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EXAMPLES OF TYPE III

MOTIVATION

In recent work with J. Krajczok we looked at examples of compact quantum

groups G such that L8pGq is an injective factor of type III.

We constructed many such examples by taking G of the form

G “
8ą

n“1

Hνn ,qn ,

where
 
Hνn ,qn

(
nPN

is a sequence of compact quantum groups defined as

Hνn ,qn “ Q ’ SUqn p2q

with the action of r P Q by the automorphism τ
SUqn p2q
νnr .

We always assume that νn log |qn | R πQ.
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EXAMPLES OF TYPE III

MOTIVATION

With appropriate choice of
 

pνn ,qnq
(

nPN
we obtained examples with L8pGq

injective and

of type IIIλ for λ P s0,1r,
of type III1,
of type III0 (uncountably many pairwise non-isomorphic factors).

Next we aimed at constructing families of pairwise non-isomorphic quantum

groups sharing the same injective factor.

In order to distinguish between our examples we introduced some

invariants.
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EXAMPLES OF TYPE III FIRST INVARIANTS

THE INVARIANTS

DEFINITION

Let G be a locally compact quantum group. We define

T τpGq “
 
t P R

ˇ̌
τGt “ id

(
,

T τ
InnpGq “

 
t P R

ˇ̌
τGt P InnpL8pGqq

(
,

T τ
Inn

pGq “
 
t P R

ˇ̌
τGt P InnpL8pGqq

(
,

where Innp¨q denotes the approximately inner automorphisms.

If G and H are isomorphic then T τpGq “ T τpHq.

T τpGq Ă T τ
InnpGq Ă T τ

Inn
pGq and each invariant is a subgroup of R.

We have T τpGq “ T τppGq.

A compact G is of Kac type if and only of T τpGq “ R.

P.M. SOŁTAN (KMMF) INVARIANTS OF QUANTUM GROUPS MAY 24, 2023 5 / 19



EXAMPLES OF TYPE III FIRST INVARIANTS

EXAMPLES

T τ
`
SUqp2q

˘
“ T τ

Inn

`
SUqp2q

˘
“ T τ

Inn

`
SUqp2q

˘
“ π

log |q|Z.

T τpHν,qq “ π
log |q|Z, T τ

InnpHν,qq “ νQ ` π
log |q|Z, T τ

Inn
pHν,qq “ R.

MORE EXAMPLES

Now let G “
8Ś

n“1

Hνn ,qn .

If pνn ,qnq “ pν,qq for all n then L8pGq is the injective factor of type IIIq2 and

T τpGq “ T τ
InnpGq “ π

log |q|Z, T τ
Inn

pGq “ R.

One can choose
`
pνn ,qnq

˘
nPN

so that L8pGq is the injective factor of type III1
and T τpGq “ T τ

InnpGq “ t0u, T τ
Inn

pGq “ R.

One can choose
`
pνn ,qnq

˘
nPN

so that L8pGq an injective factor of type III0 (can

get uncountably many of them) and T τpGq “ T τ
InnpGq “ Z, T τ

Inn
pGq “ R.
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EXAMPLES OF TYPE III APPLICATION

APPLICATION OF THE INVARIANTS

We constructed examples of compact quantum groups G of the form
8Ś

n“1

Hn

such that

for any countable subgroup Γ Ă R (taken with discrete topology),
with K “ Γ ’ G (action by the scaling automorphisms)

we have

T τpKq “ T τpGq “ T τ

Inn
pGq “

8Ş
n“1

T τpHnq,

T τ

Inn
pKq “ Γ `

8Ş
n“1

T τpHnq,

T τ

Inn
pKq “ R.

In this construction we can have L8pKq isomorphic to the injective factor of

type IIIλ (0 ă λ ď 1) and
8Ş

n“1

T τpHnq “ t0u.

There are uncountably many countable subgroups Γ Ă R.
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MORE SYSTEMATIC APPROACH TO INVARIANTS

MORE INVARIANTS

DEFINITION

Let G be a locally compact quantum group with left Haar measure h. In addition

to T τpGq, T τ
InnpGq and T τ

Inn
pGq we define

T σpGq “
 
t P R

ˇ̌
σh

t “ id
(
,

T σ
InnpGq “

 
t P R

ˇ̌
σh

t P InnpL8pGqq
(
,

T σ
Inn

pGq “
 
t P R

ˇ̌
σh

t P InnpL8pGqq
(
,

ModpGq “
 
t P R

ˇ̌
δit “ 1

(
,

where δ is the modular element of G.

