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L∞(Ĝ) =
{
(id ⊗ ω)WG ω ∈ B(L2(G))∗

}σ
,

Implementation of coproducts:

∆G(x) = WG(x ⊗ 1)WG∗

, x ∈ L∞(G),

P.M. SOŁTAN (WARSAW ) INTEGRABILITY AND QUANTUM SUBGROUPS MAY 12, 2016 3 / 17



QUANTUM GROUPS & ACTIONS SET -UP

G L99 locally compact quantum group,

∆G : L∞(G) −→ L∞(G) ⊗̄ L∞(G),

h,hL L99 right and left Haar weights on L∞(G),
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V = (γ ⊗ id)WH.

P.M. SOŁTAN (WARSAW ) INTEGRABILITY AND QUANTUM SUBGROUPS MAY 12, 2016 7 / 17



QUANTUM SUBGROUPS CLOSED QUANTUM SUBGROUPS

DEFINITION

A homomorphism Π: H −→ G identifies H with a closed

quantum subgroup of G if there is an

injective,

unital,

normal

∗-homomorphism γ : L∞(Ĥ) −→ L∞(Ĝ) such that
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If H is a Woronowicz-closed quantum subgroup of G then

the action α of H on G is free: the set

{
(ω ⊗ id)α(x) x ∈ L∞(G), ω ∈ B(L2(G))∗

}

generates the von Neumann algebra L∞(H).
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the action α of H on G is free: the set

{
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generates the von Neumann algebra L∞(H).
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A closed quantum subgroup is Woronowicz-closed.

The two notions are equivalent in many cases, but there is

no proof of this in the general case (so far).

If H is a Woronowicz-closed quantum subgroup of G then

the action α of H on G is free: the set

{
(ω ⊗ id)α(x) x ∈ L∞(G), ω ∈ B(L2(G))∗

}

generates the von Neumann algebra L∞(H).

An open quantum subgroup is closed.
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N ⊂ L∞(G) L99 von Neumann subalgebra.
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QUANTUM SUBGROUPS BAAJ-VAES SUBALGEBRAS

N ⊂ L∞(G) L99 von Neumann subalgebra.

N is called invariant if ∆G(N) ⊂ N ⊗̄N,

N is a Baaj-Vaes subalgebra if N is invariant and

R(N) ⊂ N, (inv. under unitary antipode)

τt(N) = N for all t. (inv. under scaling group)

THEOREM (BAAJ-VAES)

A von Neumann subalgebra N ⊂ L∞(G) is a Baaj-Vaes

subalgebra if and only if there is a locally compact quantum

group K such that N = L∞(K) and ∆K = ∆G

∣∣
N
.
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N ⊂ L∞(G) L99 von Neumann subalgebra.

N is called invariant if ∆G(N) ⊂ N ⊗̄N,

N is a Baaj-Vaes subalgebra if N is invariant and

R(N) ⊂ N, (inv. under unitary antipode)

τt(N) = N for all t. (inv. under scaling group)

THEOREM (BAAJ-VAES)

A von Neumann subalgebra N ⊂ L∞(G) is a Baaj-Vaes

subalgebra if and only if there is a locally compact quantum

group K such that N = L∞(K) and ∆K = ∆G

∣∣
N
.

Equivalently there is a closed quantum subgroup K̂ of Ĝ

such that N is L∞(
̂̂
K) embedded in L∞(

̂̂
G) = L∞(G).
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IMAGE & KERNEL IMAGE

Π: H −→ G L99 homomorphism, V L99 corresponding

bicharacter.
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IMAGE & KERNEL IMAGE

Π: H −→ G L99 homomorphism, V L99 corresponding

bicharacter.

PROPOSITION

The set

L =
{
(id ⊗ ζ)V ζ ∈ B(L2(H))∗

}σ
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The set

L =
{
(id ⊗ ζ)V ζ ∈ B(L2(H))∗

}σ

is a Baaj-Vaes subalgebra of L∞(Ĝ).

