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BRAIDED TENSOR PRODUCTS OF T-C˚-ALGEBRAS THE CATEGORY OF T-C˚-ALGEBRAS

We will consider the category C
˚
T

of C˚-algebras endowed

with an action of T and equivariant morphisms.

Given A P ObpC˚
T

q the action will be described by

ρA P Mor
`

A,CpTq b A
˘

such that pid b ρAq˝ρA “ p∆T b idq˝ρA.

For A,B P ObpC˚
T

q the morphisms between A and B in C
˚
T

are

those Φ P MorpA,Bq such that

pid b Φq˝ρA “ ρB˝Φ

and the set of those morphisms will be denoted MorTpA,Bq.

The set of homogeneous elements, i.e. a P A such that

ρApaq “ z
n b a for some n, spans a dense subspace of A.
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BRAIDED TENSOR PRODUCTS OF T-C˚-ALGEBRAS BRAIDED TENSOR PRODUCTS

Choose ζ P T.

There exists a monoidal structure bζ on C
˚
T

such that

for A,B P ObpC˚
T

q the C˚-algebra A bζ B comes equipped with
embeddings

1 : A ÝÑ A bζ B,

2 : B ÝÑ A bζ B

such that for homogeneous elements

2pbq1paq “ ζ
degpaq degpbq

1paq2pbq,

the action of T on A bζ B is determined uniquely by the
condition that 1 and 2 are equivariant.
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BRAIDED TENSOR PRODUCTS OF T-C˚-ALGEBRAS BRAIDED TENSOR PRODUCTS

For Φ P MorTpA,A1q and Ψ P MorTpB,B1q there exists a unique

Φ bζ Ψ P MorTpA bζ B,A1 bζ B1q such that

pΦ bζ Ψq
`

1paq2pbq
˘

“ 1
`

Φpaq
˘

2
`

Ψpbq
˘

for all a P A, b P B.

If ρB or ρA is trivial then

A bζ B – A b B

with 1 and 2 becoming

a ÞÝÑ a b 1 and a ÞÝÑ 1 b b

respectively.
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THE BRAIDED QUANTUM SUp2q GROUPS THE QUANTUM GROUP SPACE SUqp2q

Fix q P C such that 0 ă |q| ă 1.

Define CpSUqp2qq to be the universal C˚-algebra generated

by α and γ such that

„

α ´qγ˚

γ α˚



is unitary.

The C˚-algebra CpSUqp2qq is equipped with and action of T

described by

ρCpSUqp2qq P Mor
`

CpSUqp2qq,CpTq b CpSUqp2qq
˘

determined by

ρCpSUqp2qqpαq “ 1 b α, ρCpSUqp2qqpγq “ z b γ.
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THE BRAIDED QUANTUM SUp2q GROUPS THE BRAIDED QUANTUM GROUP SUqp2q

THEOREM (KASPRZAK-MEYER-ROY-WORONOWICZ)

Let ζ “ q{q. There exists a unique

∆ P MorT
`

CpSUqp2qq,CpSUqp2qq bζ CpSUqp2qq
˘

such that

∆pαq “ 1pαq2pαq ´ q1pγ˚q2pγq, ∆pγq “ 1pγq2pαq ` 1pα˚q2pγq.

Moreover

1 ∆ is coassociative: p∆ bζ idq˝∆ “ pid bζ ∆q˝∆,

2 the subspaces

∆
`

CpSUqp2qq
˘

2
`

CpSUqp2qq
˘

, 1
`

CpSUqp2qq
˘

∆
`

CpSUqp2qq
˘

are dense in CpSUqp2qq bζ CpSUqp2qq.

In what follows we will sometimes write G instead of SUqp2q.
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THE QUOTIENT SPHERE THE QUANTUM SUBGROUP T

Consider the C˚-algebra CpTq with trivial action of T.

Then the map π : CpGq Ñ CpTq given by

πpαq “ z, πpγq “ 0

is equivariant and we have pπ bζ πq˝∆ “ ∆T˝π.

Define CpS2
qq “

 

a P CpGq
ˇ

ˇ pid bζ πq∆paq “ a b 1
(

.

PROPOSITION

1 pπ bζ πq˝∆ “ ∆T˝π,

2 CpS2
qq is the C˚-subalgebra of generated by αγ˚ and γ˚γ,

3 CpS2
qq is the universal unital C˚-algebra generated by

elements A and B with relations

B˚B “ A ´ A2, BA “ |q|2AB, BB˚ “ |q|2A ´ |q|4A2, A˚ “ A,

4 CpS2
qq is isomorphic to the minimal unitization of the

compacts.
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THE QUOTIENT SPHERE ACTION OF SUqp2q ON S
2
q

Put Γ “ ∆
ˇ

ˇ

CpS2
qq

. Then

Γ P MorTpCpS2
qq,CpGq bζ CpS2

qqq,
pid bζ Γq˝Γ “ p∆ bζ idq˝Γ,
1
`

CpGq
˘

Γ
`

CpS2
qq
˘

is dense in CpGq bζ CpS2
qq,

for x P CpS2
qq we have Γpxq “ 2pxq if and only if x P C1.

