋯

Δ𝑁 𝑧 = ⋯



laser threshold

𝑅2

𝐿

𝑅1

assumptions:

 stationary state

 stable optical resonator

 losses: (1) mirrors, (2) other

 constant intensity along and ⊥ resonator axis

 homogenous population inversion

𝛾0, 𝐹𝑠
𝐹+

𝐹−

small intensity:

photon flux change for a single round-trip:

𝐹− 𝑙 = 𝑅2𝐹+ 𝑙

𝐹− 0 = 𝐹− 𝑙 𝑒𝛾0𝑙 = 𝑅2𝐹+ 𝑙 𝑒𝛾0𝑙

𝐹+ 0 = 𝑅1𝐹− 0

𝐹+ 𝑙′ = 𝐹+ 0 𝑒𝛾0𝑙 = 𝑅1𝑅2𝑒
2𝛾0𝑙𝐹+ 𝑙

𝑙

To account for other losses we introduce additional attenuation coefficient inside the gain 
medium. For perfect mirrors (𝑅1 = 𝑅2 = 1) we have after a round-trip the attenuation by a factor 
𝑒2𝑎𝑙 . Then, the full round-trip gain is 𝑅1𝑅2𝑒

2𝛾0𝑙𝑒−2𝑎𝑙 and the threshold condition reads

𝑅1𝑅2𝑒
2 𝛾0−𝑎 𝑙 ≥ 1

which leads to        𝛾0
𝑡 = −

1

2𝑙
ln 𝑅1𝑅2 + 𝑎.

threshold condition (no losses):

𝑅1𝑅2𝑒
2𝛾0𝑙 ≥ 1

threshold unsaturated gain coeff.:

𝛾0
𝑡 = −

1

2𝑙
ln 𝑅1𝑅2



numerical example:

He-Ne laser :

 𝑙 = 0.5 m, 𝑅1 = 1, 𝑅2 = 0.99, 𝑎 ≅ 0, 𝜎 ≅ 10−13 cm2

 𝛾0
𝑡 =

1

2𝑙
ln 𝑅1𝑅2 ≅ 10−4 cm−1

 threshold inversion: Δ𝑁𝑡 =
𝛾0

𝑡

𝜎
≅ 109 cm−3

 Ne atomic density 𝑁0 ≅ 1017cm3

 very small inversion required:  
Δ𝑁𝑡

𝑁0
≅ 10−8

𝑅2

𝐿

𝑅1

𝛾0, 𝐹𝑠
𝐹+

𝐹−

𝑙



threshold condition –
are the assumptions right?

assumptions:
 stationary state OK
 stable optical resonator OK
 losses: (1)  mirrors, (2) other OK
 constant intensity along and ⊥ resonator axis NO
 homogenous population inversion ???

𝑅2

𝐿

𝑅1
𝛾0, 𝐹𝑠

𝑧 𝑧 + 𝑙

𝑅2

𝐿

𝑅1
𝛾0, 𝐹𝑠

𝑙

resonator mode ⇒ 𝐹 𝑥, 𝑦, 𝑧

gain coefficient distribution ⇒ 𝛾0 𝑥, 𝑦, 𝑧

 short amplifier

for TEMmn the condition 𝑧0 ≫ 𝑙 is held, we neglect the 

mode change within the distance 𝑙:

𝐹 𝑥, 𝑦, 𝑧 + 𝑙 ≅ 𝑒𝛾0 𝑥,𝑦,𝑧 𝑙𝐹 𝑥, 𝑦, 𝑧

 long amplifier; propagation and amplification cannot 

be untangled because the mode within the gain 

medium changes its size ⇒ full 3D integration 

required



output intensity and power for a ring resonator, continuous wave (cw) operation

assumptions:
 resonator length 𝐿
 𝑅1 = 𝑅2 = 1, 𝑇 = 1 − 𝑅
 extra losses 𝑎
 lasing in one direction only
 constant intensity along and ⊥

