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THE SETUP

Let G be a locally compact quantum group and left Haar measure ϕ.

Let
 
σ
ϕ
t utPR be the modular group of ϕ and let tτGt utPR denote the scaling

group of G.

Let δ be the modular element of G.

Denote the group of inner automorphisms of the von Neumann algebra

L8pGq by InnpL8pGqq and the group of approximately inner automorphisms

of L8pGq by InnpL8pGqq.
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THE INVARIANTS

DEFINITION

We define

T τpGq “
 
t P R

ˇ̌
τGt “ id

(
,

T τ
InnpGq “

 
t P R

ˇ̌
τGt P Inn

`
L8pGq

˘(
,

T τ
Inn

pGq “
 
t P R

ˇ̌
τGt P Inn

`
L8pGq

˘(
,

T σpGq “
 
t P R

ˇ̌
σ
ϕ
t “ id

(
,

T σ
InnpGq “

 
t P R

ˇ̌
σ
ϕ
t P Inn

`
L8pGq

˘(
,

T σ
Inn

pGq “
 
t P R

ˇ̌
σ
ϕ
t P Inn

`
L8pGq

˘(
,

ModpGq “
 
t P R

ˇ̌
δit “ 1

(
.
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SOME PROPERTIES OF THE INVARIANTS

The sets T ˝
‚pGq are subgroups of R and are isomorphism invariants of the

quantum group G.

T τpGq “ T τppGq.
T ‚pGq, T ‚

Inn
pGq, and ModpGq are closed.

We would obtain the same groups T σpGq, T σ
InnpGq, and T σ

Inn
pGq if we chose the

right Haar measure instead of the left one.

T σ
InnpGq is equal to the Connes’ invariant T pL8pGqq. Consequently, T σ

InnpGq
depends only on the von Neumann algebra L8pGq. It is also the case for

T σ
Inn

pGq.
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SOME PROPERTIES OF THE INVARIANTS

PROPOSITION

For any locally compact quantum group G we have

T σpGq “ T τpGq X ModppGq,
T σ
InnpGq X ModppGq “ T τ

InnpGq X ModppGq,
T σ
Inn

pGq X ModppGq “ T τ
Inn

pGq X ModppGq,
ModpGq X ModppGq Ă 1

2 T τpGq.

The first equality above together with T τpGq “ T τppGq reduces the list to 11

(invariants T σpGq, T σppGq and T τppGq are determined by the remaining ones).

If G is compact then ModpGq “ T τ
InnppGq “ T σ

InnppGq “ T τ
Inn

ppGq “ T σ
Inn

ppGq “ R.

If additionally L8pGq is semifinite then T σ
InnpGq “ T σ

Inn
pGq “ R.
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EXAMPLES

EXAMPLE: THE QUANTUM Ep2q GROUP

With G “ Eqp2q for some q P s0,1r we have

T τpGq “ T τ
InnpGq “ T τ

Inn
pGq “ T σpGq “ T τppGq “ T σppGq “ ModppGq “ π

log q
Z,

T σ
InnpGq “ T σ

Inn
pGq “ T τ

InnppGq “ T τ
Inn

ppGq “ T σ
InnppGq “ T σ

Inn
ppGq “ ModpGq “ R.
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EXAMPLES

EXAMPLE: QUANTUM “az ` b” GROUPS

Let G be the quantum “az ` b” group for the deformation parameter q in one of

the three cases:

1 q “ e
2πi
N with N “ 6,8, . . . ,

2 q P s0,1r,
3 q “ e1{ρ with Re ρ ă 0, Im ρ “ N

2π with N “ ˘2,˘4, . . . .

Then

T τ
InnpGq “ T τ

Inn
pGq “ T τ

InnppGq “ T τ
Inn

ppGq “ T σ
InnpGq “ T σ

Inn
pGq “ T σ

InnppGq “ T σ
Inn

ppGq “ R,

T τpGq “ T τppGq “ T σpGq “ T σppGq “ ModpGq “ ModppGq “
#

t0u in cases 1 and 3

π
log q

Z in case 2
.
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EXAMPLES

EXAMPLE: U`
F

Let G be the quantum group U`
F . Then L8pGq is a full factor, so

InnpL8pGqq “ InnpL8pGqq (Vaes).

