Nuclear recoil correction to the hyperfine splitting in atomic systems
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We consider leading O(m /M) nuclear recoil corrections to the hyperfine splitting in light atomic systems.
Due to the singularity of hyperfine interactions, the electromagnetic form factors of the nucleus have to be
introduced as a function of the four-momentum square, which goes beyond the Hamiltonian description of the
system. We present a compact formula for O(Z «) recoil corrections and indicate the importance, especially
for light atoms, of a more realistic description of the nuclear structure effects.

I. INTRODUCTION

The hyperfine structure (hfs) in atomic systems originates
from the coupling between the nuclear and electronic angu-
lar momenta. It is usually measured with many digits’ accu-
racy, for example A(Li) = 401.7520433(5) MHz [1]. Cal-
culations of the hfs are limited in accuracy mostly due to the
incompleteness of the basis sets for the multi-electron wave
function, due to the omission of higher-order QED effects,
but also due to the lack of knowledge of the magnetic moment
and electric charge distributions within the nucleus. For exam-
ple, for “Li the charge and magnetic moment distribution give
the correction to hfs of JA/A = —369(23) ppm [2], which
dominates theoretical uncertainty [3] and is orders of magni-
tude larger than the experimental one. Especially the magnetic
form factor is believed to be the main source of theoretical un-
certainties. Various nuclear models, like the single-particle
one [4], have been introduced for a more realistic descrip-
tion of the nuclear magnetic interaction. It is still, however,
very difficult to estimate uncertainty coming from all these
models, and strange discrepancies with measurements are ob-
served [3].

In this work we deal with another, not well studied contribu-
tion to the atomic hyperfine structure, which comes from the
finite nuclear mass, including the second order in the nuclear
magnetic moment corrections. It is a small effect, but never-
theless should be considered in light elements and especially
in muonic atoms. Let us concentrate on hydrogenic systems,
because the extension to many electron atoms is simple. The
hyperfine splitting for a nonrelativistic hydrogen-like system
in an S-state is given by the Fermi contact interaction (in units
h=c=1e2=410)
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where g = 2 (1 + k), and {7 and ji. are the nuclear and elec-
tron magnetic moments, respectively. We have introduced the

* krp@fuw.edu.pl; www.fuw.edu.pl/"krp

(nonstandard) nuclear g-factor, similarly to the definition for
elementary particles
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where Z e and M are the charge and mass of the nucleus.
For electrons the g-factor is close to 2, with a small anomaly
ke & af(2m), which is neglected in Eq. (1). We note that
the leading-order O(Z «) relativistic correction vanishes for
a point-like and infinitely heavy nucleus [5]. For the finite
size nucleus the O(Z «) correction E7 in the nonrecoil limit
is given by [6]
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where G g and G )y are the electric and magnetic form factors
of the nucleus, with normalization G 5, (0) = 1+ &, and m, is
the reduced mass. It was convenient to rewrite this correction
in terms of the Zemach radius r which represents the size of
the nucleus
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with pr and pj; being the Fourier transforms of G'g and
Gy = Gy /(1 + k). The extension to many electron sys-
tems goes as follows. The Fermi contact interaction becomes
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where 1 is a few electron wave function to be calculated nu-
merically. However, the ratio £ / Er and all other ratios pre-
sented in this work are independent on the electron wave func-
tion, therefore are valid for one- and many-electron atoms and
ions.

Below we consider the nuclear recoil correction 6FE7y,
which is enhanced §Ez/Er ~ Z o ln(mrz)m,/M by the
presence of logarithmic terms. In the first step, however, we
investigate a part of the nuclear recoil correction, which comes
from the second order hyperfine interaction, because the QED
theory predictions are different from those obtained from the
Dirac equation. This problem has already been considered in
the literature [7—10] without obtaining a definite result.



II. DOUBLE HFS CONTRIBUTION

In the relativistic formalism the leading hyperfine splitting
for the point and infinitely heavy nucleus is obtained from the
expectation value

Engs = —(¢led - Ay, (6)

and 1 is an eigenstate of the Dirac Hamiltonian
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The second order in the magnetic field correction to the hy-
perfine splitting is singular; therefore, we have to account for
the finite nuclear size. However, hfs obtained from the QED
theory gives a different result from the standard perturbative
theory applied to the Dirac equation due to the lack of the
crossed diagram. This problem has already been considered
in several works [8—10], but none of them calculated this cor-
rection correctly. Here, we describe this difference in detail

where and present a result in terms of a specific logarithmic radius.
Let us consider a QED correction to the binding energy,
which is due to the two-photon exchange between the bound
. electron and the nucleus magnetic moment /i, taking into ac-
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The nuclear Hamiltonian is assumed to be Hy = —/i - B with the nuclear kinetic energy neglected. Therefore, the above

correction is the sum of the ladder and crossed diagrams in the infinite nuclear mass limit. The Dirac result is obtained by
changing the order of the second product of nuclear magnetic moments in the above, namely

