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optical resonators, optical cavities

open resonators:
 Fabry-Perot
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a reminder – ABCD matrices in geometrical optics

Wpisz tutaj równanie.to describe an optical ray in our system in 

any given plane perpendicular to the axis of the system we need

two parameters:

 its distance from the optic axis 𝑟 (real value)

 the angle between the ray and axis Θ (real value)for paraxial systems:
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det𝑇 ≡ 𝐴𝐷 − 𝐵𝐶 =  
𝑛1

𝑛2
𝑛1 - refractive index in plane 1
𝑛2 - Refractive index in plane 2
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some ABCD matrices
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multiplication of ABCD matrices
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optical resonators in the geometrical optics approximation

geometrical optics: the resonator is stable when the ray is trapped inside it. 

elementary cell

=

an example: a two-mirror resonator

for our example the ABCD matrix of the elementary cell is
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Θ𝑛+1 = 𝐶𝑟𝑛 + 𝐷Θ𝑛
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𝑟𝑛+2 − 𝐴 + 𝐷 𝑟𝑛+1 + 𝑟𝑛 = 0

we search for oscillating solutions: 𝑟𝑛 = 𝑟0𝑒
𝑖𝑛Θ 𝑟0𝑒

𝑖𝑛Θ 𝑒𝑖𝑛Θ
2
− 2

𝐴 + 𝐷

2
𝑒𝑖𝑛Θ + 1

quadratic equation 𝑥 = 𝑒𝑖𝑛Θ

stability condition

Δ = 4
𝐴+𝐷

2

2
− 1

𝑥 is complex only for Δ < 0⟺ −2 < 𝐴 + 𝐷 < 2

solution:

𝑥 = 𝑒𝑖Θ =
𝐴 + 𝐷

2
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back to the two-mirror F-P
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, 𝑖 = 1,2
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optical resonators Bible

Herwig Kogelnik



Gaussian beam

paraxial approximation: 𝐸 𝑥, 𝑦, 𝑧 = 𝜓(𝑥, 𝑦, 𝑧)𝑒−𝑖𝑘𝑧

Helmholtz equation:  ∆𝑟𝜓 − 2𝑖𝑘𝜓 = 0 ∆𝑟=
1

𝑟

𝜕

𝜕𝑟
𝑟

𝜕

𝜕𝑟

Trial solution: 𝜓 = 𝜓0𝑒
−𝑖 𝑃 𝑧 +

𝑘𝑟2

2𝑞(𝑧)

algebra …

𝑞 𝑧 = 𝑖𝑧0 + 𝑧 = 𝑧0 𝑖 + 𝜁 𝜁 ≡  𝑧 𝑧0

𝑒−𝑖𝑃(𝑧) =
1

1+𝜁2
𝑒𝑖 tan

−1 𝜁

the final result:

𝐸 𝑥, 𝑦, 𝑧 =
𝜓0

1 + 𝜁2
𝑒𝑖 −𝑘𝑧+tan

−1𝜁 𝑒
−𝑖

𝑘 𝑥2+𝑦2

2𝑞 𝑧

amplitude

plane wave 
phase

Guoy
phase

phase front
+

Intensity distribution

the beam is defined by two real parameters: 𝑧0 and 𝜆



the physical interpretation of the 𝑞 parameter:

𝐸 𝑥, 𝑦, 𝑧 =
𝜓0

1 + 𝜁2
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−1𝜁 𝑒
−𝑖

𝑘𝑟2

2𝑞(𝑧)

𝑖

𝑖𝑧0 + 𝑧
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− 𝑖
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2
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Gaussian beam, 2



𝐼 𝑥, 𝑦, 𝑧 = 𝜓0
2 𝑤0

𝑤(𝑧)

2

𝑒
−

2𝑟2

𝑤2(𝑧)

𝑤2(𝑧) =
𝜆0𝑧0

𝑛𝜋
1 +  𝑧 𝑧0

2 = 𝑤0
2 1 +  𝑧 𝑧0

2 , 𝑤0
2 = 𝑤 0 =

𝜆0𝑧0

𝑛𝜋
=

𝜆𝑧0

𝜋

lim
𝑧⟶∞

𝑤 𝑧 = 𝑤0 ∙  
𝑧
𝑧0 = Θ𝑧 Θ =  𝑤0

𝑧0 =
𝜆0

𝑛𝜋𝑤0

Rayleigh range: 2𝑧0 𝑤 𝑧0 = 2𝑧0

𝐸 𝑥, 𝑦, 𝑧 = 𝜓0

𝑤0

𝑤(𝑧)
∙ 𝑒

−
𝑟2

𝑤2(𝑧) ∙ 𝑒
−𝑖

𝑟2

2𝑅(𝑧) ∙ 𝑒𝑖 −𝑘𝑧+tan
−1𝜁

Gaussian intensity 
distribution

spherical 
phase fronts

phase on 
the axis

Gaussian beam, 3
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Gauss-Hermite beams