G is compact, so ModpGq “ T τ
InnppGq “ T τ

Inn
ppGq “ T σ

InnppGq “ T σ
Inn

ppGq “ R.

If G is not of Kac type (λF˚F ‰ 1) then

T τ
Inn

pGq “ T τ
InnpGq “ T τpGq “

č

ΛPSppF˚FbpF˚Fq´1qzt1u

2π
logpΛqZ,

while ModppGq “ Ş
ΛPSppF˚Fqztλ´1u

2π
log λ`logpΛqZ, where λ “

b
TrppF˚Fq´1q

TrpF˚Fq .

If G is not of Kac type then L8pGq is a type IIIµ factor for some µ P s0,1s and

T σ
Inn

pGq “ T σ
InnpGq “ 2π

log µ
Z (otherwise T σ

Inn
pGq “ T σ

InnpGq “ R).
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SOME COMMENTS

In our previous work for any subgroup Γ of R we constructed second

countable compact quantum group K such that T τ
InnpKq “ Γ.

The invariants were helpful in showing that for any λ P s0,1s thee are

uncountably many pairwise non-isomorphic compact quantum groups G

with L8pGq isomorphic to the injective factor of type IIIλ.

The equality T τpU`
F q “ T τ

InnpU`
F q says that the compact quantum group U`

F

belongs to the class for which the following statement is true:

CONJECTURE p˚q
If G is a second countable compact quantum group and T τ

InnpGq “ R then G is of

Kac type.

We were able to prove that this conjecture is true for many compact

quantum groups including duals of second countable type I discrete

quantum groups (e.g. q-deformations of compact semisimple Lie groups).
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MORE EXAMPLES

EXAMPLE: q-DEFORMATIONS

Let G be a compact semisimple Lie group with root system Φ and let q P s0,1r.
Since Gq is compact we again have

ModpGqq “ T τ
InnpxGqq “ T τ

Inn
pxGqq “ T σ

InnpxGqq “ T σ
Inn

pxGqq “ R.

Furthermore T σ
InnpGqq “ T σ

Inn
pGqq “ R because CpGqq is a C˚-algebra of type I.

We have T τpGqq “ π
log q

Z and

T τ
InnpGqq “ T τ

Inn
pGqq “ ModpxGqq “ π

ΥΦ log q
Z,

where ΥΦ is a positive integer determined by Lie-theoretic data (see next two

slides).
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MORE EXAMPLES

EXAMPLE: q-DEFORMATIONS (CONTINUED)

Let Φ “ Φ1 Y ¨ ¨ ¨ Y Φl be the decomposition of Φ into irreducible parts. Then

ΥΦ “ gcdpΥΦ1
, . . . ,ΥΦl

q.

We have type group range of n ΥΦ T τ
InnpGqq

An SUpn ` 1q n ě 1 odd 1 π

log q
Z

n ě 1 even 2 π

2 log q
Z

Bn Spinp2n ` 1q n ě 2 odd 1 π

log q
Z

n ě 2 even 2 π

2 log q
Z

Cn Spp2nq n ě 3 2 π

2 log q
Z

Dn Spinp2nq n ě 4 odd 2 π

2 log q
Z

n ě 4 even 1 π

log q
Z
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MORE EXAMPLES

EXAMPLE: q-DEFORMATIONS (CONTINUED)

And for the exceptional cases we have

type E6: ΥΦ “ 2 and T τ

InnpGqq “ π

2 log q
Z,

type E7: ΥΦ “ 1 and T τ

InnpGqq “ π

log q
Z,

type E8: ΥΦ “ 2 and T τ

InnpGqq “ π

2 log q
Z,

type F4: ΥΦ “ 2 and T τ

InnpGqq “ π

2 log q
Z,

type G2: ΥΦ “ 2 and T τ

InnpGqq “ π

2 log q
Z.
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SPECIAL CASE

Consider the compact quantum group SUqp3q.
Then ΥΦ “ 2, so

T τ
Inn

`
SUqp3q

˘
“ π

2 log q
Z,

while T τ
`
SUqp3q

˘
“ π

log q
Z.

This means that there are non-trivial inner scaling automorphisms.

SUqp3q does not have non-trivial one-dimensional representations, so these

scaling automorphisms are not implemented by a group-like element.