(f % k2)? (i x ky) = (i x k1) (7 % k)7 + [(fE % k2)7

After dropping the commutator, the two diagrams can be combined
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which in the point nuclear limit is given by Eq. (7). It is clear that the second order in the nuclear magnetic field correction is not
accounted for properly by the Dirac equation, and there is an additional contribution from the commutator in Eq. (10), which
was first noticed by Sternheim [7] in 1962.

Let us now return to Eq. (5) and decompose the product of the nuclear magnetic moments into irreducible parts, namely
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T'he corresponding decomposition of J E' is
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The scalar part § E's shifts the energy, the tensor part § E7 shifts the quadrupole hyperfine constant By, and the vector part 0 E'z
shifts the hyperfine constant A ;. The first two terms, the scalar and the tensor, are symmetric with respect to the exchange of
indices; therefore, the formula from the Dirac equation holds for these parts
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Let us estimate 0 E'z by its leading term in the Z « expansion, namely
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and p = (m, 0,0, 0). After performing Wick rotation w = ¢ w where z = Va? +1+ 1, and a = 2m/Q. The integral C

with Q = (w, E), SE, becomes is split into two parts, taking into account that the product
of the electron mass m and the finite nuclear size is a small
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In the first part, we can neglect ¢ in the arguments G'57, while

Let @ denote also the modulus of a four-vector @, then after in the second part we can neglect 1, so
changing the variables w = cos(¢) Q, k = sin(¢) Q we get
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where
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and the magnetic moment distribution pps(7) is a Fourier
transform of G'57(Q?). Therefore, we obtain for C'
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The nuclear magnetic moment
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is usually expressed in terms of the nuclear magneton ux =
e/(2m,), where m,, is the proton mass, so
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The leading-order hyperfine interaction Er from Eq. (1) is
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Let us estimate this correction for "Li: I = 3/2, pu/ux =
3.256, rar2 &~ rz = 3.25(3) fm [3]. The result 0E;/Epr =
6.1 - 1076 is much larger than the experimental precision
1.2 - 1079, but smaller than the uncertainty from the not well
known Bohr-Weisskopf effect Ez/Er = —369(23) - 107°.
However, it is not the complete recoil correction. This is con-
sidered in the following section.

III. COMPLETE NUCLEAR RECOIL CORRECTION

In the leading order in the fine structure constant « the nu-
clear mass dependence is fully accounted for in Er in Eq.
(1). Here we will consider the nuclear recoil correction in the
next order in «, and partially follow the previous derivation
for the muonic hydrogen [11]. The total (Z ) Er correction
can be represented by the two-photon exchange forward scat-
tering amplitude, which in the temporal gauge A° = 0 takes

(32) the form [12, 13]
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and p is the momentum at rest p = (m, 6). The two-photon exchange correction to the hyperfine splitting becomes
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T*! is the corresponding virtual Compton scattering amplitude of the nucleus. We will assume at the beginning that the nuclear
spinis S = 1/2, and later show that the 1/M correction does not depend on S. The generalization of ¢*! for an arbitrary S = 1/2
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F} and F3 are related to the electric and magnetic form factors by

Gp(Q*) = Fi(Q%) - ﬁp Fy(Q?), (40)
Gu(Q%) = Fi(Q%) + F»(Q?), (41)

with Q? = k? — w?. We assume that the nucleus is described exclusively by electromagnetic form factors and thus neglect
inelastic contrlbutlons In addition, we neglect also higher order in 1/M terms and obtain
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Although T7% is derived for I = 1/2, the formula is valid for an arbitrary spin, and the proof is as follows. Let us consider a
Hamiltonian for an arbitrary spin I particle, including up to 1/M? terms, namely
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where Il = P — Ze A. Electromagnetic form factors are neglected in the above, because they cannot be included on the
Hamiltonian level. From this Hamiltonian, following Refs. [12, 13], we derive the following scattering amplitude

W I (g—1) =k TF g/2 = k* (k- 1) g (9 — 2) /4]

ji _ . ijk 2 |
W =iela(Zeyw (C2Mw—k) 2 Mw—k?) !

