LECTURE 1T . COMPACT  QUANTUM G ROUPS

AND

REPRE SENTATION  THEORY

DESINITION ; A CoMpPACT  QUANTUM  GROLP (s

A opair (A A)  Sutw TRAT
A 1S A UNITAL  C*- ALGEARA
AA = AgA Is A& UNITAL ¥ - HOMOMORPH(SM
AND s (Ae) A= (ided)-A
spam {A() (ol | o b €4 ]

%AP\E‘, DEnNSE IN A®A.
spam | (a@) A(L) Ja,LEA]

EXAMPLES . (1) SLE)
2) G- CoMPACT  GRovp
A= C(6)
A: CLE) —> dlb)e Co) = clexG)
- fecl6), Al)e C(6<6)
(A(D) () = § (xy)

EXERCISE = CHECk THAT
spom { Al (a0g) | $.9€ CC6) |

| ]IAQE DEMsE IV C(6x6)
srom { (o) 4(4) | 43 € CC6) ]

(3) " — DISCRETE  Grovr,  A:= CY(r)
e CrcpA 3 A A—>A04
Aly) = YeoX (xel").



FAcr . LET (A,4) BE A ComPACT  QUANTUM  GROUP
WiTH A - CommuTATIVE . THEN THERE g
b ComeacT SPa&CE G AND A COMTINUYOUS
P GxbG — G SUCH  THAT
A= CCe
AW () = F k)
avd  (ExeecicE)

© Al ) = Al 2) Y onee G
. For xy € G

o e st] = o]
I: }Z /thfx):/n[g!y) ] =N [X:\/]-

EXERCISE. A ComPACT TOPILOGIcAL SEMIGROUVP W1 TH

CAMCELL ATigN PROPERTIES 1S A TOPoLo GiCAL  GROUP.

THE OREM (S.L_ WORONOWIL2 — A. VAN MELE)-‘

LET (4,4) RBE A ComracT BUANTUM GRouP . THEN  THERE

EX{STS A4 UNTQUE STATE h ON A SUCH THAT
(dew) Al) = W)l = (heid) 4() V ach.

DEFINITION THis  STATE h Is THE  HAAR  MEASURE

oF (4, 4).

C 1 A= CCe) Ten  h(3)= [#0dx  (har mpssuee)

G

- A= (M) THEn kla)s (G| D) S ), WRERE
A ) —= B(L(M) s THE  REcUUR  REPRESENTATION,



DEFINITION: LET (A.A) BE A Compali  QuaNTum  CROUP.

A FINITE - DIMEN S(0NAL REPRESENTATI OnJ 0OF (4!/_\‘) e @
AN INVERTIRLE MaTRiIx wve M_ ©®A
SutH  THAT (f‘lm@ Ayv= vV,
EXTRCISE : ve M.®A | v-_(v - h ) 'S A4 REMRE SENATION
o :
oF (A, AY  IFE D
o vy INVE RY1aLE
AND ~
* Alv,) = ZVW@VH, bil=1,. .
p=
* M. ®A Is A «- ALGERRA (cﬂﬂrwe(&w\)
. e Sav  THAT A REPRE SENTATION veM_ o4
(S UMTAey IF v y=wy =1 (* 4‘,\1“@ AIA)'
FAcT: |F A=C(6) T™EN veM, A= C(6,M,)
IC 4 REPRZSENTATION OF (A, 4) IFF
ve CCG M)
HAS RANGE IN  THE soT OF INVERTIBLE MATRICES
AND s () vy = vixy) FoR ALL x,ve G.
FACT IF A=C*(r) AND veM_ oA IS A REPRESENTATION

aF (A,A) THEN  THERE s AN INVERTIRLE  MATRIX
C’EMM(@ AND ‘b’q,_..)\{,héi"" sucH  THAT

<K‘ 3 )
V= C C



THEORE M LET (A A) BE A CoMpACT QuapnTum  GRouP 4D ®
LET ve M, ®A RBE A REPRESENTATION OF (4,4),
THEN  THERE  ExisTe AN INVERNIBLE  MATRIX e M ()

SU CH THAT
(e My (T 1)

IS A UNITARY REPRE SENTATION  OF (A, 4).

PROOF: v e M, ® A IS INVERTIBCE, S0 y*v (S PosiTive
AND  INVERTIBLE . THEREFeRE  Spviv IS SCPaRa TED
Feom 0. THus v » S Foe  Somg  §>0.

