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CLASSICAL CLIFFORD THEORY

A.H. Clifford (1937), also G. Frobenius (1898): let

o G be a group,

9 K C G a normal subgroup,

o U: G — B(s#) — a finite dimensional irreducible

representation.

Restricting U to K we obtain a finite dimensional representation
U|, of K on .

THEOREM
@ The representation U| x s either irreducible or fully reducible,

@ in case U| k is reducible, its irreducible components constitute
precisely one orbit of the action of G on Irr K, each entering
U|, with the same multiplicity.

9 G acts on Irr K in the following way:

(V-g)(k) = V(gkg™ '), VelrrK, g€ G, ke K.
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COMPACT QUANTUM GROUPS GENERAL NOTATION & REPRESENTATIONS

o G will denote a compact quantum group.

o A representation of G on a Hilbert space /7 is a unitary

u € B(s) ® C(G) such that
(id & A)u = Uj2U3
or in other words

ui1 ... UWU.n

un 1 P un7n

n
with A(uiJ) = Z U; i ® Uje j-
k=1

o All representations are fully reducible.
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COMPACT QUANTUM GROUPS DUAL OBJECT & REPRESENTATIONS

o Let {u“}qenrc be a complete collection of representatives of
equivalence classes of irreps of G,

o define R
WE= P u*er™(G)& L™(G),
a€clrrG
where (°(G) = @ B(H).
a€clrG
FACT

Any representation of G is of the form

u" = (7 @id)W¢

~

for a unique representation of 7: (*(G) — B(J%).

o £°(G) has a coproduct A such that (A @ id)W® = W5,WE,.
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COMPACT QUANTUM GROUPS DUAL OBJECT & REPRESENTATIONS

~

o We sometimes speak about 7: (*(G) — B(J%;) as a
representation of G.

o The irreducible representations correspond to projections

(*(G)= € B(A) — B(H,)
aclrG
for some ag € IrrG.
o Irreps of G are thus in bijection with the set of minimal

~

central projections in ¢*°(G). For a € Irr G we write p, for
the corresponding projection.

o Summary of notation:

~

7 °(G) — B(s4), u” = (r@id)WE, p, e ®@G).
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SUBGROUPS, RESTRICTION ~ ACTION ON CENTER OF £ (K)

o K is a closed quantum subgroup of G if 60"( ) is embedded

as a subalgebra of /*(G) in a A-preserving way.

o If m: £°°(G) — B(J#%) is a representation then the
restriction of 7 to K is the representation of K
corresponding to

] oo ) 1K) — B(J4).
o K is normal if W& (¢*(K) @ 1)WE" c /°(K) & L>(G).

THEOREM
IfK is normal then

=(K) 3 x — WE(x ® 1)WE” € ¢°(K) ® L>(G).

restricts to an action of G on & (€°°(]IA<)).
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SUBGROUPS, RESTRICTION ~ ACTION ON CENTER OF £ (K)

PROOF.
Alternative way of expressing normality of K is

WE* (£2(K) ® 1)WE C =(K) & L¥(G).
Take y € EOO(]K). For x € QP(EOO(]K)) we have

Wox o WS (y& 1) = Wo(x @ HWE' (y» HWoWS”
= WEWE (y @ 1)WE (x @ 1)WE”
= (y® L)W (x e )W

which means that the left leg of WE(x ® 1)WE" belongs to
% (¢=(K)). The fact that x — W& (x ® 1)W¢" is an action of G

on Z(¢>(K)) is easily checked.
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SUBGROUPS, RESTRICTION ACTION ON CENTER OF EW(K)

o If K is a normal closed quantum subgroup of K then G acts
of Z(¢>°(K)). Call this action a: (*(N) — (*(N)® L>®(G).

o Z(¢>(K)) is isomorphic to (*°(N).

o Let (e)icn be the “standard basis” of /*°(N). We can express
the action o as

o0
a(eJ) = ZQ’@S{J
i=1
for some elements {s;};jen of L>(G) (s;’s are projections

and the sum is strongly convergent).
o Easy to see form unitality of o that

0o
ZS{J:]I, ieN.
Jj=1
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SUBGROUPS, RESTRICTION ORBITS

DEFINITION
Define a subset # of N x N by

((k,l) e%)) — (sk,l;éo).