(44)

which coincides with Eq. (42) with Gg(0) = 1 and G;(0) = g/2. Therefore, Eq. (42) is valid for an arbitrary spin finite size
particle.
The resulting correction to ifs can now be written as
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Because form factors are functions of w? — k2, we perform at first the angular integration in the four-dimensional space as in the
previous section, and then perform 1/M expansion
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coincides with E'z in Eq. (3), and
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where z = Va2 +1+ 1,2 = Va2 + 1+ a, and a = 2m/Q. The term with G3, is in agreement with the result for the
second-order magnetic interaction Eq. (24).
In order to perform the last integral, we explore the smallness of the electron mass and split it into two parts
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and the integral is
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where g2 and r ), are defined in analogy to Eq. (28). The total integral C = C; 4 C5 is
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and the corresponding correction to the hyperfine splitting is
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is the main result of this work. The nuclear recoil correc-
tion is represented in terms of the g-factor defined in Eq. (2),
and effective logarithmic radii gz, 742, 7gas, Which are ex-
pected to be of the same order as the Zemach radius 7z in
Eq. (6). Moreover, this result is independent on the num-
ber of electrons, as long as the expansion in Z«a makes sense.
This allows for simple estimation of nuclear finite size recoil
effects for an arbitrary element. For example, for "Li with
g("Li) = 5.041 they amount to § Ez /Er = 1.8-1075, which
is smaller than the second-order magnetic moment part from
the previous section, so cancellation between all three parts is
observed.

However, the use of elastic form factors has its limitations.
The true nuclear structure effects might be significantly differ-
ent, as is the case of hyperfine splitting in muonic deuterium,
where the Zemach correction Eq. (4) is of the opposite sign to
the total nuclear structure contribution [14]. In the next sec-
tion, we present a more accurate treatment that goes into more
detail regarding the nuclear structure.

IV. NUCLEAR STRUCTURE CORRECTION TO
HYPERFINE SPLITTING

The use of elastic form factors is very convenient because
we can solve the Dirac equation in the modified Coulomb and
magnetic potentials, and for heavy nuclei there is little choice.
The first problem of this approach is the lack of knowledge
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on the magnetic form factor, i.e., the distribution of the mag-
netic moment within the nucleus. Perhaps, for some nuclei,
the single-particle model [4] gives a good estimation of the
magnetic form factor, but this is not all; we also have to es-
timate the so-called inelastic effects. Because there is no re-
liable nuclear structure theory that includes electromagnetic
interactions, we are left with some more or less convincing ar-
guments. Let us therefore consider light atoms, for which we
can use perturbation theory to account for the nuclear struc-
ture effect. In the zeroth order, the nucleus is a point par-
ticle with some mass. The leading nuclear structure effects
come from the two-photon exchange diagrams, see Eq. (37).
The exchanged photon momentum can be of the order of nu-
clear excitation energies. Then, such a contribution is asso-
ciated with the nuclear vector polarizability. However, the
exchanged photon momentum can be of the order of the in-
verse nuclear size. For such a photon momentum, nucleons
are seen as individual particles, each one with its own kinetic
energy and mutual interactions. In this case we perform an
expansion in the small parameter, which is the ratio of the
excitation energy and this photon momentum, which leads to
the so-called Low formula. Below, following Ref. [13], we
rederive this formula and show that the leading nuclear recoil
effects vanish.
Let us split d ¢ in Eq. (39) into three parts:

6Ehfs = ELOW + Elnuc + Ep01~ (57)

The first two parts come from the exchanged photon momen-



tum of the order of the inverse of the nuclear size, which is
much larger than the binding energy per nucleon, and the last
part is from the photon momentum as small as the nuclear
excitation energy. Froy is the contribution to hfs of order
Z amry, where ry is the size of the nucleus, which origi-
nates when the exchanged photons hit two different nucleons.
This contribution was first derived by Low in [15] and has
been reanalyzed and calculated for such nuclei as D, T, and
3He by Friar and Payne in Ref. [16]. The second term in
Eq. (62) 0 Fqpyce originates when both photons hit the same
nucleon. It is a sum of the Zemach corrections from all indi-
vidual nucleons,

where 1,7z = 0.883(19) fm for the proton and r,z =
0.102(39) fm for the neutron in muonic atoms, and r,z =
0.863(20) and r,,z = 0.347(38) in electronic atoms [17, 18].
These effective charge radii include elastic, inelastic, and re-
coil effects, and they depend on the lepton mass. The third
correction, due to the nuclear polarizability F,,,, comes from
the exchanged photon momentum of the order of the nuclear
excitation energy. It has been analyzed for electronic atoms
in Ref. [13] and for muonic ones in Ref. [14]. These deriva-
tions are quite complicated, and have not yet been confirmed
by independent analysis and thus will not be repeated here.
We now consider the case in which the photon is emit-
ted and absorbed by different nucleons, denoting the result-
ing correction as Eft . The Compton amplitude 7" obeys
k, T = 0. From this, we obtain ki T = wTO and use
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Because the dominating contribution in the above 1ntegra1 comes from w, k, of order of the inverse of the nuclear size, which is
much smaller than the nucleon mass, we may use the nonrelativistic approximation for 7T#¥,
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we can neglect Hy — E in comparison to k. It is then proportional to the commutator [J¥(r), J}(r)], which vanishes for different

