QUANTUM FAMILIES OF MAPS

BANACH ALGEBRAS 2019
UNIVERSITY OF MANITOBA

Piotr M. Sottan

Department of Mathematical Methods in Physics
Faculty of Physics, University of Warsaw

July 17, 2019



(D QUANTUM SPACES
o The Gelfand-Naimark Duality
o Quantum spaces
o Classical families of maps
9 Quantum families of maps

@) QUANTUM FAMILIES OF MAPS
9 Quantum family of all maps
o Composition of quantum families
0 Invariant states
9 Quantum commutants
9 Quantum gauge groups

P.M. SOLTAN (WARSAW) JuLy 17, 2019 2/20



QUANTUM SPACES THE GELFAND-NAIMARK DUALITY
THEOREM

The assignment to a locally compact topological space X the

C*-algebra Cy(X) defines an anti-equivalence of categories
between

9 the category of commutative C*-algebras with morphisms of
C*-algebras
and

o the category of locally compact topological spaces with
continuous maps.

o A locally compact space is by definition Hausdorff.

o The “inverse” functor is defined as the assignment to a
commutative C*-algebra A its spectrum A.

o A morphism of C*-algebras from A to B is a
x-homomorphism ¢ : A — M(B) such that &(A)B = B.
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QUANTUM SPACES

THE GELFAND-NAIMARK DUALITY

L.C. Top. Sp.

Commutative C*-algs.

X Co(X)
0:X—->Y ® € Mor(Co(Y) Co(X))
X — compact Co(X) — unital
X — finite Co(X) — finite-dimensional

X — metrizable

Co(X) — separable

probab. measure on X

state on Cy(X)

XxY

Co(X) ®Co(Y)

o Note: M(Co(X)) = Cy(X).
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QUANTUM SPACES QUANTUM SPACES

DEFINITION

A Quantum space is an object of the category dual to the
category of C*-algebras.

o A theorem about quantum spaces is nothing else than a
theorem about C*-algebras.

9o A quantum space X is called compact if the corresponding
C*-algebra Cy(X) is unital (in this case we write C(X)).

o Similarly, finite quantum spaces correspond to
finite-dimensional C*-algebras.

o Classical (ordinary) locally compact spaces are particular
examples of quantum spaces.
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QUANTUM SPACES CLASSICAL FAMILIES OF MAPS

THEOREM (JAMES R. JACKSON, 1952)

Let X, Y and Z be topological spaces such that X is Hausdorff
and Z is locally compact. Then the assignment to any
e C(X x Z,Y) of the map

Zsz—Y(-,2z) e C(X,Y)

is a homeomorphism of C(X x Z,Y) onto C(Z,C(X,Y)) with all
three spaces of maps topologized by their respective
compact-open topologies.

o Assume that X, Y and Z are locally compact. Then a
continuous family of continuous maps from X to Y indexed

by Z, i.e. a continuous map from Z to C(X,Y) is the same
thing as an element of

Mor (Co(Y), Co(X) ® Co(Z)).
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QUANTUM SPACES QUANTUM FAMILIES OF MAPS

DEFINITION

Let X,y and Z be quantum spaces. A quantum family of
maps from X to Y indexed by Z is an element

® € Mor(Co (), Co(X) ® Co(2)).

o A quantum family of maps is a very general object.

o Consequently interesting quantum families of maps must
have additional features.

o How about a quantum version of the space C(X,Y) of all
continuous maps from X to Y?
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QUANTUM FAMILIES OF MAPS QUANTUM FAMILY OF ALL MAPS

DEFINITION

Let X,y and Z be quantum spaces and let
® € Mor(Co(Y),Co(X) ® Co(Z)) be a quantum family of maps.
We say that

0 Z is the quantum space of all maps from X to Y
and
o & is the quantum family of all maps from X to Y

if for any quantum space Z’ and any quantum family
¥ € Mor (Co(Y),Co(X) ® Co(Z')) there exists a unique
A € Mor(Co(Z),Co(Z")) such that

Co(Y) —2— Co(X) ® Co(2)

H e
v

Co(Y) Co(X) ®Co(2")
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QUANTUM FAMILIES OF MAPS QUANTUM FAMILY OF ALL MAPS

o Let X,Y and Z be locally compact spaces. For the quantum
space of all maps from X to Y to exist it is necessary that
C(X,Y) be locally compact in the compact-open topology.

o This will certainly be the case when X is finite and Y is
compact.

THEOREM (S.L. WorRoONOWICZ 1979, P.S. 2009)

Let X be a finite quantum space and let Y be a compact quantum
space such that C() is finitely generated. Then the quantum
space of all maps from X to Y exists and it is compact.

o Let Z be the quantum space of all maps & — Y.
o The universal family

® € Mor(C(Y),C(X) ® C(Z2))
corresponds to the evaluation mapping
XxCX,Y)a(x,¢) —(x)eY
for classical spaces X and Y.
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QUANTUM FAMILIES OF MAPS QUANTUM FAMILY OF ALL MAPS

EXAMPLE

o Let X be the classical two-point space.
o The classical space of all maps X — X is a four-point space.
o The quantum space Z of all maps X — X exists and

C(2) = C%2%C? = C*(Zy + Zy) = C(T) x Zg
>~ {f € C([0,1], M) ‘f(O),f(l) are diagonal}

and ® : C*> > C>?®C(Z) maps [}] to [{]®@p+[9]®q. where

po-lo 9] aw-

N—

1 —cosnt isinmt
—isinmt 1+ coswt|’
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QUANTUM FAMILIES OF MAPS COMPOSITION OF QUANTUM FAMILIES

