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Quantum SO(3) groups

@ g €]0,1]
o C(SqU(2)) — C*-algebra of functions on S4U(2)
® a,vy — standard generators of C(SqU(2))

Definition
C(SqO(3)) is the subalgebra of C(SqU(2)) generated by matrix
elements of the spin-1 representation:

a?  —(P+lay —q7°
vt 1-(+1vy  ay
-7 —(@P+1ya 0P

As,03) = Bs,u(2) ‘C(qu(a))'
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Quantum SO(3) groups

Theorem (Podles)

C(SqO(3)) is the universal C*-algebra generated by A, C, G, K, L
such that
L*L = (1—K)(1—q?K), AK = g?KA,
LL* = (1—¢°K)(1—q*K), CK = ¢’KC,
G*G — GG, LG = q*GL,
K?2 = G*G, LA = g2AL,
A*A = K—K?2, AG = q%GA,
AA* = 2 K—q* K2, AC = CA,
C*C = K—K?, LG* = ¢*G*L,
CC* = ?K—q*K?, A2 = g 11G,
LK = g*KL, A*L = g~ 1(1-K)C,
GK = KG, K* = K.
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Quantum SO(3) groups

(leoa |
Let H be a Hilbert space and A, C,K € B(H) with 0 < K < 1.
Fix g € [0,1]. Assume

A*A=C*"C=K - K?,
AA* = CC* = ¢*K — q*K?,
AK = ¢°KA,
AC = CA.
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Quantum SO(3) groups

Let H be a Hilbert space and A, C,K € B(H) with 0 < K < 1.
Fix g € [0,1]. Assume

A*A=C*"C=K - K?,
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@ The lemma is not true for g = 1.
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Let H be a Hilbert space and A, C,K € B(H) with 0 < K < 1.
Fix g € [0,1]. Assume

A*A=C*"C=K - K?,
AA* = CC* = ¢*K — q*K?,

AK = ¢°KA,

AC = CA.
Then

CK = ¢°KC

@ The lemma is not true for g = 1.

@ [A, C] =0 is not necessary for most g, but there are
exceptional values.
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Universal quantum semigroup preserving Powers state

Let A be the universal C*-algebra generated by (3,+, ¢ such that

q* 6 Sy y+qt68* +46 =1, By=—q*6?%,
B* B+6*0+yy* +80* =1, vB=—62,
q*0*5+v* v +a?B* B+4°5%5=0°1, B5=q5p,
q*65*+6868*+q* vy +q265* =1, 5y=q’79,
~v*§—q?6* B+B5* —q?6y*=0.
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Universal quantum semigroup preserving Powers state

Let A be the universal C*-algebra generated by (3,+, ¢ such that

q* 6 Sy y+qt68* +46 =1, By=—q*6?%,
B* B+6*0+yy* +80* =1, vB=—62,
q*0*5+v* v +a?B* B+4°5%5=0°1, B5=q5p,
q*65*+6868*+q* vy +q265* =1, 5y=q’79,
~v*§—q?6* B+B5* —q?6y*=0.

A has comultiplication Ap € Mor(A,A® A):

Ap(B)=q*7*®5—q?B5* @5+ BRB+7* ®7—q?8* BRI+7*6®3,
Aa(7)=0*10*®I—q*33* RI+®B+5*@v—q*B*6R5+5* Y®S,
AA(6)=—G*7* 7©I—q266™ Q5+ B+6* @7+8* BRI+ 5RS.
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Universal quantum semigroup preserving Powers state

o (A, Ap) acts on M,
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01 [~ B _
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Universal quantum semigroup preserving Powers state

o (A, Ap) acts on My:

01 [~ B _
¢.M29|:0 0:|»—>|: ~ 5:|€M2(A)—M2®A

@ This action preserves the Powers state:
(wqg ®1d)®(m) = wq(m)1

for all m € M», where

(2 =eneo
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Universal quantum semigroup preserving Powers state