In Cartesian coordinate system:

𝐸𝐺𝐻
𝑚,𝑛 𝑥, 𝑦, 𝑧 = 𝐻𝑚

2𝑥

𝑤(𝑧)
∙ 𝐻𝑛

2𝑦

𝑤(𝑧)
∙ 𝜓0

𝑤0

𝑤(𝑧)
∙ 𝑒

−
𝑟2

𝑤2(𝑧) ∙ 𝑒
−𝑖

𝑟2

2𝑅(𝑧) ∙ 𝑒𝑖 −𝑘𝑧+(1+m+n)tan−1𝜁

which are called TEMmn beams.

Hermite polynomial:

𝐻𝑛 𝑥 ≡ −1 𝑛𝑒𝑥
2 𝑑𝑛

𝑑𝑥𝑛
𝑒−𝑥

2

and some low order Hermite polynomials:

𝐻0 𝑥 = 1

𝐻1 𝑥 = 𝑥

𝐻2 𝑥 = 𝑥2 − 1

𝐻3 𝑥 = 𝑥3 − 3𝑥

..... TEMmn beams are ortho-
normal and form a complete 
basis for paraxial beam



Cylindrical symmetry; 𝑟, 𝜙, 𝑧 coordiantes

𝐸 𝑟, 𝜙, 𝑧 = 𝜓0

𝑒−𝑖𝑛𝜙

𝑤(𝑧)

𝑟

𝑤(𝑧)

𝑛

𝐿𝑚
𝑛 2𝑟2

𝑤2(𝑧)
∙ 𝑒

−
𝑟2

𝑤2(𝑧) ∙ 𝑒
−𝑖

𝑟2

2𝑅(𝑧) ∙ 𝑒𝑖 −𝑘𝑧+(1+m+n)tan−1  𝑧 𝑧0

𝐿𝑚
𝑛- Laguerre polynomial 

Laguerre polynomial:

𝐿𝑚
𝑛 𝑥 =

𝑥−𝑛𝑒𝑥

𝑚!

𝑑𝑚

𝑑𝑥𝑚
𝑒−𝑥𝑥𝑛+𝑚

and a few of them:

𝐿0
𝑙(𝑥) = 1

𝐿1
𝑙 𝑥 = 𝑙 + 1 − 𝑥

𝐿2
𝑙 =

1

2
𝑙 + 1 𝑙 + 2 − 𝑙 + 2 𝑥 +

1

2
𝑥2

….

non-zero orbital momentum

Gauss-Laguerre beams

Gauss-Laguerre beams are 
ortho-normal and form a 
complete basis for paraxial 
beam



Gauss-Ince beams



Gauss-* beams in 
optical resonators

𝑅1 𝑅2𝐿

ABCD
elementary cell

=

𝑓1
𝑓2 𝑓1

𝑓2

𝐿 𝐿 𝐿

The beam can be a mode of the resonator if:

𝑞 =
𝐴𝑞 + 𝐵

𝐶𝑞 + 𝐷
⇒ 𝐵

1

𝑞

2

+ 𝐴 − 𝐷
1

𝑞
− 𝐶 = 0

….

1

𝑞
= −

𝐴 − 𝐷

2𝐵
− 𝑖

1 −
𝐴 + 𝐷
2

2

𝐵
=
1

𝑅
− 𝑖

𝜆

𝜋𝑤2

at the beginning of the elementary cell Transverse mode

Gaussian beam propagation

𝑞2 =
𝐴𝑞1 + 𝐵

𝐶𝑞1 + 𝐷

z

𝑧 = 0

𝑧1 𝑧2

the procedure for transverse mode calculation:

• select the elementary cell
• calculate ABCD matrix of the elementary cell
• check for stability: −2 < 𝐴 + 𝐷 < 2
• calculate  1 𝑞 at the beginning of elem. cell
• propagate  1 𝑞 to obtain beam parameters at 

any plane inside the resonator



Z-resonator
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beam radius inside the resonator

stability regions

𝑑3 = 900mm



mode frequencies for an open resonator 

𝑅1 𝑅2𝐿an example: TEMmn modes

𝐸𝐺𝐻
𝑚,𝑛 𝑥, 𝑦, 𝑧 = 𝐻𝑚

2𝑥

𝑤(𝑧)
∙ 𝐻𝑛

2𝑦

𝑤(𝑧)
∙ 𝜓0

𝑤0

𝑤(𝑧)
∙ 𝑒

−
𝑟2

𝑤2(𝑧) ∙ 𝑒
−𝑖

𝑟2

2𝑅(𝑧) ∙ 𝑒𝑖 −𝑘𝑧+(1+m+n)tan−1𝜁

for the beam to be a mode of the resonator we need the round-trip phase to be a multiple of 2𝜋:

𝑘𝐿 − 1 +m + n tan−1  𝐿 𝑧0 = 𝑙𝜋, 𝑙 – natural number indexing longitudinal modes

𝜈𝑙𝑚𝑛 =
𝑐

2𝐿
𝑙 +

1

𝜋
1 +m + n tan−1  𝐿 𝑧0 the procedure for any stable resonator:

• select the elementary cell
• calculate ABCD matrix of the elementary cell
• check for stability c−2 < 𝐴 + 𝐷 < 2
• calculate  𝑧0
• from the equation on the left calculate frequencies

𝜈𝑙00 𝜈𝑙10 𝜈𝑙02 𝜈𝑙03
𝜈𝑙01 𝜈𝑙20

𝜈𝑙11

𝜈𝑙30
𝜈𝑙12
…

……

𝑙 − 1 𝑙 + 1

…

𝜈

typical structure: tranverse and longitudinal modes



an example: two-mirror F-P resonator

𝜈𝑙𝑚𝑛 =
𝑐

2𝐿
𝑙 +

1

𝜋
1 +m + n tan−1  𝐿 𝑧0 ⇒

𝜈𝑙𝑚𝑛 =
𝑐

2𝐿
𝑙 +

1

𝜋
1 + m + n cos−1 1 −  𝐿 𝑅1

1 −  𝐿 𝑅2

𝑅1 𝑅2𝐿

Specific cases

• plane-parrallel Fabry-Perot 𝑅1 = 𝑅2 = ∞, 𝜈𝑙𝑚𝑛 = 𝑙
𝑐

2𝐿

• confocal symmetric 𝑅1 = 𝑅2 = 𝐿 𝜈𝑙𝑚𝑛 = 𝑙
𝑐

4𝐿

• spherical symmetric 𝑅1 = 𝑅2 = 𝐿/2 𝜈𝑙𝑚𝑛 = 𝑙
𝑐

2𝐿

mode frequencies for an open resonator, 2 



open resonators with diffraction losses

TEM00 mode selection



selekcja modu TEM00

open resonators with diffraction losses, 2



astable resonators

𝐺 = 2𝑔1𝑔1 − 1



optical wave-guides

different geometries:

 flat, one-dimensional – a sheet

 flat 2D – a rectangle

 round standard (telecommunications)

 photonic

The light propagates along 𝑧. The field is given by 𝐸 𝑥, 𝑦, 𝑧 = 𝐴𝑛(𝑥, 𝑦)𝑒
𝑖𝛽𝑛𝑧 with 𝑛 refractive index (a 

set of indices). Always, discrete solutions polarization-dependent
Rough classification: single-mode vs multimode
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example 1: flat symmetrical waveguide (1D), two families of solutions: TE and TM. An important 

parameter numerical aperture of the waveguide; 𝑁𝐴 = 𝑛2
1 − 𝑛1

2

𝛽 =
2𝜋𝑛𝑒𝑓𝑓

𝜆

optical wave-guides, 2



example 2: cylindrical optical fiber 
with a step index

𝑉 =
2𝜋𝑎

𝜆
𝑁𝐴

𝛽 =
2𝜋𝑛𝑒𝑓𝑓

𝜆

𝐿𝑃11

optical wave-guides, 2



photonic fibers

Example 3: a fiber with double clad and doped core



wave-guide micro-resonators



Fiber/waveguide optical resonators

• transverse mode = mode of the fiber

• standing wave condition for a mode with index 𝑛: 𝛽𝑛𝐿 = 𝑙𝜋 (𝑙 is a natural

number) is used to find the frequencies of (longitudinal modes).

• numerical calculations.


