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QUANTUM GROUP ACTIONS ON DISCRETE QUANTUM SPACES ORBITS OF AN ACTION

M =
∏
i∈I

Mi — product of von Neumann algebras,

G — compact quantum group,

α : M −→ M ⊗̄ L∞(G) — action of G on M:

α is an injective, unital, normal ∗-homomorphism,
(α⊗ id)◦α = (id ⊗∆G)◦α.

pi : M −→ Mi — canonical projection.

DEFINITION

We say that i, j ∈ I are α-related (writing i ∼α j) if

∃ x ∈ Mi (pj ⊗ id)α(x) 6= 0.
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QUANTUM GROUP ACTIONS ON DISCRETE QUANTUM SPACES ORBITS OF AN ACTION

Define αj,i : Mi −→ Mj ⊗̄ L∞(G) by

αj,i(x) = (pj ⊗ id)α(x), x ∈ Mi .

Then αj,i is a normal ∗-homomorphism. Moreover for each

x ∈ Mi

α(x) =
∑

j∈I

αj,i(x).

FACT

T.F.A.E. for i, j ∈ I:

1 i ∼α j,

2 αj,i 6= 0,

3 αj,i(1Mi
) 6= 0.
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QUANTUM GROUP ACTIONS ON DISCRETE QUANTUM SPACES ORBITS OF AN ACTION

We say that α is implemented if there exist

a Hilbert space H ,
a faithful normal representation π of M on H ,
a unitary U ∈ B(H ) ⊗̄ L∞(G)

such that

(π ⊗ id)α(y) = U
(
π(y)⊗ 1

)
U∗, y ∈ M.

Any action can be implemented:

EXAMPLE

π0 — faithful representation of M on H0,

WG ∈ ℓ∞(Ĝ) ⊗̄ L∞(G) — the Kac-Takesaki operator of G,

Define:

H = H0 ⊗ L
2(G),

π = (π0 ⊗ id)◦α : M −→ B(H0) ⊗̄ L
∞(G) ⊂ B(H ),

U = WG
23 ∈ B(H0) ⊗̄ ℓ

∞(Ĝ) ⊗̄ L
∞(G) ⊂ B(H ) ⊗̄ L

∞(G).
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QUANTUM GROUP ACTIONS ON DISCRETE QUANTUM SPACES ORBITS OF AN ACTION

Assume α is implemented (H , π,U as before).

We can assume further that U ∈ B(H ) ⊗̄ L∞(G) is a

representation of G:

(id ⊗∆G)U = U12U13.

For each i let pi be the unit of Mi (as a projection in M)

Define Hi = π(pi)H . We have

H =
⊕

i∈I

Hi and π(y) =
⊕

i∈I

πi

(
pi(y)

)
,

where πi : Mi −→ B(Hi) is a faithful representation.

For k, l ∈ I let Uk,l =
(
π(pk)⊗ 1

)
U
(
π(pl)⊗ 1

)
.

Implementation of α by U means:

(πj ⊗ id)αj,i(x) = Uj,i

(
πi(x)⊗ 1

)
Uj,i

∗ i, j ∈ I, x ∈ Mi .
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QUANTUM GROUP ACTIONS ON DISCRETE QUANTUM SPACES ORBITS OF AN ACTION

Since (πj ⊗ id)
(
αj,i(1Mi

)
)
= Uj,iUj,i

∗, for all i, j ∈ I we have

(
i ∼α j

)
⇐⇒

(
Uj,i 6= 0

)
.

PROPOSITION

The relation ∼α is symmetric.

PROOF.

Assume α is implemented by a representation. We have i ∼α j iff

Uj,i 6= 0 iff there are ξ ∈ Hj and η ∈ Hi such that (ωξ,η ⊗ id)U 6= 0.

Now (ωξ,η ⊗ id)U ∈ D(S) (domain of antipode) and

0 6= S
(
(ωξ,η ⊗ id)U

)
= (ωξ,η ⊗ id)(U∗).

