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LocALLY COMPACT QUANTUM GROUPS DEFINITION

DEFINITION

Let
o M be a von Neumann algebra,

o A: M — M®M a be normal unital x-homomorphism such

that
(A ®id)oA = (id ® A)oA,

o h, h, be n.f.s. weights on M such that
(h®id)ocA=h(-)1 and (id® hy)oA = h.(-)1.

Then we say that M is the algebra of essentially bounded
functions on a locally compact quantum group. We write

M = L*=(G)
and call G a locally compact quantum group.
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LocALLY COMPACT QUANTUM GROUPS EXAMPLES

G «-- a locally compact group,
@ Classical groups (G = G)
o L>®(G) := L>=(G),
o At L®(G) — L¥(G)® L=(G) = L=(G x G)

AN)(xy)=flxy), [feLXG), x,yeq,
o with h and h; the right and left Haar measure on G

h(f) = /fdh, hu(f) = /fdhL, feL®@G).

G G

@ Duals of classical groups (G = (A})
o L*°(G) =vN(G) «--right group von Neumann algebra of G,
o for x € G we write py for the right shift by x on L?(G)

A(Px):px®[)x, x € G,
o h= h, «--evaluation at e € G.
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LocALLY COMPACT QUANTUM GROUPS DUALITY & KAC-TAKESAKI OPERATOR

G <«--locally compact quantum group,

Ag: L®(G) — L*®(G)® L*(G),

h, h, «-- right and left Haar weights on L*>°(G),

G «-- the dual of G,

L>(G), LOO(@) c B(L%(G)), «-- GNS Hilbert space for h
WEC ¢ LOO(@) ® L*(G) «-- the Kac-Takesaki operator
Slicing:

¢ © ¢ ¢ ¢ ¢ ¢

L*¥(G) = {(w®id)W®|w € B(L*(G)). }
L=(G) = {(id ® w)W®|w € B(L*(G)). }7
o Implementation of coproducts:
Ag(x) = W (x @ 1)WE™, x € L=(G),
Az(y) = o (W' (1 @ yWE), ye L),

G

g
)

where o is the flip.
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LocALLY COMPACT QUANTUM GROUPS ACTIONS

o G «-- alocally compact quantum group,
o N «-- a von Neumann algebra.

o Aright action of G on N is a normal unital injective
*-homomorphism a: N — N® L*>(G) such that

(a®id)oa = (id ® Ag)oa.

0 Aleft action is 5: N — L>°(G) ® N with (id ® a)oa = (Ag ® id)oa.

9 An action can be implemented: N C B(7), there is a
unitary V € B(27) ® L*°(G) such that

alx)=V(xe1)V*, xeN

(similarly for left actions).

9@ Any action admits a canonical implementation (work of
S. Vaes).
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LocALLY COMPACT QUANTUM GROUPS INTEGRABILITY

o An action a: N — N® L>(G) is integrable if the operator
valued weight (id ® h,)o« is semifinite (for a left action 5 we
ask that (h ® id)o3 be semifinite).

EXAMPLE G = G «--locally compact group
o a «--right action of G on a von Neumann algebra N:

a: G> t— ot € Aut(N).

(0 a: N— N® L*(G) = L*(G,N), a(x)(t) = ai(x).)
9 « is integrable if

/at(x) dhy (t)

G

belongs to N (not Ng*) for a dense set of x € N..

o Integrability can be characterized in terms of the canonical
implementation.
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HOMOMORPHISMS DEFINITION

o H, G «--locally compact quantum groups.

THEOREM
There is a bijection between sets of

@ bicharacters fromH to G, i.e. unitaries V € L>*(G) ® L*(H)
such that

(A@ ® ld)V = V23V13 and (ld ® AH)V = V12V13,

@ right quantum group homomorphisms fromH to G
i.e. actions a: L>®(G) — L>®(G)® L*°(H) such that

(Ag ®id)oa = (id ® a)oAg.

DEFINITION
A homomorphism 7: H — G is an element of either of the sets

of @ or @.
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HOMOMORPHISMS EXAMPLE

9 G=G,H=H «--locally compact groups,
o m: H— G ¢«-- continuous homomorphism.
o The action « associated to 7 is

a: H— Aut(L>™(G))

with

(an(f))(g) =f(gm(h)), heH,geG, fecLaq).

o The corresponding bicharacter is
Ve L®G)& L¥(H) = L™(H,vN(G))
defined by
V(h) = pzny, heH.
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HOMOMORPHISMS IMPLEMENTATION

o As before: H, G «--1l.c.q.g.’s, 7: H - G «-- homomorphism.
o With © we associate

o a bicharacter V € L*(G) & L>(H),

o an action a: L*(G) — L>™(G)® L>™(H).

o Then V implements a:
alx) =V(xe1)V*, x € L™(G).