resonator axis, cross-section area 𝑆
 homogenous population inversion
 homogenous line broadening, single-

mode operation
 „closed” resonator  𝑇 ≪ 1

𝑅𝑅1
𝑙

𝛾0, 𝐹𝑠, a

𝑅2

photon flux inside the resonator 𝐹(𝑧)
stationary state  𝑑𝐹 𝑑𝑡 = 0

𝛾0
𝑡 = −

1

𝑙
ln𝑅 + 𝑎 ≅

1

𝑙
1 − R + a =

𝑇

𝑙
+ al

constant intensity along the resonator axis 𝐹 𝑧 = 𝐹𝑖𝑛𝑡 ≅ const gives 

𝛾 𝑧 =
𝛾0

1 + 𝐹𝑖𝑛𝑡/𝐹𝑠
= 𝑐𝑜𝑛𝑠𝑡

stationary state: 𝛾(𝑧) = 𝛾0
𝑡

𝛾0
1 + 𝐹𝑖𝑛𝑡/𝐹𝑠

=
𝑇

𝑙
+ a ⇒ 𝐹𝑖𝑛𝑡 = 𝐹𝑠

𝛾0𝑙

𝑇 + 𝑎𝑙
− 1



𝑅𝑅1
𝑙

𝛾0, 𝐹𝑠, a

𝑅2

𝐹𝑖𝑛𝑡 = 𝐹𝑠
𝛾0𝑙

𝑇 + 𝑎𝑙
− 1

new parameters: 𝑔0 ≡ 𝛾0𝑙, 𝑠0 ≡ 𝑎𝑙

𝐹𝑖𝑛𝑡 = 𝐹𝑠
𝑔0

𝑇 + 𝑠0
− 1

𝐹𝑜𝑢𝑡 = 𝑇 ∙ 𝐹𝑖𝑛𝑡 = 𝑇𝐹𝑠
𝑔0

𝑇 + 𝑠0
− 1

output power:

𝑃 = 𝑇𝐼𝑠
𝑔0

𝑇 + 𝑠0
− 1 𝑆

output intensity and power for a ring resonator, cw , 2

beam cross-section



we search for the maximum of 𝑃 versus 𝑇:

𝑑𝑃

𝑑𝑇
∝

𝑔0
𝑇 + 𝑠0

− 1 −
𝑔0

𝑇 + 𝑠0
2
= 0

𝑇 + 𝑠0
2 − 𝑔0𝑠0 = 0

𝑇𝑜𝑝𝑡 = 𝑔0𝑠0 − 𝑠0

𝑃𝑜𝑢𝑡
𝑜𝑝𝑡 = 𝑔0𝑠0 − 𝑠0 𝐼𝑠

𝑔0
𝑔0𝑠0

− 1 𝑆 =

= 𝐼𝑠𝑆 𝑔0 − 𝑠0
2 = 𝐼𝑠𝑆𝛾0𝑙 1 −

𝑎

𝛾0

2

optimal output coupler for a ring resonator and cw operation 

𝑅𝑅1
𝑙

𝛾0, 𝐹𝑠, a

𝑅2

𝑃 = 𝑇𝐼𝑠
𝑔0

𝑇 + 𝑠0
− 1 𝑆



𝑃 = 𝑇𝐼𝑠
𝛾0𝑙

𝑇 + 𝑎𝑙
− 1 𝑆

𝑇𝑜𝑝𝑡 = 𝑔0𝑠0 − 𝑠0

𝑃𝑜𝑢𝑡
𝑜𝑝𝑡 = 𝐼𝑠𝑆𝛾0𝑙 1 −

𝑎

𝛾0

2

𝑷
𝒐
𝒖
𝒕/
𝜸
𝟎
𝒍𝑰

𝒔
𝑺

𝑻
/𝜸

𝟎
𝒍

𝑷
𝒐
𝒖
𝒕/
𝜸
𝟎
𝒍𝑰

𝒔
𝑺

𝑻/𝜸𝟎𝒍

𝒂/𝜸𝟎

𝒂/𝜸𝟎

any losses inside the resonator are very painful!

