LECTURE 1l - actions oF compact Quaniom crovss @

DEFIMI T ION (4A) — COMPACT QUANTUM  GRouP
B — UNITAL C*ALGERRA

AV ACTION  OF  (4,4)

ON B 1S A UNITAL
o B —> R A SUCH  THAT
(aoid)ou= (idodA)eu

spam a9 0e) | 468, ekl b uwnsE W Bos.

* - HOMOMOR O H | SAA

r

CLASSICAL CASE : AN ACTION

OF A Compact GRoup G
ON A CoMpacr SPACE X IS A

COMTINU OUS MAP
X< —> X (writeny

(,(r%) — x}> SUCH TRAT
) (x %,)31= x(g,4.) \{ﬂex,?_?eé

) xe =« \/KGX

APPLICATION  0F THE Fun cTor  C()  VIELAS
Cx) = X6 = CoO® CU6)

[y

EXERCSE - (i) IS EQUIVAIENT TO

(o id)en = (o A)en

MHERE  A: CG) —> C(6)e Clo)
(S THE STANDARD
ON C(e).

COMULTY PL] CATION



PROPOS(TION - B — UNITAL C*-ALGERPA ®

G — COMPACT Gpouf
' B —> BoC(6) UNTTAL > -HOMOMOR PH 1¢
(= ®id)o oL = (wL@A)oQ

THEN THE FOLOwWwiING  ARE  EQUIVALEMT-
(4) TMERE IS$ A Ao oF G ON B
(FE. A HoMOmOpPHisM a: G —> Avt(R) suCH THaT
Vbe®  THE mar Gt o (4) epy s ConaTiMoUOUS )

sven THAT  (w(0) (#) = 2, () bed , t€G
@) spam{ab)(Me8) | beR |, $€CL6) | 1S DENSE v BeC).
ProoE: (1) = (2)
WE  DEVTIFY  R® C(E) wiTH  C(G,B). THE M4P
g.: B%LE Cl6) > bef +— «b) (18 4) € B C(G)
EXTENDS  To A UNITA)L ¥ - HOMOMORPH(SM
d: Be C6) —> ReocC(G).
lJE HAVE For Fe BeCl6) = CL6RB)
| (EE)) = 3, (F®)  es)
THUS For  ANY  Fe C(63) WE HAVE F=a@(F),
WHERE  F(H) = . (F®). THis MEAN  TH4T &
IS oMo T g ALSO  ClBaRLY INOBGWE, SO Jehw(con
T FolLows THAT -
span 1) (108) | beB, §C(6)]
(S DEMSE IN B®& C(6) AS THE MAGE OF B@%CCG)
undDER AN AUTDO MORPH)SM .



EvaLuaTion Funcrional CG) > fi—> L) ec
THEN  d,e%= o, Y e THIS s AN AOTOON OF G

(FF THE  IDEMPOTENT ENDOMORPHIcM X, B >R
s THE IDENTITY.

ASSUME  THAT  span {o(b) (flef) 6B, £eCCEIt 1S DEMSE
IN RBR®&C(E). THEN For AMNY  LeR  THE TENSOR bedl

CAN BE  APPRD XIMATEN RY ELEmEnNTS FRoMm  THIS

SET ' e A N

bod = tim 2 ()6 4}) .

=2y t=i

APPLMIN G ide 56 7o  BOTH  £(DES GIVES

NM

b=l 23, (60) £70)
N
= Lim o, (Z %q:(e.)“))
o e =
o Rem 7, =B AND  Z.=id w

EXAMPLES  ©F  ACTToNS -

(0) Ao OF A CoMmpACT GROUP  ON A UMTAL  C™ALLERRA

(PA.RT({;uLAE. C4SE © AMiON O A COMPACT sf’ﬁ(,\‘e)



(1) FiIx meN. K= {l,.,my, G= S, PERMUTATION GRouP (@)
XxG — ¥ —  (4LMosT)  STANDAR)  ACTION.

™

THIS  GIVES  RiSE  TO AN ACTION OF  (A=C(6) A)
ON  B=C(X)E C".