This means that 0 6= (U∗)j,i = Ui,j
∗, so Ui,j 6= 0 and i ∼α j.
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QUANTUM GROUP ACTIONS ON DISCRETE QUANTUM SPACES ORBITS OF AN ACTION

REMARK

The relation ∼α need not be transitive. For example take

M = L∞({1,2,3,4}) = L∞({1}) ⊕ L∞({2,3}) ⊕ L∞({4}),

G = Z2 acting by

1 2 3 4

1 2 3 4

Then {1} ∼α {2,3} and {2,3} ∼α {4}, but {1} 6∼α {4}.
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QUANTUM GROUP ACTIONS ON DISCRETE QUANTUM SPACES ORBITS OF AN ACTION

PROPOSITION

If Mi is a factor for each i then ∼α is an equivalence relation.

PROOF.

From (id ⊗∆G)◦α = (α⊗ id)◦α it follows that

(id ⊗∆G)
(
αj,i(x)

)
=

∑

k∈I

(αj,k ⊗ id)
(
αk,i(x)

)
, i, j ∈ I, x ∈ Mi .

Since each Mi is a factor, for any a,b ∈ I we have a ∼α b iff

kerαa,b = {0}. Assume i ∼α l and l ∼α j. We have

(id ⊗∆G)
(
αj,i(1Mi

)
)
=

∑

k∈I

(αj,k ⊗ id)
(
αk,i(1Mi

)
)

(sum of orthogonal projections).
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QUANTUM GROUP ACTIONS ON DISCRETE QUANTUM SPACES ORBITS OF AN ACTION

PROOF CONT’D.

Since i ∼α l, we have αl,i(1Mi
) 6= 0,

since j ∼α l, we have kerαj,l = {0}.

It follows that

(id ⊗∆G)
(
αj,i(1Mi

)
)
=

∑

k∈I

(αj,k ⊗ id)
(
αk,i(1Mi

)
)

≥ (αj,l ⊗ id)
(
αl,i(1Mi

)
)
6= 0,

so αj,i(1Mi
) 6= 0, i.e. i ∼α j.

Finally, for any i there is j such that i ∼α j (otherwise α would

not be injective). Thus by symmetry and transitivity we get

reflexivity of ∼α.

DEFINITION

The classes of ∼α will be called orbits of α.
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QUANTUM GROUP ACTIONS ON DISCRETE QUANTUM SPACES ORBITS OF AN ACTION

Let A ⊂ I be an equivalence class of ∼α. Then α restricts to

an action on
∏
i∈A

Mi.

Moreover, the projection pA =
∑
i∈A

pi is invariant:

α(pA) = pA ⊗ 1.

COROLLARY 1

If α is ergodic then ∼α is the total relation.

COROLLARY 2

If Mi = Mni
(C) for all i ∈ I then all orbits of α are finite.

THEOREM

Let α be an ergodic action of a compact quantum group G on a

von Neumann algebra N of the form N = Mn(C)⊕ Ñ. Then

dim N < +∞.
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QUANTUM GROUP ACTIONS ON DISCRETE QUANTUM SPACES ORBITS OF AN ACTION

SKETCH OF PROOF OF COROLLARY 2.

 Restrict to one class: ∀ i, j i ∼α j,

 take a minimal projection p in Mα =
{
m ∈ M α(m) = m ⊗1

}
,

 α restricts to an action on pMp which is ergodic,

 pMp is itself a product of matrix algebras, so by Theorem

dim pMp < +∞,

 thus Ip = {i ∈ I pip 6= 0} is finite,

 take i ∈ Ip and j ∈ I KIp. We have pip 6= 0, and

αj,i(pip) = (pj ⊗ id)
(
α(pip)

)
≤ (pj ⊗ id)

(
α(p)

)
= pj(p)⊗ 1 = 0.

But i ∼α j, so kerαj,i = {0} — a contradiction.

 Thus I = Ip is finite.
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QUANTUM CLIFFORD THEORY DISCRETE QUANTUM GROUP WITH A QUANTUM SUBGROUP

Let Γ be a discrete quantum group:

ℓ∞(Γ) =
∏

γ∈Irr Γ̂

Mnγ
(C),

and let Λ be a quantum subgroup of Γ:

L∞(Λ̂) ⊂ L∞(Γ̂), (Λ is closed)
π : ℓ∞(Γ) −→ ℓ∞(Λ). (Λ is open)

Put ℓ∞(Λ\Γ) =
{
x ∈ ℓ∞(Γ) (π ⊗ id)∆Γ(x) = 1⊗ x

}
.