P.M. SOŁTAN (WARSAW ) INTEGRABILITY AND QUANTUM SUBGROUPS MAY 12, 2016 10 / 17



IMAGE & KERNEL IMAGE

Π: H −→ G L99 homomorphism, V L99 corresponding

bicharacter.

PROPOSITION

The set

L =
{
(id ⊗ ζ)V ζ ∈ B(L2(H))∗

}σ

is a Baaj-Vaes subalgebra of L∞(Ĝ).

DEFINITION

The quantum group imΠ is the quantum subgroup of G related

to the Baaj-Vaes subalgebra L.
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IMAGE & KERNEL IMAGE

Π: H −→ G L99 homomorphism, V L99 corresponding

bicharacter.

PROPOSITION

The set

L =
{
(id ⊗ ζ)V ζ ∈ B(L2(H))∗

}σ

is a Baaj-Vaes subalgebra of L∞(Ĝ).

DEFINITION

The quantum group imΠ is the quantum subgroup of G related

to the Baaj-Vaes subalgebra L. In particular

L∞
(
îmΠ

)
=

{
(id ⊗ ζ)V ζ ∈ B(L2(H))∗

}σ
.

P.M. SOŁTAN (WARSAW ) INTEGRABILITY AND QUANTUM SUBGROUPS MAY 12, 2016 10 / 17



IMAGE & KERNEL QUOTIENT BY KERNEL

P.M. SOŁTAN (WARSAW ) INTEGRABILITY AND QUANTUM SUBGROUPS MAY 12, 2016 11 / 17



IMAGE & KERNEL QUOTIENT BY KERNEL

Π: H −→ G, V L99 as before.
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Π: H −→ G, V L99 as before.

PROPOSITION

The set

R =
{
(φ⊗ id)V φ ∈ B(L2(G))∗

}σ

is a Baaj-Vaes subalgebra of L∞(H).

DEFINITION

The quantum group H/kerΠ is the quantum group related to

the Baaj-Vaes subalgebra R.
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Π: H −→ G, V L99 as before.

PROPOSITION

The set

R =
{
(φ⊗ id)V φ ∈ B(L2(G))∗

}σ

is a Baaj-Vaes subalgebra of L∞(H).

DEFINITION

The quantum group H/kerΠ is the quantum group related to

the Baaj-Vaes subalgebra R. In particular

L∞
(
H/kerΠ

)
=

{
(φ⊗ id)V φ ∈ B(L2(G))∗

}σ
.

One can also define H/kerα for an action α of H on a von

Neumann algebra.
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IMAGE & KERNEL QUOTIENT BY KERNEL

Π: H −→ G, V L99 as before.

PROPOSITION

The set

R =
{
(φ⊗ id)V φ ∈ B(L2(G))∗

}σ

is a Baaj-Vaes subalgebra of L∞(H).

DEFINITION

The quantum group H/kerΠ is the quantum group related to

the Baaj-Vaes subalgebra R. In particular

L∞
(
H/kerΠ

)
=

{
(φ⊗ id)V φ ∈ B(L2(G))∗

}σ
.

One can also define H/kerα for an action α of H on a von

Neumann algebra. If α corresponds to Π we have

H/kerΠ = H/kerα.
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IMAGE & KERNEL QUOTIENT BY KERNEL

Π: H −→ G, V L99 as before.

PROPOSITION

The set

R =
{
(φ⊗ id)V φ ∈ B(L2(G))∗

}σ

is a Baaj-Vaes subalgebra of L∞(H).

DEFINITION

The quantum group H/kerΠ is the quantum group related to

the Baaj-Vaes subalgebra R. In particular

L∞
(
H/kerΠ

)
=

{
(φ⊗ id)V φ ∈ B(L2(G))∗

}σ
.

One can also define H/kerα for an action α of H on a von

Neumann algebra. If α corresponds to Π we have

H/kerΠ = H/kerα. If α is free, we have H/kerα = H.

