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FIRST EXAMPLES OF COMPACT QUANTUM GROUPS

WHAT TO DO WITH A q € [—1, 1]?

o Let us say that two elements & and 4 of a unital x-algebra satisfy
SUq(2)-relations if

G =aya. V=49 oF = aia
&+ =1, adt + @>yy = 1.
o Let F be the free unital x-algebra generated by symbols « and ~.

o For x € F let ||x|| = sup||w(x)|| with supremum over unital *-homomorphisms
into B(H) such that 7(«a) and 7 () satisfy SU4(2)-relations.

o || -]/ is a C*-seminorm on F and we let A4 be the completion of
F/{x||x|| = 0}.

o Let o and v be images of a and ~ in A4. Clearly they satisfy SU4(2)-relations.

o If B is a unital C*-algebra with &,7 € B satisfying SU,4(2)-relations then there
exist a unique unital x-homomorphism A; — B mapping « to @ and v to 7.
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FIRST EXAMPLES OF COMPACT QUANTUM GROUPS

REMARK
Elements & and 4 of a a unital *-algebra % satisfy SU4(2)-relations if and only if
[d _q&*] € Maty (%) is unitary.

yoar

o In particular U = [: _g:’*] € Maty(Ay) is unitary.

o Let U = [f{‘g% —qz;gﬂ and U" = Hgf{‘ _qﬁgz;]. Clearly U’ and U” are unitary
elements of € Maty(Aq ® Ag).

o Hence so is their product [?‘%ﬁ;ﬂfgy fi’;ﬁf‘;ggﬁ] ’ ]

o It follows that there is a unique A: A; — Ay ® Aq such that
Ald)=a@a-qy" ®y, A@)=7@a+a"®@7.

o Identifying Maty(A,) with Maty(C) ® Ay we can write (id ® A)U = U'U”.
o Using this it is easy to check that (A ®id) o A = (id ® A) o A.
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FIRST EXAMPLES OF COMPACT QUANTUM GROUPS

o Let

V=1 : .. i | eMah(Ay) = Mat,(C) e A,
vn’l PPN Un,n_

be a unitary matrix such that (id ® A)V = V'V”, where

V1 ®L - U E®T] 1®vy; - 1®v,
. . . and V//: . . .

V' = : . : . :
Un,l ®]1 Un,n®]l_ ]].®Un,1 ]].®Un7n

o Then ((id ® A)V) V"™ = V', so for any (k, 1) and any b € A, the element v ; ® b
belongs to the subspace

span{A(a)(1 ® b) | a,b € Ag}.
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FIRST EXAMPLES OF COMPACT QUANTUM GROUPS

How to construct unitaries V € Mat,(A4) such that (id ® A)V = V'V"?

For any two such matrices V € Mat,(A,) and W € Mat,,(A4) we can form
VoW e Matym(Ag):

n m
Vow = Z € & €1 & Uy, jWy 1-
i7j7k7l

One can check that V@ W is again a unitary and
([deA)(VoW)=(Vow)(Vow)”

as before.
Now start with V = W = U € Maty(A4) and continue...

One can show that if g # O then any monomial in «,v,a* and v* appears as
an element of one of these matrices.
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FIRST EXAMPLES OF COMPACT QUANTUM GROUPS

COROLLARY
The sets

span{A(a)(L® b)|a,b € Ay} and span{(a® 1)A(b)|a,bc A}
are dense in A ® Aq.

DEFINITION

A compact quantum group is an object described by a unital C*-algebra A
together with a unital x-homomorphism A: A — A ® A such that

@D (A®id)cA=(id® A)o A,
@ The sets

span{A(a)(L ® b)|a,be A} and span{(a® 1)A(b)|a,bec A}

are dense in A ® A.
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FIRST EXAMPLES OF COMPACT QUANTUM GROUPS

o A “g-deformation” analogous to the passage SU(2) ~» SU4(2) can be
performed for any semisimple compact Lie group G.
o Briefly:
o we write the Serre presentation of the enveloping algebra /(g) of the Lie algebra
g of G,
o we cleverly introduce the deformation parameter q into the relations so that the
resulting algebra U(g) retains the structure of a Hopf *-algebra,
o we consider a certain category C of modules over the resulting algebra and find
that it is a rigid C*-tensor category,
o we use the Tannaka-Krein-Woronowicz theorem to construct a compact
quantum group Gy such that C is the category of representations of Gq.

o Later we will see that “quantum analogs” of some non-compact groups can
also be constructed.
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FIRST EXAMPLES OF COMPACT QUANTUM GROUPS

NOTATION

Typically a quantum group will be denoted by a symbol like G. Then the
corresponding C*-algebra is denoted by C(G).