𝑎/𝛾0 = 0

𝑎/𝛾0 = 0.01

𝑎/𝛾0 = 0.1

𝑎/𝛾0 = 0.5

optimal output coupler for a ring resonator 
and cw operation – some graphs



laser output power, cw, „closed” linear resonator assumptions:
 resonator length 𝐿
 𝑅1 = 1, 𝑇 = 1 − 𝑅
 extra losses 𝑎
 constant intensity along and ⊥ resonator axis, 

cross-section area 𝑆
 homogenous population inversion
 homogenous line broadening, single-mode 

operation
 „closed” resonator  𝑇 ≪ 1

𝑅𝑅1
𝑙

𝛾0, 𝐹𝑠, a𝐹+ 𝐹−

2 photon fluxes inside the resonator 𝐹+(𝑧) oraz 𝐹−(𝑧)
stationary state  𝑑𝐹+ 𝑑𝑡 =  𝑑𝐹− 𝑑𝑡 = 0

𝛾0
𝑡 = −

1

2𝑙
ln𝑅 + 𝑎 ≅

1

2𝑙
1 − R + a =

𝑇

2𝑙
+ a

𝐹+ 𝑧 = 𝐹−(𝑧) ≅ const

then  𝛾 𝑧 = γ =
𝛾0

1+  𝐹++𝐹−

𝐹𝑠

=
𝛾0

1+  
2𝐹+

𝐹𝑠

more algebra:
𝛾0

1 + 2𝐹+/𝐹𝑠
=

𝑇

2𝑙
+ a ⇒ 𝐹+ =

1

2
𝐹𝑠

2𝛾0𝑙

𝑇 + 2𝑎𝑙
− 1

𝑇𝑜𝑝𝑡 = 2 𝑔0𝑠0 − 𝑠0 ,  𝑃𝑜𝑢𝑡
𝑜𝑝𝑡 =

1

2
𝐼𝑠𝑆𝛾0𝑙 1 −

𝑎

𝛾0

2

note: a standing wave inside the resonator



assumptions:
 𝑅1 = 1, 𝑇 = 1 − 𝑅
 extra losses 𝑎
 constant intensity in the plane ⊥ resonator 

axis, cross-section area 𝑆
 homogenous population inversion
 homogenous line broadening, single-mode 

operation

inside the gain medium
1

𝐹+

𝑑𝐹+

𝑑𝑧
= 𝛾 𝑧 − 𝑎

1

𝐹−

𝑑𝐹−

𝑑𝑧
= 𝑎 − 𝛾 𝑧

𝑅𝑅1
𝑙

𝛾0, 𝐹𝑠, a

𝐿

𝑧

𝐹

𝐹+

𝐹−

let’s note that:

𝑑

𝑑𝑧
𝐹+𝐹− = 𝐹+𝐹− 1

𝐹+
𝑑𝐹+

𝑑𝑧
+

1

𝐹−
𝑑𝐹−

𝑑𝑧
= 0 and thus 𝐹+𝐹− = 𝐶

which means that

1

𝐹+

𝑑𝐹+

𝑑𝑧
=

𝛾0

1 +  𝐹+ + 𝐹−

𝐹𝑠

− 𝑎 =
𝛾0

1 +  
𝐹+ + 𝐶/𝐹+

𝐹𝑠

− 𝑎

1

𝐹−

𝑑𝐹−

𝑑𝑧
=

𝛾0

1 +  
𝐹− + 𝐶/𝐹−

𝐹𝑠

− 𝑎

+ border conditions

algebra…

𝐹𝑜𝑢𝑡 = 𝑇𝐹+

𝐹𝑜𝑢𝑡 =
1

2

𝑇ln 1 − 𝑇 − 𝑠0
−1

𝑇 + 𝑠0

𝑔0
ln 1 − 𝑇 − 𝑠0

−1
− 1

laser output power, cw, „open” linear resonator



laser output power vs pump power

we will consider a  4-level system pumped optically by 
another lasers beam. From lecture 4: 