P.M. SOŁTAN (WARSAW ) INTEGRABILITY AND QUANTUM SUBGROUPS MAY 12, 2016 11 / 17



INTEGRABLE HOMOMORPHISMS AD H/kerΠ ∼= imΠ

P.M. SOŁTAN (WARSAW ) INTEGRABILITY AND QUANTUM SUBGROUPS MAY 12, 2016 12 / 17



INTEGRABLE HOMOMORPHISMS AD H/kerΠ ∼= imΠ

Π: H −→ G, V , α L99 as before.
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Π: H −→ G, V , α L99 as before.

We say that H/kerΠ ∼= imΠ if there is an isomorphism

χ : L∞
(
imΠ

)
→ L∞(H/kerΠ) such that

(id ⊗ χ)(WimΠ) = V .

Note:
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(
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)
→ L∞(H/kerΠ) such that

(id ⊗ χ)(WimΠ) = V .

Note:

V ∈ L∞

(
îmΠ

)
⊗̄ L∞(H/kerΠ),

an isomorphism χ as above is necessarily unique.
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Π: H −→ G, V , α L99 as before.

We say that H/kerΠ ∼= imΠ if there is an isomorphism

χ : L∞
(
imΠ

)
→ L∞(H/kerΠ) such that

(id ⊗ χ)(WimΠ) = V .

Note:

V ∈ L∞

(
îmΠ

)
⊗̄ L∞(H/kerΠ),

an isomorphism χ as above is necessarily unique.

THEOREM

The action α (corresponding to Π) is integrable if and only if
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We say that H/kerΠ ∼= imΠ if there is an isomorphism

χ : L∞
(
imΠ

)
→ L∞(H/kerΠ) such that

(id ⊗ χ)(WimΠ) = V .

Note:

V ∈ L∞

(
îmΠ

)
⊗̄ L∞(H/kerΠ),

an isomorphism χ as above is necessarily unique.

THEOREM

The action α (corresponding to Π) is integrable if and only if

1 ̂H/kerΠ is an open subgroup of Ĥ,
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INTEGRABLE HOMOMORPHISMS AD H/kerΠ ∼= imΠ

Π: H −→ G, V , α L99 as before.

We say that H/kerΠ ∼= imΠ if there is an isomorphism

χ : L∞
(
imΠ

)
→ L∞(H/kerΠ) such that

(id ⊗ χ)(WimΠ) = V .

Note:

V ∈ L∞

(
îmΠ

)
⊗̄ L∞(H/kerΠ),

an isomorphism χ as above is necessarily unique.

THEOREM

The action α (corresponding to Π) is integrable if and only if

1 ̂H/kerΠ is an open subgroup of Ĥ,

2 H/kerΠ ∼= imΠ.
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INTEGRABLE HOMOMORPHISMS AD H/kerΠ ∼= imΠ

Π: H −→ G, V , α L99 as before.

We say that H/kerΠ ∼= imΠ if there is an isomorphism

χ : L∞
(
imΠ

)
→ L∞(H/kerΠ) such that

(id ⊗ χ)(WimΠ) = V .

Note:

V ∈ L∞

(
îmΠ

)
⊗̄ L∞(H/kerΠ),

an isomorphism χ as above is necessarily unique.

THEOREM

The action α (corresponding to Π) is integrable if and only if

1 ̂H/kerΠ is an open subgroup of Ĥ,

2 H/kerΠ ∼= imΠ.

Point 1 “means” that kerΠ is compact.
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INTEGRABLE HOMOMORPHISMS INTEGRABILITY FOR SUBGROUPS

THEOREM (K. DE COMMER)

Let Π: H −→ G identify H with a closed quantum subgroup of G.
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THEOREM (K. DE COMMER)

Let Π: H −→ G identify H with a closed quantum subgroup of G.

Then the associated action α is integrable.

COROLLARY

A Woronowicz-closed quantum subgroup H of G is a closed

quantum subgroup if and only if the corresponding action

α : L∞(G) −→ L∞(G) ⊗̄ L∞(H)

is integrable.
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Let Π: H −→ G identify H with a closed quantum subgroup of G.

Then the associated action α is integrable.