o The compact quantum group defined by (A4, A) on previous slides is called
SUq(2), so instead of A; we usually write C(SU4(2)).

o When g = 1 the algebra C(SU4(2)) is commutative and isomorphic to
C(SU(2)). The comultiplication becomes the map

A: C(SU(2)) — C(SU(2)) ® C(SU(2)) & C(SU(2) x SU(2))

given by A(f)(x,y) =f(xy) for all f € C(SU(2)) and all x,y € SU(2).
o When g # 1 the algebra C(SU4(2)) is not commutative.
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COMPACT QUANTUM GROUPS CLASSICAL GROUPS

THEOREM

Let G be a compact quantum group. If C(G) is commutative then the compact space
G such that C(G) = C(G) carries a unique group structure such that

A: C(G) — C(G)®C(G) =C(G x G)
satisfies A(f)(x,y) = f(xy) for all f € C(G) and all x,y € G.
o In case C(G) = C(G) is commutative, the condition that
span{(a @ 1)A(b)|a,b e A} and span{A(a)(L®b)|a,bec A}

are dense in C(G) ® C(G) translates to cancellation laws: xy =xz = y=1z
andxy=2zy = x=2z.
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COMPACT QUANTUM GROUPS DUALS OF DISCRETE GROUPS

EXAMPLE

Let I' be a discrete group. Recall that C’(I") is the C*-algebra of operators on
B(¢2(T")) generated by operators ); (t € I') of the left regular representation. There
exists a unique A: C¥(T') — C*(I') ® C¥(T") such that

A()\t) = )\t & )\t, tel’

and it is not hard to see that G defined by C;(I') and A as above is a compact
quantum group. It is usually denoted by I'.
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COMPACT QUANTUM GROUPS THE HAAR MEASURE

THEOREM (S.L. WORONOWICZ)
Let G be a compact quantum group. Then there exists a unique state h on C(G)

such that
(h®id)A(a) = h(a)l = (id ® h)A(a)

Soralla € C(G).

o The state h is called the Haar measure (or sometimes the Haar state) of G.

o If G = G is classical then h is given by integration with respect to the
normalized Haar measure on G.

o If G =T for some discrete group I' then h is the von Neumann trace:
CH(T) 3 x — (de|xde) € C,

where J. € /5(I') is the indicator function of e € I'.
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COMPACT QUANTUM GROUPS THEORY OF REPRESENTATIONS

DEFINITION
Let G be a compact quantum group and let # be a finite dimensional Hilbert
space. A representation of G on # is a unitary U € B(H) ® C(G) such that

(id® A)U = Uy Uss,
where Ujs = U® 1 € B(H) ® C(G) ® C(G) and U3 is the image of U under the map

BH)®C(G)3a®b—a®l®beB(H)®C(G)®C(G).
uy1 - UWin
ur:1,1 U—r:l,n] .

n
o The condition (id ® A)U = U;U;3 translates to A(u;j) = > U ® Uy j.
k=1

o A choice of a basis in H allows us to write U as a matrix U =

o The {u; j} are called the matrix elements of U.
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COMPACT QUANTUM GROUPS THEORY OF REPRESENTATIONS

o A representation U of G on # is irreducible if there does not exits a
non-trivial projection P € B(#) such that (P® 1)U =U(P® 1).

o Two representations U € B(H) ® C(G) and V € B(K) ® C(G) are equivalent if
there is a unitary T € B(H,K) such that (T®@ 1)U = V(T ® 1).

o We let Irr G denote the set of equivalence classes of irreducible
representations of G. For a € Irr G we fix U* € o and a basis of its carrier
space thus fixing the matrix elements {uf;}.

o The matrix @ whose (i,j)-entry is > h(u} ;ui *) is positive and invertible. We
k I 9

put
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COMPACT QUANTUM GROUPS ORTHOGONALITY RELATIONS AND PETER-WEYL-WORONOWICZ THEOREM

THEOREM (S.L. WORONOWICZ)
@ The span of {uf;} is a dense unital x-subalgebra of C(G).
@ For any o, 3,1,j, k, l we have

Tr(pa)

a B *
h(uge uy

(p01>',l *a
)zaa,ﬁakﬁiTr(pJa) and h(u; ug)) = 0ap0

o The above is a far reaching generalization of the Peter-Weyl theorem for
compact groups.

o One can also make sense of the notion of a strongly continuous unitary
representation of a compact quantum group on a Hilbert space of arbitrary

dimension and show that those decompose as direct sums of finite
dimensional irreducible ones.
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COMPACT QUANTUM GROUPS COMPACT QUANTUM GROUPS OF KAC TYPE