Let G = Γ̂. We have

WG
(
ℓ∞(Λ\Γ)⊗ 1

)
WG∗

⊂ ℓ∞(Λ\Γ) ⊗̄ L∞(Γ̂)

which yields an action of G on ℓ∞(Λ\Γ):

α(x) = WG(x ⊗ 1)WG∗
, x ∈ ℓ∞(Λ\Γ).
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QUANTUM CLIFFORD THEORY DISCRETE QUANTUM GROUP WITH A QUANTUM SUBGROUP

EXAMPLE

Consider a special case:

let H ⊂ G be a normal closed quantum subgroup,

let Γ = Ĝ and Λ = Ĝ/H.

Then G acts on ℓ∞(Λ\Γ) = ℓ∞(Γ/Λ) = ℓ∞(Ĥ).

ℓ∞(Λ\Γ) is a product of matrix algebras:

ℓ∞(Λ\Γ) =
∏

i∈I

Mi

with each Mi = Mmi
(C).

The action of G = Γ̂ on ℓ∞(Λ\Γ) defines the equivalence

relation ∼α on I.
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QUANTUM CLIFFORD THEORY RESTRICTING REPRESENTATIONS OF QUANTUM GROUPS

Representations of G = Γ̂ are all of the form

U = (ϕ⊗ id)WG,

where ϕ is a representation of ℓ∞(Γ).

Irreps correspond to matrix blocks in the decomposition

ℓ∞(Γ) =
∏

γ

Mnγ
(C).

Since ℓ∞(Λ\Γ) ⊂ ℓ∞(Γ), representations of ℓ∞(Γ) can be

restricted to ℓ∞(Λ\Γ).

When Λ = Ĝ/H for a normal H ⊂ G this is exactly restricting

representations of G to H (ℓ∞(Λ\Γ) = ℓ∞(Ĥ)).

Classical theorem of Clifford says that an irrep of G

restricted to a normal H ⊂ G is equivalent to a direct sum

of irreps of H forming precisely one orbit of the action of G

on Irr H by conjugation.

P.M. SOŁTAN (WARSAW ) QUANTUM CLIFFORD THEORY APRIL 25, 2017 15 / 24



QUANTUM CLIFFORD THEORY QUANTUM CLIFFORD’S THEOREM

Denote by 1j the unit of Mj ⊂ ℓ∞(Λ\Γ) viewed as a projection

in ℓ∞(Γ).

THEOREM

For any i ∈ I the element

∑

j∼αi

1j ∈ ℓ∞(Λ\Γ) ⊂ ℓ∞(Γ)

is the central support z(1i) in ℓ∞(Γ) of the projection 1i . Moreover

z(1i) is orthogonal to z(1j) if i is not equivalent to j (i.e. i and j are

not in the same orbit).

In particular for any κ ∈ Irr Γ̂ there exists i ∈ I such that
1 for all j ∈ I we have pκ1j 6= 0 if and only if j ∼α i,

2 we have pκ

( ∑
j∼αi

1j

)
= pκ.
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QUANTUM CLIFFORD THEORY QUANTUM CLIFFORD’S THEOREM

EXAMPLE REVISITED

When Λ = Ĝ/H for a closed normal subgroup H of G, the

theorem says that for an irrep κ of G (or ℓ∞(Ĝ)) the

restriction of κ to H (or ℓ∞(Ĥ)) is a direct sum of irreps of H

constituting one class of the equivalence relation ∼α on

I = IrrH.

For classical groups G and H the irreps of H in one orbit of

the action of G (by conjugation) all have the same

dimension.
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QUANTUM CLIFFORD THEORY DIMENSIONS IN KAC CASE

THEOREM

Let G be a compact quantum group of Kac type and let H be a

closed normal quantum subgroup of G. Then any two irreducible

representations σ and τ of H in the same orbit have the same

dimension. Moreover, if π is any irreducible representation of G

with π(1σ) 6= 0, then also the multiplicity of σ in π is the same as

the multiplicity of τ in π.
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OTHER APPLICATIONS TORSION FREENESS AND CONNECTEDNESS

THEOREM

Consider the following three conditions

1 Ĝ is torsion free,
All actions of G on finite dimensional
C∗-algebras are direct sums of actions
Morita equivalent to trivial action on C

2 G is satisfies the (TO)-condition, For any action of G on a product of ma-
trix algebras the orbits are trivial

3 G is connected.
There is no finite quantum group H such
that Pol(H) ⊂ Pol(G) as a Hopf ∗-sub-
algebra

Then
1 =⇒ 2 =⇒ 3 .