nucleons a # b. The second term in Eq. (59) involving 7% is of nominal order Z a mry Ep; therefore, wel keep also the
second term in the expansion:
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This term includes the kinetic energy of the nucleus, and thus it would give the nuclear recoil correction. However, this term,
after commuting with current operators, leads to the correction proportional to
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which also vanishes or is small, because a # b. Therefore, the recoil corrections vanish, and Ey,., after w integration becomes
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This result does not depend on the fermion mass, and so it is valid for electronic and muonic atoms, but it is divergent at small k.
This linear divergence is eliminated by subtraction, and the low k contribution is included separately as a nuclear polarizability
correction [13]. Assuming the nonrelativistic approximation for the interaction of the nucleon with the electromagnetic field,
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we obtain the “Low” nuclear structure correction to the hyperfine splitting [15]
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in which it is assumed that e, g, = eg,, for the neutron. Rel- ativistic effects give corrections of the order of the nucleon



binding energy over the nucleon mass, and therefore will be
neglected. Further corrections such as the finite nucleon size,
and pion exchange currents have already been presented in
Ref. [16].

Let us consider the special case of a spherically symmetric
nucleus and neglect the proton-neutron mass difference.

2
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This formula looks similar to £z Eq. (3) with the essential
difference being the meaning of nuclear radii: r versus aver-
aged internucleon distance ry,.

In summary, Frow + F1nue may be considered as a more
realistic representation of the leading nuclear structure contri-
bution to hfs, in comparison to the elastic contribution £z in
Eq. (3). The nuclear recoil corrections corresponding to Fr oy
vanish, while those to E',,. are already included in corre-
sponding Zemach radii for the proton and neutron [17, 18]. It
is because they have been calculated from the measured scat-
tering amplitude through dispersion relations.

V. CONCLUSIONS

The accurate formulation of nuclear structure effects in hy-
perfine splitting has not yet been performed in the literature.
If the elastic form factors are used as a starting point, then
the nuclear recoil correction, which is considered in this work,
contributes to hfs at the relative order of O(Z « In(rm.)/M).
In the particular case of “Li it amounts to about 1.8 x 1075,
For all other elements the precise value of the recoil correc-
tion 0E/EFr depends on the nuclear magnetic moment and
on effective nuclear electromagnetic radii. Nevertheless, we
expect it to be about 41076 for all other nuclei, which is usu-
ally not significant in comparison to uncertainties due to the
little-known magnetic form factor. What is interesting, nev-
ertheless, is that for the recoil corrections one has to include
electromagnetic form factors of the nucleus as functions of

not only the exchanged momentum but also the exchanged
energy, which goes beyond the Hamiltonian description of the
system.

There are further corrections, namely those due to the nu-
clear polarizability, which are usually overlooked in the litera-
ture. They are probably not very significant for most of atomic
systems, but might be responsible for small discrepancies with
measured values, like those for SLi [3]. For light nuclei, we
can employ a perturbative approach and consider the nuclear
structure effects in powers of the fine structure constant c.
The two-photon exchange correction O(Z «) E'r can be rep-
resented, depending on the value of exchanged momenta, in
terms of three contributions, as in Eq. (57). Their evaluation,
however, have not yet been performed, except partially for the
deuteron. It should also be mentioned that three-photon ex-
change correction O(Z «)? has already been considered [14],
but without detailed analysis.

We point out, that calculations of the nuclear structure ef-
fects can be verified only if atomic calculations are accurate
enough, which can be achieved for few-electron systems. This
is the case for hfs in 6Li and “Li, in which nuclear structure
effects are found to be not consistent with those derived from
elastic form factors [3, 19]. The calculated here finite nuclear
mass (recoil) corrections are too small to explain these dis-
crepancies. Probably the best system with which to study
nuclear structure effects is the hyperfine splitting in muonic
deuterium, where F7 is of the right order of magnitude, but
of the opposite sign to the nuclear structure contribution § Ey, g
extracted from the measured hfs [14]. This is a clear indica-
tion, that description of the nucleus through elastic form fac-
tors does not always work for the estimation of nuclear effects
in the hyperfine splitting.
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