THEOREM (S.L. WORONOWICZ)

The following conditions are equivalent for a compact quantum group G:
@ The Haar measure h is a trace,
@ Tr(pn) = dim U® for all a,
@ p, =1 forall c.

o Compact quantum groups with tracial Haar measures are referred to as
being of Kac type.

o Using this notion one can show e.g. that the Toepliz algebra (a.k.a. the
quantum disk) does not carry a compact quantum group structure
(J. Krajczok+P.M.S.).

o A compact quantum group whose dimensions of irreducible representations
are all bounded by some constant must be of Kac type (J. Krajczok+P.M.S.).
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COMPACT QUANTUM GROUPS THE KAC-TAKESAKI OPERATOR

o Let G be a compact quantum group.
o Consider the element

W= P e & BH")>C( G))CM(( a B(’H“))@C(G)),
aclrrG aclrr G aclrr G

where M(-) denotes the multiplier algebra.

o Thus letting co(G) denote the (non-unital) C*-algebra @ B(#®) we have
aclhrrG

W € M(co(G) ® C(G)).

o Furthermore (ld & A)W = WiaWi3s.
o We will encounter this formula again, later on.
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COMPACT QUANTUM GROUPS THE HAAR MEASURE OF SUq(Z)

BACK TO SUg4(2)

o The C*-algebra C(SUy(2)) can be faithfully represented on (5(Z, x Z) so that

i i
aei;j=+1-qg*e 1, Yeij = q€ij+1-

o The Haar measure in this representation is given by

h(a)=(1-¢)' Y q*eolaeio),  aecC(SU42)).
i=0
o Consequently the GNS triple (Hp, 7h, Qp) for his:
o Hn= @ lo(Zs x 7).
n=0
o mp(a) =(a,a,...) for all a € C(SU4(2)),

_ (0] 1 2
o Qn = (q%e00, 9" €10, 4%€20....).
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TOWARDS A NON-COMPACT EXAMPLE

A BIGGER HILBERT SPACE

o The Hilbert space /2(Z, x 7) is naturally a subspace of {5(Z x 7).
o Consider the two operators v and n on /5(Z x Z):

i
Ve j = €i—1,j, neij=qéiji.

©

Clearly v is a unitary operator.

©

Some care must be taken with n, as it is clearly not a bounded operator. We
note that e; ; — g'e; j;+1 is well defined and closable on the subspace
span{e; ;| i, j € Z} and we define n as the closure of this operator.

©

It follows that n is a normal operator and Sp(n) = {z € C||z| € ¢} U {0}.

©

One easily checks that the operators v and n satisfy the relation: vnv* = gn.

©

The statements in blue are the analog of SU4(2)-relations for o and ~.
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TOWARDS A NON-COMPACT EXAMPLE

THE ALGEBRA GENERATED BY v AND n

o Let By be the closure in B(/2(Z x Z)) of the set

{Zlkak(n)

(with Y’ meaning a finite sum).

e co<Sp<n>>}

o Then By is a non-degenerate (non-unital) C*-subalgebra of B(/2(Z x Z)).

o Moreover, v belongs to the multiplier algebra M(B,) and n is affiliated with
Bq which means that n(1 + n*n)~"* € M(Bq) and (1 + n*n)-2B4 = By,

o In particular, for any C*-algebra C and a non-degenerate x-homomorphism

¢: B; — C it makes sense to write ®(v) and ®(n). Furthermore, ®(v) € M(C)
and ®(n) is affiliated with C.
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A NON-COMPACT EXAMPLE THE QUANTUM GROUP Eq (2)

THE QUANTUM GROUP E4(2)

o The operator v ® n + n ® v* defined on Dom(n) ® Dom(n) is closable and we
denote its closure by v ® n+ n ® v*.

o The C*-algebra B, ® B, is naturally represented on ¢3(Z x Z) @ lo(Z X 7).

THEOREM

There exists a unique non-degenerate x-homomorphism A: B; — B4 ® B4 such that
Alv)=v®v and A(n)=ven+ne v
Moreover (A ®id) o A = (id ® A) o A and the sets
span{A(a)(L ® b)|a,b € B4} and span{(a®1)A(b)|a,b c By}
are dense in B; ® By.
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A NON-COMPACT EXAMPLE COMULTIPLICATION AND THE OPERATOR W

THE QUANTUM GROUP E4(2)

o Let F,; be the continuous function on Sp(n) defined by

oo

1+ q*"z
Fy(z) = Hm7 z¢{-1,-¢*,—q*, ...}
n=0

o The operator n~!v ® vn is normal and Sp(n~!v ® vn) = Sp(n).
THEOREM
Let W = Fq(n_lv ® vn)V, where V is the unitary operator €; j ® €y + € j ® €y itj-
Then W is a unitary operator and
Ala) =W(ae1)W*, a € By