Clearly T σ
InnpGq “ T pL8pGqq.

T ˝
‚pXq, ModpXq with ˝ P tτ, σu, ‚ P t , Inn, Innu and X P tG, pGu yield 14 invariants.
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MORE SYSTEMATIC APPROACH TO INVARIANTS REDUCTIONS

PROPOSITION

For any locally compact quantum group G we have

T σpGq “ T τpGq X ModppGq,

T σ
InnpGq X ModppGq “ T τ

InnpGq X ModppGq,

T σ
Inn

pGq X ModppGq “ T τ
Inn

pGq X ModppGq,

ModpGq X ModppGq Ă 1
2 T τpGq.

The first equality above together with T τpGq “ T τppGq reduces the list to 11

(invariants T σpGq, T σppGq and T τppGq are determined by the remaining ones).

If G is compact then ModpGq “ T τ
Innp

pGq “ T σ
Innp

pGq “ T τ
Inn

ppGq “ T σ
Inn

ppGq “ R.

If additionally L8pGq is semifinite then T σ
InnpGq “ T σ

Inn
pGq “ R.
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MORE SYSTEMATIC APPROACH TO INVARIANTS SOME EXAMPLES

The invariants can be calculated for a number of well-known quantum

groups.

EXAMPLE

With G “ Eqp2q for some q P s0,1r we have

T τpGq “ T τ
InnpGq “ T τ

Inn
pGq “ T σpGq “ T τppGq “ T σppGq “ ModppGq “ π

log q
Z

T σ
InnpGq “ T σ

Inn
pGq “ T τ

Innp
pGq “ T τ

Inn
ppGq “ T σ

Innp
pGq “ T σ

Inn
ppGq “ ModpGq “ R.

The invariants can also be calculated for q-deformations of compact

semisimple Lie groups. In particular

T τ
Inn

`
SUqp3q

˘
“ π

2 log qZ and T τ
`
SUqp3q

˘
“ π

log qZ.
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INNER SCALING AUTOMORPHISMS AND KAC TYPE

CAN ALL SCALING AUTOMORPHISMS BE INNER?

“CONJECTURE”

Let G be a compact quantum group such that T τ
InnpGq “ R. Then G is of Kac type.

Suppose we know that G is not of Kac type. Then the validity of the

“conjecture” for G reduces to whether T τ
InnpGq “ R or not.

THEOREM (JACEK KRAJCZOK + P.M.S.)

Let G be a compact quantum group with a two-dimensional representation U such

that 2 “ dimU ă dimqU. Then T τ
InnpGq ‰ R.
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INNER SCALING AUTOMORPHISMS AND KAC TYPE FIRST CASE WITH POSITIVE ANSWER

In what follows we will assume that G is a compact quantum group.

If U is an irreducible representation of G we let ρU denote the associated

invertible positive element of MorpU ,U ccq such that TrpρU q “ Trpρ´1
U q.

Furthermore, let ΓpUq “ max SppρU q and γpUq “ min SppρU q.

THEOREM

Let tUnunPN be a family of irreducible representations of G such that

ΓpUnq ÝÝÝÑ
nÑ8

`8,

inf
nPN

min
!

1
γpUnqdimqUn ,

ΓpUnq
dimqUn

)
ą 0.

Then T τ
InnpGq ‰ R.
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INNER SCALING AUTOMORPHISMS AND KAC TYPE FIRST CASE WITH POSITIVE ANSWER

SKETCH OF PROOF

1 Let us assume that T τ
InnpGq “ R.

2 Then there is a strongly continuous group tvtutPR of unitaries in L8pGq such

that τGt “ Advt
for all t.

3 We let εt “ }vt ´ 1}2 (clearly εt ÝÝÝÑ
tÑ0

0).

4 We note that vt P L8pGqσ.

5 Let H “ G ˆ G and let Xn “
`
Un

1,dimUn

˘
b
`
Un

dimUn ,1

˘
P PolpHq.

6 Using the orthogonality relations (on G) we find that

}Xn}2
2 “ 1

γpUnqdimqUn
ΓpUn q
dimqUn ,

so that }Xn}2 ě c, where

c “ inf
nPN

min
!