@ Moreover V is the canonical implementation of «.
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QUANTUM SUBGROUPS CLOSED QUANTUM SUBGROUPS

DEFINITION

A homomorphism 7: H — G identifies H with a closed
quantum subgroup of G if there is an

o injective,
9 unital,
© normal
«-homomorphism ~: L>®(H) — L*°(G) such that

V = (y@id)WH

(WH is the Kac-Takesaki operator of H).
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QUANTUM SUBGROUPS CLOSED QUANTUM SUBGROUPS

o There is a (potentially) weaker C*-algebraic notion of a
Woronowicz-closed quantum subgroup.

9 A closed quantum subgroup is Woronowicz-closed.

o The two notions are equivalent in many cases, but there is
no proof of this in the general case (so far).

o If H is a Woronowicz-closed quantum subgroup of G then
the action « of H on G is free: the set

{(w®id)a(x)|x € L®(G), w € B(LAG)).}

generates the von Neumann algebra L>°(H).
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QUANTUM SUBGROUPS OPEN QUANTUM SUBGROUPS

DEFINITION

Let H, G be locally compact quantum groups. We say that H is
an open quantum subgroup of G if there is a surjective normal
x-homomorphism 6: L>*(G) — L*°(H) such that

AHOH = (9 X Q)OAG.

THEOREM (KALANTAR-KASPRZAK-SKALSKI)

An open quantum subgroup H of G is closed. The corresponding
bicharacter is

V = (id ® 0)W® € L®(G) ® L®(H).

P.M. SOLTAN (WARSAW) Q.G. HOMOMORPHISMS & INTEGRABILITY May 25, 2016 13/ 18



IMAGE & KERNEL IMAGE

o m: H — G «-- homomorphism,
o V «-- corresponding bicharacter.

PROPOSITION
There is a locally compact quantum group K such that

L®(K) = {(id ® {)V|¢ € BILAH)).}"

and

Ag = A@‘LW(K)

DEFINITION

The quantum group im 7 is the dual of the quantum group K.
In particular

L=(im7) = {(id® ()V|¢ € BLA®)). )7
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IMAGE & KERNEL QUOTIENT BY KERNEL

om:H— G, V «—- as before.

PROPOSITION
There is a locally compact quantum group L such that

L®(L) = {(¢®1d)V|¢ € B(LA(G)).}"
and
A]L — AH‘L(}O(L)
DEFINITION

We call L the quantum group H/ker 7. In particular

L>(H/kern) = {(¢ ®id)V|p € B(LA(G)).}7

P.M. SOLTAN (WARSAW) Q.G. HOMOMORPHISMS & INTEGRABILITY May 25, 2016

15/ 18



INTEGRABILITY OF HOMOMORPHISMS AD H/ker m & im 7

om:H—G, V, a «—- as before.

o We say that H/ker 7 = im r if there is an isomorphism
x: L®(imn) — L>(H/ker 7) such that

(id ® x)(W™™) = V.

o Note:
o Ve L>®(imn)® L>(H/kern), (V € L®(G)® L®(H))
o an isomorphism y as above is necessarily unique.

THEOREM
The action « (corresponding to 7) is integrable if and only if

Q H@w is an open subgroup of H,
@ H/kern = imm.
o Point @ “means” that ker = is compact.
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INTEGRABILITY OF HOMOMORPHISMS INTEGRABILITY FOR SUBGROUPS

THEOREM (K. DE COMMER)

Let 7: H — G identify H with a closed quantum subgroup of G.
Then the associated action « is integrable.

COROLLARY

A Woronowicz-closed quantum subgroup H of G is a closed
quantum subgroup if and only if the corresponding action

a: L(G) — L™(G)® L*°(H)
is integrable.

PROOF.

= Immediate from theorem.
<«: H Woronowicz-closed implies that « is free, so H/ker = = H.
Integrability implies that H/ker 7 2 im 7 and im 7 is closed. [
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INTEGRABILITY OF HOMOMORPHISMS CLASSICAL CASE

o m: H— G «-- continuous homomorphism of 1.c. groups.
o The associated action « is H 3 h — o, € Aut(L>(G)):

(en(N)(@) =f(gn(h), g€ G feL¥Qq).

o Integrability of & means that

G>grs / (an(f))(9) dh
H

is in L*°(G); for a dense set of functions f € L*>°(G),..

COROLLARY

@ « is integrable if and only if ker  is compact and im 7 is
closed and topologically isomorphic to H/ker .

@ When 7 is injective, « is integrable if and only if the image of
7 is closed and 7 is a homeomorphism onto its image.
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