COROLLARY

A Woronowicz-closed quantum subgroup H of G is a closed

quantum subgroup if and only if the corresponding action

α : L∞(G) −→ L∞(G) ⊗̄ L∞(H)

is integrable.

PROOF.
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THEOREM (K. DE COMMER)

Let Π: H −→ G identify H with a closed quantum subgroup of G.

Then the associated action α is integrable.

COROLLARY

A Woronowicz-closed quantum subgroup H of G is a closed

quantum subgroup if and only if the corresponding action

α : L∞(G) −→ L∞(G) ⊗̄ L∞(H)

is integrable.

PROOF.

⇒ Immediate from theorem.

P.M. SOŁTAN (WARSAW ) INTEGRABILITY AND QUANTUM SUBGROUPS MAY 12, 2016 13 / 17



INTEGRABLE HOMOMORPHISMS INTEGRABILITY FOR SUBGROUPS

THEOREM (K. DE COMMER)

Let Π: H −→ G identify H with a closed quantum subgroup of G.

Then the associated action α is integrable.

COROLLARY

A Woronowicz-closed quantum subgroup H of G is a closed

quantum subgroup if and only if the corresponding action

α : L∞(G) −→ L∞(G) ⊗̄ L∞(H)

is integrable.

PROOF.

⇒ Immediate from theorem.

⇐: Woronowicz-closedness implies that α is free
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Then the associated action α is integrable.

COROLLARY

A Woronowicz-closed quantum subgroup H of G is a closed

quantum subgroup if and only if the corresponding action

α : L∞(G) −→ L∞(G) ⊗̄ L∞(H)

is integrable.

PROOF.

⇒ Immediate from theorem.

⇐: Woronowicz-closedness implies that α is free, so

H/kerΠ = H.
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THEOREM (K. DE COMMER)

Let Π: H −→ G identify H with a closed quantum subgroup of G.

Then the associated action α is integrable.

COROLLARY

A Woronowicz-closed quantum subgroup H of G is a closed

quantum subgroup if and only if the corresponding action

α : L∞(G) −→ L∞(G) ⊗̄ L∞(H)

is integrable.

PROOF.

⇒ Immediate from theorem.

⇐: Woronowicz-closedness implies that α is free, so

H/kerΠ = H. Integrability implies that H/kerΠ ∼= imΠ
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is integrable.

PROOF.

⇒ Immediate from theorem.

⇐: Woronowicz-closedness implies that α is free, so

H/kerΠ = H. Integrability implies that H/kerΠ ∼= imΠ and imΠ
is closed.
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Ĝ

(
L∞(Ĥ)

)
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P.M. SOŁTAN (WARSAW ) INTEGRABILITY AND QUANTUM SUBGROUPS MAY 12, 2016 14 / 17



OPEN SUBGROUPS AND COMPACT SUBGROUPS CHARACTERIZATION OF OPEN SUBGROUPS

Let H be a closed subgroup of G.
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Let H be a closed subgroup of G.

L∞(Ĥ) is an invariant subalgebra of L∞(Ĝ):

∆
Ĝ

(
L∞(Ĥ)

)
⊂ L∞(Ĥ) ⊗̄ L∞(Ĥ).

In particular Ĝ acts ergodically on Ĥ:

β = ∆
Ĝ

∣∣
L∞(Ĥ)

: L∞(Ĥ) −→ L∞(Ĥ) ⊗̄ L∞(Ĥ) ⊂ L∞(Ĝ) ⊗̄ L∞(Ĥ).
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Let H be a closed subgroup of G.

L∞(Ĥ) is an invariant subalgebra of L∞(Ĝ):

∆
Ĝ

(
L∞(Ĥ)

)
⊂ L∞(Ĥ) ⊗̄ L∞(Ĥ).

In particular Ĝ acts ergodically on Ĥ:

β = ∆
Ĝ

∣∣
L∞(Ĥ)

: L∞(Ĥ) −→ L∞(Ĥ) ⊗̄ L∞(Ĥ) ⊂ L∞(Ĝ) ⊗̄ L∞(Ĥ).