In general neither of the implications can be reversed.
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OTHER APPLICATIONS VERGNIOUX RELATION

DEFINITION

Let Λ be a quantum subgroup of a discrete quantum group Γ.

For σ, τ ∈ Irr Γ̂ we say that σ and τ are Λ-related if there exists

γ ∈ Irr Λ̂ such that τ ⊂ σ⊤©γ.

Recall that in this situation we have an action α of G on

ℓ∞(Λ\Γ) =
∏
i∈I

Mi.

For i ∈ I define Γ-supp(1i) =
{
κ ∈ Irr Γ̂ pκ1i 6= 0

}
.

THEOREM

1 For i, j ∈ I we have i ∼α j iff Γ-supp(1i) = Γ-supp(1j),

2 two elements σ, τ ∈ Irr Γ̂ are Λ-related iff there exists i ∈ I
such that σ, τ ∈ Γ-supp(1i).

P.M. SOŁTAN (WARSAW ) QUANTUM CLIFFORD THEORY APRIL 25, 2017 20 / 24



ERGODIC ACTIONS ACTIONS ON Mn(C) ⊕ Ñ

Let α : N → N ⊗̄ L∞(G) be an ergodic action,

assume N = Mn(C)⊕ Ñ.

There is a unique invariant state ϕ on N, let L2(N) be the

associated G.N.S. space.

Define G : L2(N)⊗ L2(N) −→ L2(N)⊗ L2(G) by extending

x ⊗ y 7−→ α(y)(x ⊗ 1), x ,y ∈ Pol(N),

where Pol(N) is the algebraic core (or Podleś subalgebra or

polynomial subalgebra) of N.

One can show that G ∈ N ⊗ B(L2(N), L2(G)), so for ω ∈ N∗ we

have

Lω = (ω ⊗ id)(G∗) ∈ B(L2(G), L2(N)).

Put

c0(N̂) =
{
Lω ω ∈ N∗

}
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ERGODIC ACTIONS ACTIONS ON Mn(C) ⊕ Ñ

c0(N̂) can be shown to be a Hilbert C∗-module over c0(Ĝ) of

the form

c0(N̂) =
⊕

κ∈IrrG

Mmκ,nκ
(C)

for some non-negative integers {mκ}κ∈IrrG (c0-direct sum).

Finiteness of each mκ follows from ergodicity of α.

In fact the summand Mmκ,nκ
(C) is

{
Lϕ(· x) x ∈ N transforms according to κ

}

(x ∈ Pol(N)κ).

If N is infinite dimensional then so is c0(N̂).
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ERGODIC ACTIONS ACTIONS ON Mn(C) ⊕ Ñ

Let η : N = Mn(C)⊕ Ñ −→ Mn(C) be the canonical projection.

Define ηi,j ∈ N∗ by

η(x) =
∑

i,j

ηi,j(x)ei,j, x ∈ N,

and let L η =
∑
i,j

ei,j ⊗ L ηi,j
∈ Mn(C)⊗ c0(N̂).

If dim N = +∞ there are infinitely many different κ with

Lϕ(· xκ)pκ = Lϕ(· xκ) for some non-zero xκ ∈ Pol(N)κ.

Then, via somewhat complicated calculations, we get

‖Lϕ(· xκ)‖ =
∥∥(1 ⊗ pκ)L η

∗(1⊗ Lϕ(· xκ))
∥∥ ≤

∥∥L η(1⊗ pκ)
∥∥‖Lϕ(· xκ)‖,

so
∥∥L η(1⊗ pκ)

∥∥ ≥ 1 for infinitely many different κ.

This is a contradiction with Lη ∈ Mn(C)⊗ c0(N̂).
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Thank you for your attention.

,
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