DEFINITION
Let X, X2, X3,P; and Py be quantum spaces and let

U9 € Mor(C(X2),C(X1) ® C(P1)),
Wo3 € Mor(C(X3),C(X2) ® C(P2))

be quantum families of maps. The composition of V35 and Vg,
is

U194 Vo = (V15®id)oWa3 € Mor(C(X3), C(X1)Q(C(P2)QC(P2))).

o The composition of classical families (with classical
parameter spaces) is exactly the family of all compositions
of elements of both families.

o Composition is associative:
(V128 Wo3) AWz = WUig A (Va3 A Wsg).
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QUANTUM FAMILIES OF MAPS COMPOSITION OF QUANTUM FAMILIES

THEOREM

Let X be a finite quantum space and let Z be the quantum space
of all maps X — X with universal family

® € Mor(C(X),C(X)®C(2)).
Then there exists a unique
A€ Mor(C(Z),C(Z) ®C(Z))

such that (id ® A)o® = & A P.
This defines on Z a structure of a compact quantum semigroup.

o We have (id ® A)oA = (A®id)oA.

o Z is not a compact quantum group (unless dim C(X) = 1).
o For X — a two-point space

A(p)=p®(1-p)+1®1+(1-p)®p
Al =q@®(1-q)+101+ (1 -q ®q.
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QUANTUM FAMILIES OF MAPS INVARIANT STATES

o X - finite quantum space, w — state on C(X).
9 A quantum family of maps

¥ € Mor (C(X),C(X) ® C(M))

preserves w (or w is invariant for ) if
(w®id)¥(a) = w(a)l, aceC(X).
o The quantum family of all maps preserving w is a

quantum family

P, € Mor(C(X),C(X)®C(Z.,))
such that for any quantum family ¥ preserving w (as above)
there exists a unique I' : C(2,) — C(M) such that

Co(X) —22—+ Co(X) @ Co(Z.,)

H lw@p

Co(X) ——2—— Co(X) ® Co(M)
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QUANTUM FAMILIES OF MAPS INVARIANT STATES

EXAMPLE

o PutX,={1,...,n}.
o Let w be the uniform probability measure on X,.

o Then

o the quantum space Z, of all maps X,, — X, preserving w is
the quantum permutation group S;,
o the universal family

®,, € Mor(C(X,),C(Xn) @ C(Z.))

is the action of S} on X,.
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QUANTUM FAMILIES OF MAPS QUANTUM COMMUTANTS

DEFINITION
Let X be a finite quantum space and let

U € Mor(C(X),C(X) ® C(P1))
Wy € Mor (C(X),C(X) ® C(Py))

be a quantum families of maps.
We say that ¥; and Vs commute if

Uy ATy = (Id® x)o(Va A V),
where x : C(P2) ® C(P1) — C(P1) ® C(P2) is the {flip.

THEOREM

For any quantum family ¥ € Mor(C(X),C(X)® C(P)) there exists
a universal quantum family ®y € Mor(C(X),C(X) ® C(Zy))
commuting with .
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QUANTUM FAMILIES OF MAPS QUANTUM GAUGE GROUPS

o Classically if X is a topological space and S is a topological
semigroup then C(X, S) has a structure of a topological
semigroup.

o For simplicity let X = {1,...,n}.

o If S is a compact semigroup then C(X,S) = S¥ is a compact

semigroup and comultiplication on C(S¥) is the unique Agx
such that

c(s) C(X) ® c(s%)
Asl lid@ASX
C(S) ® C(S) C(X) ®c(s®) ®c(s™)

2RP l T L@idRid

C(X) ® C(S¥) ® C(X) ® C(S¥) e C®CX) ® C(s*) ® c(s¥)

¢ : C(S) —» C(X) ® C(S¥X) - evaluation,
1 C(X)®C(X) — C(X) — multiplication.
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QUANTUM FAMILIES OF MAPS QUANTUM GAUGE GROUPS

THEOREM (M.M. SADR, P.S.)

Let S be a compact quantum semigroup and let S be the quantum
space of all maps X, — S. Then there exists a unique A such that

3

c(S) C(Xn) ® C(3)
Asl lm@Z
C(S) ® C(S) C(Xn) ® C(8) ® C(S)

2RP l T pRid®id

C(Xn) ® C(8) ® C(Xn) ® C(S) —meed W@ C(Xn) ® C(8) ® C(8)

If § is a compact quantum group then so is S. The C* -algebra

~

C(8) is isomorphic to C(S) * - - -« C(S).

n

P.M. SOLTAN (WARSAW) JuLy 17, 2019 17 / 20



QUANTUM FAMILIES OF MAPS QUANTUM GAUGE GROUPS

o For a non-classical finite quantum space X the diagram
defining comultiplication on the quantum space of all maps
X — S makes no sense because p is not a homomorphism.

o Nevertheless the quantum space of all maps from X to S
exists...
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QUANTUM FAMILIES OF MAPS QUANTUM GAUGE GROUPS

EXAMPLE

o Consider X such that C(X) = My and take & = Zs (classical
finite group).
o Let & be the quantum space of all maps X — S.

~

o Then C(S8) is the universal unital C*-algebra generated by
three elements p, q and z with relations

p = p*, p=p>+7'z zp = (1-q)z,
q=q", q=q* +zz"

o C(S8) does not admit any compact quantum group
structure.
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Thank you
for your attention.