For any C*-algebra D and any W € Mor(M,, My ® D) such that

(wg ®1d)W(m) = wq(m)1

for all m € Ms,
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Universal quantum semigroup preserving Powers state

For any C*-algebra D and any W € Mor(M,, My ® D) such that

(wg ® 1d)W(m) = wq(m)1

for all m € M,, there exists a unique A\ € Mor(A, D) such that

Mo My @ A
lid@A
Mo M, @ D
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Universal quantum semigroup preserving Powers state

@ S,0(3) acts on Moy:

01 —gA L
V,: My > [0 O} — [—qG q_lA} € My ® C(S40(3))

@ This action preserves the Powers state
@ Thus there is Ay € Mor(A, C(S40(3))) with

(id ® Ag)od = VU,
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Universality of quantum

Let
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Universality of quantum SO(3) groups

Let

@ G =(B,Ap) be a compact quantum group

@ Vg € Mor(My, M, ® B) be a continuous action of G
@ Assume that Wg preserves wq

@ We know
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@ Vg € Mor(My, M, ® B) be a continuous action of G
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Universality of quantum SO(3) groups

Let

@ G =(B,Ap) be a compact quantum group
@ Vg € Mor(My, M, ® B) be a continuous action of G
@ Assume that Wg preserves wq

@ We know: there is a unique A € Mor(A, B) with

(id ® A)od = Vg

There exists a unique I € Mor(C(S40(3)), B) such that

A =ToA,
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Universality of quantum SO(3) groups

Moreover
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Universality of quantum SO(3) groups

Moreover
@ I intertwines the actions of G and S,0(3):

(id ® MNoWy = Vg

(and this condition determines ' uniquely)

@ [ is a compact quantum group morphism
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Universality of quantum SO(3) groups

Moreover
@ I intertwines the actions of G and S,0(3):

(id ® MNoWy = Vg

(and this condition determines ' uniquely)
@ I is a compact quantum group morphism

@ Cases of g =0 and g =1 also are completely understood
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Quantum semigroup actions on M,

Let S = (D,Ap) be a quantum semigroup acting continuously on
My with Ws € Mor(M,, My @ D) and preserving a faithful state w.

Piotr M. Sottan Quantum SO(3) groups



Quantum semigroup actions on M,

Theorem

Let S = (D,Ap) be a quantum semigroup acting continuously on
My with Ws € Mor(M,, My @ D) and preserving a faithful state w.
Then there exists a q €]0,1], u € My — unitary and

[ € Mor(C(SqO(3)), D) such that for each m € M,

Ws(m) = (id @ 1) ((u ® 1)W4(u* mu)(u* @ 1)).
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Quantum semigroup actions on M,

Theorem

Let S = (D,Ap) be a quantum semigroup acting continuously on
My with Ws € Mor(M,, My @ D) and preserving a faithful state w.
Then there exists a q €]0,1], u € My — unitary and

[ € Mor(C(SqO(3)), D) such that for each m € M,

Ws(m) = (id @ 1) ((u ® 1)W4(u* mu)(u* @ 1)).

Moreover u and I are unique for each q and q depends on w.

@ Any such action factors through the bS (a compact q. group)
@ Any faithful state on M5 is conjugate to a unique Powers state

@ Ergodic actions have unique invariant states
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Quantum semigroup actions on M,

Theorem

Let S = (D,Ap) be a quantum semigroup acting continuously on
My with Ws € Mor(M,, My @ D) and preserving a faithful state w.
Then there exists a q €]0,1], u € My — unitary and
[ € Mor(C(SqO(3)), D) such that for each m € M,

Ws(m) = (id @ 1) ((u ® 1)W4(u* mu)(u* @ 1)).

Moreover u and I are unique for each q and q depends on w.

@ Any such action factors through the bS (a compact q. group)
@ Any faithful state on M5 is conjugate to a unique Powers state
@ Ergodic actions have unique invariant states

@ Any continuous compact q.g. action has a faithful inv. state
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