THEOREM
The subset # C N x N is an equivalence relation.

o We interpret the equivalence as being in the same orbit of
the action of G.

o In case of the action of G on Irr K this is the action on irreps
by automorphisms induced on K by inner automorphisms
of G.
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SUBGROUPS, RESTRICTION ORBITS

PROPOSITION
For any i € N let [i] be the class of i w.r.t. the relation %. The

element
x=Y¢
Jeld]
of ¢*°(N) is invariant:

a(x)=xx1.

Moreover a restricts to an action of G on x ¢*°(N) = ¢°°([i]).

COROLLARY
If a is ergodic, then Z is a total relation.

THEOREM

There does not exist an ergodic action of a compact quantum
group on (*(N).
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SUBGROUPS, RESTRICTION ORBITS

PROOF.
We have an invariant faithful state ¢ on />°(N). We have

o0
Z o(ei)sij = o(e)1, (invariance)
i=1
o0
Z o(e)) =1 (0 is a state)
i=1

Take ¢ a unit vector in the range of s;; and apply ({] - £) to both
sides of the first equation

o(e) + ) ole) (¢]sis€) = ale).
i
Since all p(e;) are non zero, we find that for i # j the range of s;
is orthogonal to the range of s; ;.
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SUBGROUPS, RESTRICTION ORBITS

PROOF.

Fix k # j and let n be a unit vector in the range of s ;. Apply
(n| - n) to both sides of

o(e)l =) ole)si;
i=1
to get
o(e) = ole)) (n|sjm) + elex) (n|sim) + > oler) (n|sim) -
A A

The first term on the right is O, the second is o(e,) and the third
is > 0, so o(ej) < o(ex). By symmetry all g(e;)’s are equal which

o0
contradicts > o(e;) = 1. O
i=1
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SUBGROUPS, RESTRICTION ORBITS

COROLLARY
o The orbits of a are finite,
o the counting measure on N is invariant for «, in particular

ZSIJ_ZSIJ_]I jeN.

ie[j]
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QUANTUM CLIFFORD’S THEOREM STATEMENT OF THE THEOREM

THEOREM

Let K be a normal closed quantum subgroup of the compact
quantum group G. Let m be an irreducible representation of G.
Then there exists an irreducible representation o of K such that
@ for all irreducible representations 7 of K we have w(p.) # O if
and only if T € [o],

@ we havew( > pp> =1.

pElo]

o This becomes Clifford’s theorem in the classical case.
o Classically degrees of all irreps in one orbit are equal.
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QUANTUM CLIFFORD’S THEOREM DIMENSIONS IN KAC CASE

THEOREM

Assume G is of Kac type. Then if o1 and o9 are irreducible
representations of K in the same orbit under the action of G then
Jor any irreducible representation = of G we have

dim 7(py,) = dim 7 (p,, ).

o This means that the dimension of isotypical components
corresponding to ¢ and o9 are the same in the restriction
of 7 to K.
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QUANTUM CLIFFORD’S THEOREM CENTRAL SUPPORTS

THEOREM
Let o € Irr K. Then the sum

> P
p€lo]

~

is the central support of p, in (>°(G).

o Note that all projections above are central in EOO(]IA{).
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VERGNIOUX RELATION SET-UP

o Let [ be a discrete quantum group and A its closed
quantum subgroup.

o Then A is discrete and Irr A C Irr T.

o R. Vergnioux and later R. Vergnioux & C. Voigt used the
following relation on Irr[:

(a ~ 5) — (37 elrAs.t. fC a@y)

o = is an equivalence relation.

o For a class A of this relation we write
Pa=) _Po
acA

o The set of such pa’s over all distinct classes is a collection
of pairwise orthogonal central projections in />°([") summing
up to 1.
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VERGNIOUX RELATION PARTICULAR CASE

o Consider a particular case:

o I'= @\
o A=G/K.
THEOREM

Let A be a class of the equivalence relation ~ on Irr G. Then there
exists an irreducible representation o of K such that

ba = Z Dp-
pElo]

In particular

z(pa) = Z Do

acA

is the expression of the central projection z(p,) as a sum of
orthogonal minimal central projections.

P.M. SOLTAN (WARSAW) RESTRICTING REPRESENTATIONS JuLy 11, 2016 18 / 19



Thank you for your attention.
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