LET'S L0k 4T G =S, AS THE GROUP OF PERMUTATION

MATRYCES

2 A
(a(-i') = qfi- (‘: CT] v Ll\\
Z t‘A.\"J‘ = l \7/£
§=t

THUS
C’((’) =C (Qt'i ] at]":{ar'{)l: Er:-]' ) r% %=1, Za‘l =A [“'J 1Ry, ] =0 )

SimILAR LY

C(X)J—‘ C“(ei \ i=1j"')'“) et-:el't.:et.{ VL'

THE  AcTioN 1S DE scrigep BY
v, t CX) — C(x) e C(6)

oL Le,j}: Zel‘@q;‘l- (]:-‘; ;M)..
[=1



LET US COoNSIDER A DNFFERENT C* ALGERRA
. e " 2 X - b
& — C (Cl“J' | l_l:]).,.,}““' ) ”“fj == Q”' :QL.J- . ZQI\J- = ’ﬂJ JZ C{l's' - A )
=t =1

WE HAVE A UNITAL  » ~HOMOMOR PHISM
£ B=COO 3 e > Z ¢ o € BeA,

THEOREM (S ANG):

() THERE 15 4 UNIQUE A A SApA  MAKING (A A)
A CoMPACT QRUANTUM GROUP  SUCH  THAT
o B> Rea
IS AN ACTiON  OF (4,A) ON B
@ W (¢, 4) 1S A CompACT QUANTUM  GROUP  AND
p: B —> BeC IS MU ACTION OF (¢c,A,) ON B
THEN THERE IS A UNIQUE & :R—>C SUCH THAT
Be(ided) «.
MoreovER. (Bed)eA=A.°F.

REMARK : POINT ) ABIWWE (H4RACERI2ES  THE CoMPACT

QUANTUM  GRouP (4, A)  UMIRUELY.

THEOREM (. wanGB). FOR m =123 A= C{s.). FOR amxY

A 1S NON-COMMUTATIVE  AND  diasu A=

THE  COMPACT  QUANTUM  GROUPS (4(_/_1) Mcussed  AROVE

2AC  CALLED THE  QUANTUM  PERMUTATION  GROVFS.



NOTE:  LET A8 —>@€ BE TRE FuvGionar ( Messuec”)
WHicH  MAPS  E4CH e TO =. THEN

(med) ()= m) 1 VieB

( EXERCISE :  (WECK T\1f§)_

THIS  PROPERTY (S CALLED INVAR(AVCE OF 1 WiTH

REspEer  TO & (x4 (S PROSERVED RY ).

(2) LET U% COoNSIDER R=M,(C) AnD For

g€ loi] LetT w, BE THE FONGT (0 MAL

/ab - Q'I-lila
Ba(éd)t > e € C

(;mrs 5 TME  POWERS STATE ov M, ).

PROPOSITION . B:==M, , (A 4A)= SU(2) . TheerE IS
& UNQUE  MaP V.- B—> BoA SUCH  THAT
' [ _1"“}( ‘ : M ( )___ B@A
Yo L(‘?")) - . -1 €My Ldd= :
¥ gy

MoREOVER ¥, 1S AN ACTION OF SUQR) ON B
PRESERVING  THE  POWERS STAE.



A

FEW MORE  DRETALS :
THE 3~ DIMENSIONAL  IRREDUCIRLE REPRESEMNTATION
OF 51{_)(1)
A=y O ge g X
w= | -0 ey S ¥ "
W 't ¥ g*

LET C BE TME  ('-SuBALLEBRA OF A GEVERATE
BY  MATRIX  ELEMENTS OF w' — THEN Alc)c CeC

AD WITH A < A[C e Pae (¢, A) IS

A COMPACT  QLANTUM  (GROVP,

TS s TME  QuauTum S0 Grove  (5,0().

THE  ACTIoN Y, oF sul) ON R=M, 1S REauLd
AN kcoion oF  S0(3), 1 E. W?LB)C ReC .

THEREM:  LET  (5,A,) RE A COMPACT QUANTUM  GROUP
AND LET @ My~smeD BB AN AcTion oF (DA))
ON M, PRECERVING THE PowERS ST4TE ;!

THEN TLHERE  EXiSTS A UNIQUE  DMNITAL % -HOMOMORPHSM

d. C—DN SuCq  THAT

P = (irl@ @)v v,
FACT: teT (b,Ap) BE A COMPACT QUANTUM GRouP
ACTivG ON A FIOTE- DMMENS(oNAL  CT-ALGERRA N.

THEN THER EX(sTS A FAITHFUL STATE  ON N

—

INVARTANT  FOR  THE A(CTion  OF (b.réb)_



THESREM . LET (o An) BE A CoMpaAT QUANTUM — GRoUP
ACTING  oN M

5
¢: M, —= M ed
THEN  THERE  ExieT
* gqe loI]
ONTTARY we M,
. &:C—=D, wheeg (G4 )= 400)
SVUCH  THAT

o) = (o ) (uon) Y (umu) (u'00))  VneH,.