M. A

LeT @G- (de W ) € M (C). w o1s POSITIVE =~ SO
Q>6(dew 1= 51,
T FoLLows  That R IS INVERTIRLE . LET T=@%
PUT w= (T@/ﬂ) v (T ’H).
LeET US CHECk THAT o 1S UMTAHRY:
wrwe T e ) Ve v (T o)

NOw
Qo4 = oW W] @ 1= (idohed) (do A (™)
= (deheid) ((v,vlﬁ” v, «2)
= (deheid) (vf viv, Vz)
= V‘[(ml@h@ h) (v,*v,)j[ v
= ui[([.‘iek)ﬁu‘u\)@/ﬂjv = Vx(@ @’Ir)v
S0 THAT

whw = (T“"@/J])((ng) (T o ’h‘) = 1



SUMVARLY Wi = (TEB/U) v (@”@'H)v’t (T@/ﬂ)_
WE  KNOW ALREADY THAT Rel=vi(Qe) v, $O
[_V‘)A@@M)v"': Qe
TAIKING INVERSES  GlVES
@MV = e
AND SO
ww® = C\‘@»u) Q'e ) (Ta 1) = Al
THE LAST THING 1O CHECKk 1S
(rc)lsa/,\)w = Qd@&) (@@AI) v Te 4())

(Te Al ) v, Vv, (T"'Gg /ﬂéafﬂ)

(Tete) v, (Totet) (Totet) v, (Tes)

- I & -1 —-1 _
= | Cemyv(r @fu)]] [ (ret)v (7 @'ﬂ)]z =w, W,

"

{f



LET ve Mo A 4D welM o4 BE REPRESENTATIONS ©

OF (A,A). THE DRECT Sym OF v AND w IS

v O)
V@Wz (D - '€ Mﬁu.‘.@’*

REPRESE MTATION  oF (A, A)  Aud

veOw S A

IF v AND 1w ARE  UNITARY THEN €O IS vew.
4 -

LET :(;: §>, THEN) P A PRODECTION AND

(P@fﬂ) (vow) = (y@w) (Pe 4[)_
* IF ueM®A 18 A UNIT#RY REPRESENTATION OF (44)
AND Pe l"\k@C\ is A PRODECTION  SUCH THAT

PoDu=vu(Ped)

IS FLCQUIVALENT TO A ODRE(T SuM  u~veéw

THEN wu
OF TWO  UMNITARY REPRESLMTATIONS

EQUIVALENCE OF REPRESCAVTAT NS -

1 INVERTigie T
(_ W~ W ) <::>( SUCH THAT (Tgaﬂ),u:w('r@lﬁ) )

DEFINITION: 4 REPRESENTATION ue M, @4 OF (44)

IS RREDUCIBLE  IF

Pe Pvaj (;NMCG_)) ( )
-_— P~ 0 v P=/ _
(e u=u(Pe A =




THeoREM (5.1, WORDNOWIC2):

@
ANY  REPRESENTATION OF 4 COUPACT QUANTUM  GROUP

S BQuUIVALENT  TO 4 DIRECT SUM OF IRREDUCIBLE
REPRE SEMTATIONS,

REMARK:  The ABOVE  THEOREmMm 1§ TRUS  AlLSs EoA

INEIMITE ~ DImENS ONAL REPRESE NTATIONS (uNfobf, STRONGLY

ConTiNUOUS ) OF COMPACT QUANTUM  GROULPS -
. (A,A:) — ComePACT QUANTUM  GROUP
e H — HILBERY SPace
o Ue M(KM ®A)  ULNITARY
((de DV =V, v,

U= UsdeM(X(He4ho4b)
Uy= (V) | deMov (oA, R(H)ehoh)

é‘(waa)# wm &l ®a .

2

FACT:  ANN  IRREDUCIRLE REPRESENTATION OF A (oMPACT

RUANTUM  GRoup 16 RINITE - DIMEAKoMAL .

THEOREM  (5.L. WoRONOWIC2):

LET (A,4) BE A CompAa QUANTUM GROUP AND LET
A BC  THE SPAN OF MaTRr|x

ELEMENTS  OF Al
(RREDUCIRLE  REFPRESCANTATIONS OF (4,A), THEN A4

IS A DENSE  UMITAL  %-SURALCEBRA OF A.

MorsovER  A(#4) & @y A AND (s, 4Q
A HOPF  x-~ALGERRA.

) s



THE PROOF oF THE [AST  THEOREM 18 BASED o~ THE
NOTION  OF THE REGULAR T

THIS covsTruCTioN)  LIES QUTSIDG THE  SCoPE  OF THESE

NOTES . LET US oMLY MEUTION TS  SmPLIFIEN

VERS (ON

ASSUME  TMAT THE  HA4AR ME4asURE  h  OF (4,4) 15
FATHFUL . THEN A EMBEBDS AS A4 DENSE supseT
oF THE GNS$ HILRERT SPACE H For h . ALSO

A< B(H). ONE (AN PROVE TH4T THE MAPPING
AQ‘[&A 2a0b — Alx) (1eb) €484

EXTENDS T0 A WNITARY  Ue B(HeH). MoRrEOVER
Ue M(R(D e4) AN

(oA =U P
RERESENTATIONS ©F S UG):

a Sﬁ%n\.’ j Tsiz {"5,‘5'1")__ ;S‘E

L. wE 2= (N;‘ )abe—r DEQ\NED RY
A(d£+k(k‘)s—k) - Z d_wf (Xx>$~:® wfk
=) Y
o wli= A
) IS A COoMrleTE  LIST  OF
{ N }Sf %Z_;.

IRREDNUCiBLE  REPRESENTATIONS OF SIU(?J
UP TO EQUIVALENCE.