PROPOSITION

Let G be such that ΥΦ “ 2. Then a unitary implementing the scaling

automorphism for t “ π
2 log q

does not belong to CpGqq. In particular, the

restriction of this automorphism to CpGqq is not inner.
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AND NOW FOR SOMETHING COMPLETELY DIFFERENT

PROPOSITION

Let Γ be a discrete group. Then the following are equivalent:

1 Γ is i.c.c.,

2 LpΓq is a factor,

3 ∆
pnq
pΓ

`
LpΓq

˘1 X LpΓq b ¨ ¨ ¨ b LpΓqloooooooooomoooooooooon
n`1

“ C1 for some n P N,

4 ∆
pnq
pΓ

`
LpΓq

˘1 X LpΓq b ¨ ¨ ¨ b LpΓqloooooooooomoooooooooon
n`1

“ C1 for all n P N.
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I.C.C.-TYPE CONDITIONS

PROPOSITION

Let G be a locally compact quantum group and assume that

∆
pnq
G

`
L8pGq

˘1 X L8pGq b ¨ ¨ ¨ b L8pGqlooooooooooooomooooooooooooon
n`1

“ C1

for some n P N. Then L8pGq is a factor.

DEFINITION

Let Γ be a discrete quantum group. We say that Γ is n-i.c.c. if

∆
pnq
pΓ

`
L8ppΓq

˘1 X L8ppΓq b ¨ ¨ ¨ b L8ppΓqlooooooooooooomooooooooooooon
n`1

“ C1.
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I.C.C.-TYPE CONDITIONS

PROPOSITION

Let Γ be a discrete quantum group. If Γ is n-i.c.c. for some n then Γ is m-i.c.c. for

all natural m ď n.

THEOREM

Let G be a second countable compact quantum group whose dual is 1-i.c.c.

Then conjecture p˚q holds for G.
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THEOREM

Let G be a second countable compact quantum group whose dual is 1-i.c.c. and

such that T τ
InnpGq “ R. Then G is of Kac type.

We have τGt “ Adpbitq for some positive self-adjoint operator b.

Furthermore, for any x P L8pGq and any t P R

pb´it b b´itq∆Gpbitq∆Gpxq∆Gpb´itqpbit b bitq “ pτG´t b τG´tq∆G

`
τGt pxq

˘
“ ∆pxq,

so pb´it b b´itq∆pbitq P ∆GpL8pGqq1 X L8pGq b L8pGq “ C1.

Thus pb´it b b´itq∆pbitq “ zt1 for some scalars zt . Moreover t ÞÑ zt is a

continuous homomorphism, so zt “ λit for some λ ą 0.

Put B “ λb. Then still τGt “ AdpBitq and, additionally, ∆GpBitq “ Bit b Bit for

all t.
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THEOREM

Let G be a second countable compact quantum group whose dual is 1-i.c.c. and

such that T τ
InnpGq “ R. Then G is of Kac type.

Next we calculate

phG b idq∆G

¨
˚̊
˝

t` 1
nż

t´ 1
n

Bis ds

˛
‹‹‚ “ phG b idq

t` 1
nż

t´ 1
n

pBis b Bisq ds “
t` 1

nż

t´ 1
n

hGpBisqBis ds

Multiplying by 2n and taking lim
nÑ8

we obtain hGpBitq1 “ hGpBitqBit , so B “ 1.

It follows that τGt “ id for all t.
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EXAMPLE

Recall that IrrU`
F “ Z` ‹ Z` with the two copies of Z` generated by the class

α of the defining representation and β “ α.

For x P Z` ‹ Z` put

Dx ,n “
#

}ρ2
x ´ 1} }ρx }2pn`1q´1

}ρx }2´1
ρx ‰ 1

0 ρx “ 1

.

Let Dn “ max
 
Dαβ,n ,Dβα,n ,Dα2β,n

(
.

THEOREM

If Dn ă 1 ´ 1?
2

and
2p7´4Dn qDn

2p1´Dnq2´1
ă 1?

n`1
then xU`

F is n-i.c.c.
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EXAMPLE (CONTINUED)

THEOREM

Take n P N and write c “ max
!

}λF˚F ´ 1},
››pλF˚F q´1 ´ 1

››
)
, where

λ “
b

TrppF˚Fq´1q
TrpF˚Fq . If

?
npn ` 1qcp2 ` cqp1 ` cq4`6n ă 1

72

then xU`
F is n-i.c.c.
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Thank you for your attention
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