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Ag(x) = W (x @ 1)WE™, x € L=(G),
Ag(y) = o (WE (1 & y)WE), y € L¥(G),

G

2@)))7
2@)))7

*

where o is the flip.
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9 An action can be implemented: N C B(7), there is a
unitary V € B(27) ® L*>°(G) such that

alx)=V(xe1)V*, xeN

(similarly for left actions).

9 An action a: N — N® L*>(G) is integrable if the operator
valued weight (id ® h,)o« is semifinite (for left actions we
ask that (h ® id)o be semifinite).

9@ Any action admits a canonical implementation U (work of
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THEOREM
There are bijections between sets of

@ bicharacters fromH to G, i.e. unitaries V € LO"(@) ® L°°(H) such
that
(A@ ®id)V = Vo3Vis and (id® Ay)V = V12Vis,
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Then « is implemented by V:
alx) =V(xe1)V*, x € L™(G).

@ Moreover V is the canonical implementation of «.
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DEFINITION

A homomorphism II: H — G identifies H with a closed
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P.M. SOLTAN (WARSAW) INTEGRABILITY AND QUANTUM SUBGROUPS May 12, 2016 7/ 17



QUANTUM SUBGROUPS CLOSED QUANTUM SUBGROUPS

DEFINITION

A homomorphism II: H — G identifies H with a closed
quantum subgroup of G if there is an

0 injective,

P.M. SOLTAN (WARSAW) INTEGRABILITY AND QUANTUM SUBGROUPS May 12, 2016 7/ 17



QUANTUM SUBGROUPS CLOSED QUANTUM SUBGROUPS

DEFINITION

A homomorphism II: H — G identifies H with a closed
quantum subgroup of G if there is an

0 injective,

O unital,

P.M. SOLTAN (WARSAW) INTEGRABILITY AND QUANTUM SUBGROUPS May 12, 2016 7/ 17



QUANTUM SUBGROUPS CLOSED QUANTUM SUBGROUPS

DEFINITION

A homomorphism II: H — G identifies H with a closed
quantum subgroup of G if there is an

0 injective,
o unital,

© normal

P.M. SOLTAN (WARSAW) INTEGRABILITY AND QUANTUM SUBGROUPS May 12, 2016 7/ 17



QUANTUM SUBGROUPS CLOSED QUANTUM SUBGROUPS

DEFINITION

A homomorphism II: H — G identifies H with a closed
quantum subgroup of G if there is an

0 injective,
o unital,
o normal
*-homomorphism v: L®(H) — L°°(G) such that

P.M. SOLTAN (WARSAW) INTEGRABILITY AND QUANTUM SUBGROUPS May 12, 2016

7 /17



QUANTUM SUBGROUPS CLOSED QUANTUM SUBGROUPS

DEFINITION

A homomorphism II: H — G identifies H with a closed
quantum subgroup of G if there is an

0 injective,
o unital,
o normal
*-homomorphism v: L®(H) — L°°(G) such that

V = (y® id)WH.

P.M. SOLTAN (WARSAW) INTEGRABILITY AND QUANTUM SUBGROUPS May 12, 2016

7 /17



QUANTUM SUBGROUPS CLOSED QUANTUM SUBGROUPS

DEFINITION

A homomorphism II: H — G identifies H with a closed
quantum subgroup of G if there is an

0 injective,

9 unital,

90 normal

~ ~

x-homomorphism ~: L>*(H) — L*°(G) such that
V = (y® id)WH.
DEFINITION

A homomorphism II: H — G identifies H with a
Woronowicz-closed quantum subgroup of G if

P.M. SOLTAN (WARSAW) INTEGRABILITY AND QUANTUM SUBGROUPS May 12, 2016

7 /17



QUANTUM SUBGROUPS CLOSED QUANTUM SUBGROUPS

DEFINITION

A homomorphism II: H — G identifies H with a closed
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~ ~

x-homomorphism ~: L>*(H) — L*°(G) such that
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DEFINITION
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9 A closed quantum subgroup is Woronowicz-closed.

o The two notions are equivalent in many cases, but there is
no proof of this in the general case (so far).
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9 A closed quantum subgroup is Woronowicz-closed.

o The two notions are equivalent in many cases, but there is
no proof of this in the general case (so far).

o If H is a Woronowicz-closed quantum subgroup of G then
the action a of H on G is free: the set

{(w®id)a(x)|x € L®(G), w € B(LAG)).}

generates the von Neumann algebra L>°(H).
o An open quantum subgroup is closed.
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[*] R(N) C N, (inv. under unitary antipode)
o Tt(N) = N for all t. (inv. under scaling group)

THEOREM (BAAJ-VAES)

A von Neumann subalgebra N C L>=(G) is a Baqj-Vaes
subalgebra if and only if there is a locally compact quantum
group K such that N = L*(K) and Ag = Ag|y.

o Equivalently there is a closed quantum subgroup K of G

such that N is L*°(K) embedded in L>°(G) = L*(G).
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IMAGE & KERNEL IMAGE

o II: H — G «-- homomorphism, V «-- corresponding
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PROPOSITION
The set B
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~
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. wAcB&KERNEL QuomeNTBYKBRNEL
o II: H — G, V «-- as before.
The set

R={(¢®1d)V|¢ € B(L*(G)):}’
is a Baaj-Vaes subalgebra of L>°(H).
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PROPOSITION
The set B
R={(¢®id)V|¢ € B(L*(G)).}’

is a Baaj-Vaes subalgebra of L>°(H).