Now define

V “

»

–

α2 ´s2γ˚α ´qγ˚2

ζαγ 1 ´ s2γ˚γ γ˚α˚

´qζγ2 ´s2α˚γ α˚2

fi

fl “

»

–

v´1,´1 v´1,0 v´1,1

v0,´1 v0,0 v0,1

v1,´1 v1,0 v1,1

fi

fl .

(with s “
a

1 ` |q|2). Putting ei “ vi,0 (i “ ´1,0,1) we have

CpS2
qq “ C˚pe´1, e0, e1q,

Γpeiq “
1
ř

j“´1

1peiq2pvi,jq.
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THE THREE DIMENSIONAL IRREP V S
2
q IN TERMS OF V

V is unitary.

Elements of the matrix V satisfy ∆pvi,jq “
1
ř

k“´1

1pvi,kq2pvk,jq.

If A P M3pCq commutes with V then A P C13.

Moreover

ei
˚ “ e´i for i “ ´1,0,1,

degpeiq “ i for i “ ´1,0,1,

spante´1, e0, e1u is the unique subspace of CpS2
qq equipped

with a basis which transforms according to V .

P.M. SOŁTAN (WARSAW ) QUANTUM SPHERES DECEMBER 11, 2019 10 / 15



THE THREE DIMENSIONAL IRREP V S
2
q IN TERMS OF V

Let X be a compact quantum space such that CpXq P ObpC˚
T

q.
Assume that there exists Γ P MorTpCpXq,CpGq bζ CpXqq such that

if a P CpXq satisfies Γpaq “ 2paq then a P C1,

CpXq is generated by a three dimensional subspace

W Ă CpXq equipped with a basis te´1, e0, e1u such that

Γpeiq “
1
ÿ

j“´1

1peiq2pvi,jq,

W is the only subspace of CpXq equipped with a basis which

transforms according to V ,

degpeiq “ i.

(Note that X “ S
2
q satisfies these conditions.)
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THE THREE DIMENSIONAL IRREP V S
2
q IN TERMS OF V

Then (after re-scaling te´1, e0, e1u by a constant) we have

1 ei
˚ “ e´i,

2 there exists ̺ P R such that

e´1e1 ` s2e2
0 ` |q|2e1e´1 “ ̺1,

3 there exists λ P R such that

s2pe´1e0 ´ |q|2e0e´1q “ λe´1,

|q|2pe1e´1 ´ e´1e1q `
`

1 ´ |q|4
˘

e2
0 “ λe0,

s2pe0e1 ´ |q|2e1e0q “ λe1.
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QUANTUM SPACES SIMILAR TO S
2
q BRAIDED PODLEŚ SPHERES

THEOREM

Let Xq,̺,λ be the universal C˚-algebra generated by e´1, e0, e1

with relations ei
˚ “ e´i and

e´1e1 ` s2e2
0 ` |q|2e1e´1 “ ̺1,

s2pe´1e0 ´ |q|2e0e´1q “ λe´1,

|q|2pe1e´1 ´ e´1e1q `
`

1 ´ |q|4
˘

e2
0 “ λe0,

s2pe0e1 ´ |q|2e1e0q “ λe1.

Then

1 there is an action of T on CpXq,̺,λq such that degpeiq “ i,

2 There exists Γq,̺,λ : CpXq,̺,λq Ñ CpGq bζ CpXq,̺,λq such that

Γq,̺,λpeiq “
1
ÿ

j“´1

1pvi,jq2pejq,

3 pid bζ Γq,̺,λq˝Γq,̺,λ “ p∆ bζ idq˝Γq,̺,λ and 1
`

CpGq
˘

Γq,̺,λ

`

CpXq,̺,λq
˘

is dense in CpGq bζ CpXq,̺,λq.
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QUANTUM SPACES SIMILAR TO S
2
q BRAIDED PODLEŚ SPHERES

MOREOVER

We have

CpXq,̺,λq – CpS2
|q|cq,

where S2
|q|c is the Podleś sphere for SU|q|p2q and

c “ |q|2 s2̺p1´|q|2q2´λ2

p1`|q|2q2λ2

(or c “ 8 if λ “ 0).
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QUANTUM SPACES SIMILAR TO S
2
q BRAIDED PODLEŚ SPHERES

CONCLUSION

Any quantum space with action of SUqp2q with properties

similar to that of the action on S
2
q is equivariantly

isomorphic to one of the spaces Xq,λ,̺.

An equivariant isomorphism of CpXq,λ,̺q onto CpXq,λ1,ρ1q
must map the distinguished basis te´1, e0, e1u of

W Ă CpXq,λ,̺q to a multiple of the distinguished basis of

W1 Ă CpXq,λ1,̺1q.

The collection of compact quantum spaces tXq,λ,̺u coincides

with tS2
|q|cucPRYt8u.
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