Δ𝑁0 =
𝑃 𝜏21 − 𝜏1

1 + 𝑃(𝜏21 + 𝜏1)
𝑁

for moderate pumping rate 𝑃 𝜏21 + 𝜏1 ≪ 1 we have
𝛾0 = 𝜎Δ𝑁0 ∝ 𝑃

the pump rate 𝑃 is proportional to the power of the pump 
laser 𝑃𝑃

𝑅𝑅1
𝑙

𝛾0, 𝐹𝑠, a

𝐿

𝐹𝑜𝑢𝑡 = 𝑇 ∙ 𝐹𝑖𝑛𝑡 = 𝑇𝐹𝑠
𝛾0𝑙

𝑇 + 𝑠0
− 1

𝐹𝑜𝑢𝑡 = 𝜅
𝑃𝑃
𝑃𝑡

− 1

𝑃𝑡 - threshold power of the pump laser 𝑃𝑡 𝑃𝑃

𝑃𝑜𝑢𝑡

threshold power 𝑃𝑡
slope efficiency %

ℏ𝜔12

2

3

0

1

𝑃

𝜏32

𝜏1

𝜎𝐹 𝑁2 −𝑁1𝜏21



cw laser spectrum, homogenous line broadening

in a cw laser we have (always)

gain = losses

below the 
laser threshold

𝛾0 < 𝛾0
𝑡

laser threshold
𝛾0 𝜈𝑚 = 𝛾0

𝑡

above the 
laser threshold
𝛾0 𝜈𝑚 = 𝛾0

𝑡

questions:
 is it really a single mode 

operation?
 what is the spectra width of 

the laser mode?

𝜈
𝜈𝑚

𝛾0
𝑡

𝛾0(𝜈)

𝜈𝑚−1

𝜈𝑚−2
𝜈𝑚−3 𝜈𝑚+1

𝜈𝑚+2
𝜈𝑚+3

𝜈

𝛾0
𝑡

𝛾0(𝜈)

𝜈𝑚

𝜈

𝛾0
𝑡

𝛾(𝜈)

𝜈𝑚

the gain is clamped at the 

threshold value for the mode 

which reached lasing first



the values of gain coeeficient for 
different modes are not coupled

burning holes in the gain spectra 
profile

𝜈

𝛾0
𝑡

𝛾0(𝜈)

𝜈𝑚

𝜈

𝛾0
𝑡

𝛾(𝜈)

𝜈𝑚

𝜈

𝛾0
𝑡

𝛾(𝜈)

𝜈𝑚

𝜈

𝛾0
𝑡

𝛾(𝜈)

𝜈𝑚𝜈𝑚−1 𝜈𝑚+1

𝜈𝑚+1

single mode operation:

o short resonator – distance between 

modes larger than the gain bandwidth

o extra spectra selection – filters inside the 

cavity

cw laser spectrum, inhomogenous line broadening



spectral width of the laser mode – a simple picture

𝜈

𝜈𝑚 𝜈𝑚+1
𝜈𝑚−1

𝐹𝑆𝑅

Δ𝜈𝑐

for a symmetrical Fabry-Perot cavity we have

𝐹𝑆𝑅 =  𝑐 2𝐿, Δ𝜈𝑐 =  𝐹𝑆𝑅 ℱ, ℱ =  𝜋 𝑅 1 − 𝑅
when the finesse of the cavity is high then ℱ ≅  𝜋 1 − 𝑅

Δ𝜈𝑐 =
𝑐(1 − 𝑅)

2𝜋𝐿
=

1

2𝜋𝜏𝑐
with 𝜏𝑐 =

2𝐿

𝑐(1−𝑅)
lifetime of the photon in the cavity

laser amplification relies on photon cloning which means that

𝜏𝑐 ⟶ ∞ and thus Δ𝜈𝑐 ⟶ 0

but quantum cloning is not perfect!!!   spontaneous emission leads to a finite 
spectral width of the laser mode. 