THEOREM

The subgroup H is open if and only if β is integrable.
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H ⊂ G L99 as before.
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OPEN SUBGROUPS AND COMPACT SUBGROUPS CHARACTERIZATION OF COMPACT SUBGROUPS

H ⊂ G L99 as before.

The quotient space G/H is defined by

L∞(G/H) = L∞(Ĥ)′ ∩ L∞(G)

(L∞(Ĥ) is embedded into L∞(Ĝ)).

G acts on L∞(G/H)

β = ∆G

∣∣
L∞(G/H)

: L∞(G/H) −→ L∞(G) ⊗̄ L∞(G/H).

THEOREM

The subgroup H is compact if and only if β is integrable.
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OPEN SUBGROUPS AND COMPACT SUBGROUPS CLASSICAL CASE

Π: G → H L99 continuous homomorphism of l.c. groups.
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OPEN SUBGROUPS AND COMPACT SUBGROUPS CLASSICAL CASE

Π: G → H L99 continuous homomorphism of l.c. groups.

The associated action α is H ∋ h 7→ αh ∈ Aut
(
L∞(G)

)
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OPEN SUBGROUPS AND COMPACT SUBGROUPS CLASSICAL CASE

Π: G → H L99 continuous homomorphism of l.c. groups.

The associated action α is H ∋ h 7→ αh ∈ Aut
(
L∞(G)

)
:

(
αh( f )

)
(g) = f

(
gΠ(h)

)
, g ∈ G, f ∈ L∞(G).
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(
L∞(G)

)
:

(
αh( f )

)
(g) = f

(
gΠ(h)

)
, g ∈ G, f ∈ L∞(G).

Integrability of α means that

G ∋ g 7−→

∫

H

(
αh( f )

)
(g)dh
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, g ∈ G, f ∈ L∞(G).

Integrability of α means that

G ∋ g 7−→

∫

H

(
αh( f )

)
(g)dh

is in L∞(G)+ for a dense set of functions f ∈ L∞(G)+.
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(
L∞(G)

)
:

(
αh( f )

)
(g) = f

(
gΠ(h)

)
, g ∈ G, f ∈ L∞(G).

Integrability of α means that

G ∋ g 7−→

∫

H

(
αh( f )

)
(g)dh

is in L∞(G)+ for a dense set of functions f ∈ L∞(G)+.

COROLLARY
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Π: G → H L99 continuous homomorphism of l.c. groups.

The associated action α is H ∋ h 7→ αh ∈ Aut
(
L∞(G)

)
:

(
αh( f )

)
(g) = f

(
gΠ(h)

)
, g ∈ G, f ∈ L∞(G).

Integrability of α means that

G ∋ g 7−→

∫

H

(
αh( f )

)
(g)dh

is in L∞(G)+ for a dense set of functions f ∈ L∞(G)+.

COROLLARY

1 α is integrable if and only if kerΠ is compact and imΠ is

closed and topologically isomorphic to H/kerΠ.

P.M. SOŁTAN (WARSAW ) INTEGRABILITY AND QUANTUM SUBGROUPS MAY 12, 2016 16 / 17



OPEN SUBGROUPS AND COMPACT SUBGROUPS CLASSICAL CASE

Π: G → H L99 continuous homomorphism of l.c. groups.

The associated action α is H ∋ h 7→ αh ∈ Aut
(
L∞(G)

)
:

(
αh( f )

)
(g) = f

(
gΠ(h)

)
, g ∈ G, f ∈ L∞(G).

Integrability of α means that

G ∋ g 7−→

∫

H

(
αh( f )

)
(g)dh

is in L∞(G)+ for a dense set of functions f ∈ L∞(G)+.

COROLLARY

1 α is integrable if and only if kerΠ is compact and imΠ is

closed and topologically isomorphic to H/kerΠ.

2 When Π is injective, α is integrable if and only if the image

of Π is closed and Π is a homeomorphism onto its image.
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Thank you.
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