1
γpUnqdimqUn ,

ΓpUnq
dimqUn

)
.
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INNER SCALING AUTOMORPHISMS AND KAC TYPE FIRST CASE WITH POSITIVE ANSWER

SKETCH OF PROOF

7 We calculate that for all t we have σhH

t pXnq “ Xn and τHt pXnq “
´
γpUn q
ΓpUn q

¯2it
Xn.

8 It follows that
ˇ̌
ˇ
´

γpUnq
ΓpUnq

¯2it
´ 1

ˇ̌
ˇc ď

ˇ̌
ˇ
´
γpUnq
ΓpUnq

¯2it
´ 1

ˇ̌
ˇ}Xn}2 “

››τHt pXnqΩH ´ XnΩH

››.

9 Next, using the fact that τHt “ Advtbvt
, vt P L8pGqσ and Xn P L8pHqσ we arrive

at the estimate ˇ̌
ˇ
´
γpUn q
ΓpUnq

¯2it
´ 1

ˇ̌
ˇc ď 4εt .

10 Let t1 ą 0 be such that εt ă c
4 for t P s0, t1s.

11 Furthermore, as ΓpUnq ÝÝÝÑ
nÑ8

`8 and γpUnq ď 1, there exists m such that

log
´
ΓpUm q
γpUm q

¯
ě π

2t1
.
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INNER SCALING AUTOMORPHISMS AND KAC TYPE FIRST CASE WITH POSITIVE ANSWER

SKETCH OF PROOF

12 It follows that t2 “ π
2 log

´
ΓpUm q
γpUm q

¯´1
belongs to s0, t1s, i.e. 4εt2 ă c.

13 Finally note that ˇ̌
ˇ
´
γpUm q
ΓpUm q

¯2it2
´ 1

ˇ̌
ˇ “ 2,

so

2c “
ˇ̌
ˇ
´
γpUm q
ΓpUm q

¯2it2
´ 1

ˇ̌
ˇc ď 4εt2 ă c.

This contradiction shows that not all scaling automorphisms of G are inner.
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INNER SCALING AUTOMORPHISMS AND KAC TYPE FIRST CASE WITH POSITIVE ANSWER

PROPOSITION

If G is a compact quantum group with a representation U such that

2 “ dimU ă dimqU then a sequence of irreducible representations tUnunPN as in

the previous theorem can be constructed.

Representations tUnunPN are constructed as subrepresentations of n-fold

tensor products of copies of U and U .

The estimates on ΓpUnq and γpUnq follow from properties of the fundamental

representation of U`
F which maps “onto” U .
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INNER SCALING AUTOMORPHISMS AND KAC TYPE SECOND CASE WITH POSITIVE ANSWER

DUALS OF TYPE I DISCRETE QUANTUM GROUPS

THEOREM (JACEK KRAJCZOK + P.M.S.)

Let Γ be a second countable discrete quantum group of type I. Then the

“conjecture” holds for pΓ.

A locally compact quantum group G is second countable if Cu

0pGq is a

separable C˚-algebra (equivalently either of C0pGq, L1pGq or L2pGq is

separable).

G is of type I if Cu

0ppGq is a type I C˚-algebra.

REMARK

One cannot remove the assumption of G being second countable because taking

bicrossed product by discretized R acting by scaling automorphisms one can

construct non-Kac type compact quantum groups with all scaling

automorphisms inner.
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INNER SCALING AUTOMORPHISMS AND KAC TYPE SECOND CASE WITH POSITIVE ANSWER

ON THE PROOF

The Hilbert space L2ppΓq is decomposed as a direct integral
ş

IrrΓ

‘
HSpHπq dµpπq

with x P L8ppΓq acting as
ş

IrrΓ

‘
xπ b 1

Hπ

dµpπq (upon identification of

BpHSpHπqq “ BpHπq b BpHπq).

We have hpΓpxq “
ş

IrrΓ

TrpD´2
π xπq dµpπq for a certain measurable field π ÞÑ Dπ of

non-singular positive self-adjoint operators.

The proof relies on careful accounting of how elements of the direct integral

decomposition of matrix elements of irreps of pΓ shift spectral subspaces of

the operators Dπ.

The outcome is that for α P Irr pΓ and t P T τ
Innp

pΓq the number ΓpUαq2it is a root

of unity. This implies that if pΓ is not of Kac type then T τ
Innp

pΓq is countable.
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Thank you for your attention
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