Δ𝜈𝑙𝑎𝑠𝑒𝑟 =
4𝜋ℎ𝜈 Δ𝜈𝑐

2

𝑃𝑜𝑢𝑡

with:
Δ𝜈𝑐 - spectra width (passive) of the cavity mode
𝑃𝑜𝑢𝑡 - laser output power

numbers: 𝜆 = 1𝜇m ⇔ 𝜈 = 3 ∙ 1014Hz, ℎ ≅ 6 ∙ 10−34J ∙ s, 𝐿 =
0.15m, 𝑅 = 0.97 ⇒ Δ𝜈𝑐 ≅ 107Hz, 𝑃 = 0.1 W:

Δ𝜈𝑙𝑎𝑠𝑒𝑟 ≅
3∙6∙10−34∙3∙1014∙1014

0.1
≅ 0.6 mHz

Δ𝜈𝑙𝑎𝑠𝑒𝑟

𝜈𝑙𝑎𝑠𝑒𝑟
≅ 2 ∙ 10−18

spectral width of the laser mode – calculated result



single-mode operation of a cw laser

𝜈𝑙00 𝜈𝑙10 𝜈𝑙02 𝜈𝑙03
𝜈𝑙01 𝜈𝑙20

𝜈𝑙11

𝜈𝑙30
𝜈𝑙12
…

……

𝑙 − 1 𝑙 + 1

…

𝜈

lecture 5:

often we want to force the laser to operate in a single mode; preferably TEM𝑙00

 select transverse mode
 select longitudinal mode

selection of the single transverse mode – lecture 5: diffraction losses are the 
smalest for the TEMl00 mode; we put an adjustable aperture in the laser cavity:

hard aperture soft aperture

pump beam



single-mode operation of a cw laser, 2

single longitudinal mode selection:

 short cavity -
𝑐

2𝐿
≥ Δ𝜈

 long cavity -
𝑐

2𝐿
≪ Δ𝜈

examples:
 short He-Ne, Δ𝜈 ≅ 1.5 GHz, 𝐿 =

15 cm ⇒
𝑐

2𝐿
= 1 GHz

 VCSEL (Vertical-Cavity Surface-
Emitting Laser) 𝐿 ≈ 𝜇m

𝜈𝑚

𝛾0
𝑡

𝛾0(𝜈)

Δ𝜈

𝜈
𝜈𝑚 𝜈𝑚+1

𝜈

rough filter

fine filterproduct 

𝜈
𝜈𝑚 𝜈𝑚+1

Δ𝜈



single longitudinal mode selection 
in a long cavity. an example 
Ti:Sapphire laser MBR-110, 
Coherent, Inc. USA

Fabry-Perot 
(fine filter)

3-plate Lyott filter 
(rough filter)

single-mode operation of 
a cw laser, 3



single longitudinal mode selection in a long cavity – fiber Bragg grating. An 
example: fiber laser, model Koheras Basic, NKT Photonics,  Denmark

240 mm

single-mode operation of a cw laser, 4



single-mode operation laser frequency stabilization

we need a reference frequency:
 relative, most often Fabry-

Perot interferometer
 absolute, a transition in a atom 

or a molecule

scheme of the PHD system (Pond, Drever, 
Hall)