Moreover W23W12 = W12W13W23.
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A NON-COMPACT EXAMPLE COMULTIPLICATION AND THE OPERATOR W

o The operator Q: e, ; — q>"® ey ; defined on span{e; ;| i, j € Z} is closable and

its closure Q is strictly positive and self-adjoint.

o Let /5(Z x Z) denote the space of bounded linear functionals on /5 (Z x Z).
The antiunitary mapping

EQ(Z X Z) — EQ(Z X Z)
defined by ¢ + (¢|-) will be denoted by & + €.

THEOREM

The operator Q satisfies W(Q ® Q)W* = Q ® Q. Furthermore there exists a unitary
operator W on l9(Z x 7Z) @ 3(Z x Z) such that

(€oa|wicon)=(C90)|WE29™n)

Jorallé, ¢ € lo(Z x Z), 6 € Dom(@), and n € Dom(Q~1)
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A GLIMPSE OF THE THEORY OF NON-COMPACT QUANTUM GROUPS MANAGEABLE MULTIPLICATIVE UNITARIES

o The above results say that W is a manageable multiplicative unitary (a
notion defined in 1997 by S.L. Woronowicz, building on the work of
Baaj-Skandalis).

o Multiplicative unitaries are one of the keys to the theory of non-compact
quantum groups and they provide a way to tell quantum groups from
quantum semigroups.

o If G is a locally compact group and Ly(G) is the Hilbert space of functions on
G square-integrable with respect to the right Haar measure then the
associated multiplicative unitary W is the unitary operator on
L2(G) ® Lo(G) = Ly(G x G) given by

(WE)(t,s) =&(t, ts), £el(GxQG),tseq.

o The quantum group described by W = F,(n~!v® vn)V from the previous
slide is called E4(2). It is a “quantum version” of the (double cover of) the
group E(2) of rigid motions of the plane.
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A GLIMPSE OF THE THEORY OF NON-COMPACT QUANTUM GROUPS FROM MANAGEABLE MULTIPLICATIVE UNITARIES TO QUANTUM GROUPS

QUANTUM GROUPS FROM MULTIPLICATIVE UNITARIES

o Let W € B(H ® H) be a manageable multiplicative unitary.
o Then A = {(w®id)W |w € B(H).} is a non-degenerate C*-subalgebra of B(H).
o Asa— Wael)W* e M(A®A) is a coassociative morphism A — A ® A.

o The sets span{A(a)(1 ® b) |a,b € A} and span{(a ® 1)A(b) |a,b € A} are
dense in A® A.

o There exists a (possibly unbounded) anti-multiplicative map S: A — A such
that S((w ® id)W) = (w ® id)W* for all w € B(H)..

o S = Roy,, where R is a x-antiautomorphism of A such that
AoR=(R®R)oA and {7¢}(er is a one parameter group of automorphisms of
A such that Aoy = (7t ® 7¢) o A for all t.
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A GLIMPSE OF THE THEORY OF NON-COMPACT QUANTUM GROUPS THE MYSTERY OF THE HAAR MEASURE

THE HUNT FOR THE HAAR MEASURE

o The construction of a quantum group from a multiplicative unitary does not
require the existence of the Haar measure.

o In all known examples the Haar measure can be constructed, yet we do not
have a proof that it always exists.

o The Haar measure on a non-compact quantum group is a weight (not a
state).

o For the quantum group E4(2) the Haar measure was found by S. Baaj:

o First we represent Co(E2(2)) = By on ¢2(Z x Z x Z) in such a way that v and n
are the operators e; j . — €; j+1,k+1, and e; j . — qfeiH,j,k.
o For a positive a € Co(E4(2)) considered as an operator on ¢2(Z x Z x Z) we put

h(a) = Z q2j<eO,j7O|an,j7O>-
JEL
o Then h is the right and left invariant Haar mesure (Eq(2) is unimodular).
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FURTHER TOPICS

THINGS I CHOSE NOT TO TALK ABOUT

Differential calculi on quantum groups,

Pontriagin duality, Fourier transform,

quantum subgroups (closed, open, integrable, etc.),
homomorphisms of quantum groups,

actions of quantum groups, homogeneous spaces, etc.,
quantum symmetries of non-commutative objects,
Bohr compactifications, property (T), amenability, etc.,

© 06 06 06 06 o o o

applications to non-local games, quantum isomorphisms of (quantum)
graphs,
o quantum groups on von Neumann algebra level,

o and many others.
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