DEFINITION

The quantum group H/kerII is the quantum group related to
the Baaj-Vaes subalgebra R. In particular

L>(H/kerIl) = {(¢ ®id)V|¢ € B(L*(G)).}7

9 One can also define H/ker « for an action « of H on a von
Neumann algebra. If o corresponds to II we have
H/ker IT = H/ker a. If « is free, we have H/ker o = H.
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INTEGRABLE HOMOMORPHISMS AD H/kerIT = im IT

oIlI: H — G, V, a «-- as before.

o We say that H/kerII = imII if there is an isomorphism
x: L°(im1I) — L°°(H/kerII)
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oIlI: H — G, V, a «-- as before.

o We say that H/kerII = imII if there is an isomorphism
x: L®(imII) — L*(H/kerII) such that

(id ® ) (W) = v,

o Note:
o Ve L*(imIl) ® L>(H/kerIl),
o an isomorphism y as above is necessarily unique.

THEOREM

The action « (corresponding to 1) is integrable if and only if
9 H@H is an open subgroup of ﬁl,
@ H/kerIl = imII.

o Point @ “means” that kerII is compact.
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INTEGRABLE HOMOMORPHISMS INTEGRABILITY FOR SUBGROUPS

THEOREM (K. DE COMMER)

Let11: H — G identify H with a closed quantum subgroup of G.
Then the associated action « is integrable.
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o Let H be a closed subgroup of G.
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N CvseocTeRzaToN oF OPEN SUBGROUPS
o Let H be a closed subgroup of G.

o L*(H) is an invariant subalgebra of L>(G)

«O>» «Fr «=Z» «=>» = A



OPEN SUBGROUPS AND COMPACT SUBGROUPS CHARACTERIZATION OF OPEN SUBGROUPS

o Let H be a closed subgroup of G.

~ ~

o L*°(H) is an invariant subalgebra of L>°(G):

Ag(L®(H)) ¢ L¥(H) & L(H).
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. OPENSUBGROUPS AND COMPACT SUBGROUPS CHARACTERIZATION OF COMPACT SUBGROUPS
o HcC G «-- as before.

o The quotient space G/H is defined by

L®(G/H) = L>¥(H)' N L™(G)
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o G acts on L>°(G/H)

B =A¢|peiem L¥(G/H) — L¥G)® L(G/H).

THEOREM
The subgroup H is compact if and only if 5 is integrable.

P.M. SOLTAN (WARSAW) INTEGRABILITY AND QUANTUM SUBGROUPS May 12, 2016

15 / 17



Hac

a
o
v
a
]
v
[



o R
o II: G - H «-- continuous homomorphism of l.c. groups.

DA

a
u}
v
a
v
a
i
v
a
int
-
!



OPEN SUBGROUPS AND COMPACT SUBGROUPS CLASSICAL CASE

o II: G - H «-- continuous homomorphism of l.c. groups.
o The associated action « is H 3 h — ap, € Aut(L>(G))
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OPEN SUBGROUPS AND COMPACT SUBGROUPS CLASSICAL CASE

o II: G - H «-- continuous homomorphism of l.c. groups.
o The associated action « is H 3 h — ap € Aut(L>®(G)):

(en(N)(9) =S (gl(h)), g€ G, feLQG).

o Integrability of o means that

G>grs / (an()(g) dh
H

is in L*°(G); for a dense set of functions f € L>°(G),..

COROLLARY

@ « is integrable if and only if ker IT is compact and imIT is
closed and topologically isomorphic to H/kerII.
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OPEN SUBGROUPS AND COMPACT SUBGROUPS CLASSICAL CASE

o II: G - H «-- continuous homomorphism of l.c. groups.
o The associated action « is H 3 h — ap € Aut(L>®(G)):

(en(N)(9) =S (gl(h)), g€ G, feLQG).

o Integrability of o means that

G>grs / (an()(g) dh
H

is in L*°(G); for a dense set of functions f € L>°(G),..

COROLLARY

@ « is integrable if and only if ker IT is compact and imIT is
closed and topologically isomorphic to H/kerII.

@ When II is injective, « is integrable if and only if the image
of IT is closed and II is a homeomorphism onto its image.
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Thank you.

«4O> 4Fr «=Zr «=)» = o>
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