generator

mixerfilter

amplifier

photodetector

F-P cavitypolarizerphase 
modulatorisolatorlaser

 𝜆 4

Δ𝜙



PHD lock

generator

mixerfilter

amplifier

photodetector

F-P cavitypolarizerphase 
modulatorisolatorlaser

 𝜆 4

Δ𝜙

reflection from Fabry-Perot

𝐹 𝜔 =
𝑟 𝑒𝑖𝜙 − 1

1 − 𝑟2𝑒𝑖𝜙
, 𝜙 =

2𝜔𝐿

𝑐
, 𝑟 =

𝐸𝑟
𝐸𝑖𝑛

− reflection coefficient

reflected wave
𝐸𝑟𝑒𝑓 = 𝐹(𝜔) ∙ 𝐸𝑖𝑛

after the modulator

𝐸𝑖𝑛 = 𝐸0𝑒
𝑖 𝜔𝑡+𝛽sinΩ𝑡

≅ 𝐸0 𝐽0 𝛽 𝑒𝑖𝜔𝑡 + 𝐽1 𝛽 𝑒𝑖 𝜔+Ω 𝑡 − 𝐽1 𝛽 𝑒𝑖 𝜔−Ω 𝑡

signal power: 𝑃𝐶 = 𝐽0
2(𝛽) ∙ 𝑃0, 𝑃𝑆 = 𝐽1

2(𝛽) ∙ 𝑃0

mixer selects one quadrature

S = 2 𝑃𝐶𝑃𝑆Im 𝐹 𝜔 𝐹∗ 𝜔 + Ω − 𝐹∗ 𝜔 𝐹 𝜔 − Ω

signal from the photodetector = reflected power

𝑃𝑟𝑒𝑓 = 𝐸𝑟𝑒𝑓
2
=

…
= 𝑃𝐶 𝐹 𝜔 2 + 𝑃𝑆 𝐹 𝜔 + Ω 2 + 𝐹 𝜔 − Ω 2

+2 𝑃𝐶𝑃𝑆 Re 𝐹 𝜔 𝐹∗ 𝜔 + Ω − 𝐹∗ 𝜔 𝐹 𝜔 − Ω cosΩ𝑡

+2 𝑃𝐶𝑃𝑆 Im 𝐹 𝜔 𝐹∗ 𝜔 + Ω − 𝐹∗ 𝜔 𝐹 𝜔 − Ω sinΩ𝑡 +⋯



PHD lock

generator

mixerfilter

amplifier

photodetector

F-P cavitypolarizerphase
modulatorisolatorlaser

 𝜆 4

Δ𝜙

S ∝ Im 𝐹 𝜔 𝐹∗ 𝜔 + Ω − 𝐹∗ 𝜔 𝐹 𝜔 − Ω

ℱ = 100,Ω = 0.04 ∙ 𝐹𝑆𝑅,

𝜙

𝑆

the dispersion line-width scales as  1 ℱ



PHD lock in KL FAMO (Roman Ciuryło)



Prometeus (Innolight)



absorption 
cell

phase 
modulator

isolator

single-mode laser

𝐼 ≈ 𝐼𝑠

𝐼 ≪ 𝐼𝑠

𝜔𝑚

set-up

1

ℏ𝜔12

2

modulation transfer spectroscopy (MTS)

absorption

dispersion



He-Ne laser stabilization to a 
molecular resonance using MTS

G. Galzerano, F. Bertinetto and E. Bava, Metrologia 37, 149-154 (2000)



Prometeus, stabilization to I2 molecular line 





limit- thermal noise of the materials



construction and results



widmo lasera pracy ciągłej, posz. jedn.

wypalanie dziur w przestrzennym 
profilu wzmocnienia

Jak dostać pracę jednomodową?

 wnęka pierścieniowa – nie ma fali stojącej, np. laser szafirowy

 ośrodek aktywny blisko jednego z luster, np. laser półprzewodnikowy z zewnętrzną wnęką

𝑅2𝑅1

𝛾0, 𝐹𝑠

𝑙

𝜆
𝐼𝑚

𝐼𝑛 𝑛,𝑚 - indeksy modów wnęki

 
𝛾
𝛾0 =

1

1 + 𝐹/𝐹𝑠


